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PREFACE 


Tus book provides an introduction to the differential geometry of curves 
and surfaces in three-dimensional Euclidean space. We first consider some 
basic concepts and facts of analytic geometry which will be useful for later 
investigations. The theory of space curves is presented in the second 
chapter. We then proceed to the foundations of the theory of surfaces. 
Problems closely related to the first and second fundamental forms are 
considered in the third and fourth chapter. Chapter V is devoted to 
geodesics. Several types of mappings of surfaces which are of theoretical 
or practical importance figure in Chapter VI, including some mappings of 
the sphere into the plane which are frequently used when constructing maps 
of the globe. In this connexion different types of special surfaces occur 
necessarily. This chapter is therefore related to Chapter VIII on special sur- 
faces. Theabsolute differential calculus and the displacement of Levi-Civita, 
which is of interest especially in connexion with the theory of relativity, 
are investigated in Chapter VII. As is natural the results obtained in 
Chapters III and IV yield the foundations of the Chapters V—VIII. 

In the theory of surfaces we make full use of the tensor calculus, 
which is developed as needed, cf. Sections 27-33. The student will quickly 
find that this calculus becomes a simple tool as soon as he is accustomed 
to the few basic concepts and rules, especially to the ‘summation con- 
vention’, cf. Section 27. He will perceive that the tensor method is 
helpful in achieving a simplification of the analytic formalism of many 
investigations. Hence tensors are important tools in modern differential 
geometry. 

The presentation in this book may also be considered as a preparation 
for the Riemannian geometry of n dimensions. 

As is well known, tensors are of increasing importance not only in 
mathematics, but also in the application of mathematics to physics and 
engineering. Since the problems treated in differential geometry by 
means of tensor calculus are relatively perspicuous, they enable us to 
understand not only the formalism but also the nature and essential back- 
ground of this calculus. The student will thus gain by being able to apply 
his knowledge of tensors to fields other than that of differential geometry. 
In using tensor calculus one should never forget that the purpose of this 
calculus lies in its applications to certain problems; it is a tool only, albeit 
a very powerful one. 
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We should mention that many of the topics considered in this book 
can also be investigated by means of outer differentialforms. Cf. E. Cartan, 
Les Systémes différentiels extérieurs et leurs applications géométriques (Paris, 
1945), W. Blaschke, Hinfiihrung in die Differentialgeometrie (Berlin, 1950). 

In writing this book, the experiences which I gained during the period 
of personal co-operation with Professor H. Behnke (University of Miinster in 
Westphalia), as well as his printed lecture notes on differential geometry, 
were of help to me. I have tried to present the whole subject-matter in 
the simplest possible form consistent with the needs of mathematical rigour, 
and to convey a clear idea of the geometric significance of the different 
concepts, methods, and results. For this reason also, numerous figures and 
examples are included in the text. 

In order to lessen the reader’s difficulties, especially for those who are 
approaching differential geometry for the first time, the discussion is rela- 
tively detailed. The selection of topics included in this book has been 
made with great care, consideration being given to the didactic point of 
view as well as the theoretical and practical importance of the different 
aspects of the subject. 

Problems are to be found at the end of almost every section, and the 
solutions are listed at the end of the book. These exercises should help 
the reader to become familiar with the material presented in the text 
and, what is more important, to get acquainted with the manner of 
reasoning in differential geometry. 

Differential geometry has various relations to other fields of mathe- 
matics. Besides the calculus other branches, such as function theory, the 
calculus of variations, and the theory of differential equations, are also 
basically important in differential geometry. On the other hand, differ- 
ential geometry is an essential part of the foundations of some applied 
sciences, for instance physics, geodesy, and geography. Differential 
geometry has therefore what we may call a ‘general character’; I have 
tried to stress this point of view in connexion with several topics. 

This book is a free translation of my Differentialgeometrie which appeared 
in the series Mathematik und thre Anwendungen in Physik und Technik 
(‘Mathematics and its applications to physics and technical science’) 
(Series A, vol. 25) of the Akademische Verlagsgesellschaft, Geest und 
Portig, Leipzig, Germany. Some minor changes have been made in the 
course of translation. 

Professor H. Behnke (University of Miinster) and Professor H. Graf 
(Technical University of Darmstadt) have made valuable suggestions to 
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me. Professor S. Bergman (Stanford University) and Professor E. Ullrich 
(University of Giessen) have checked Sections 64 and 84, respectively. Pro- 
fessor C. Loewner (Stanford University), Professor M. Riesz (University 
of Lund), Professor H. S. M. Coxeter (University of Toronto), Professor 
P. Scherk (University of Saskatchewan), Professor M. Barner (Technical 
University of Karlsruhe), and Professor O. Biberstein (University of 
Ottawa) have read the manuscript carefully, and I have obtained valuable 
suggestions from all of them in the course of numerous personal discussions. 
The translated manuscript has been checked by Professor H. S. M. Coxeter, 
Professor G. F. D. Duff (University of Toronto), Professor J. T. Duprat 
(University of Ottawa), Professor R. C. Fisher (Ohio State University, 
Columbus), and Professor L. Sauvé (St. Patrick’s College, Ottawa). I wish 
to express my gratitude to all of them and also to the University of 


Toronto Press, for their efficient co-operation. 
E. K. 
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PRELIMINARIES 


1. Notation. In this section the meaning of some symbols occurring 
very frequently in our text will be explained and the page on which these 
symbols are introduced for the first time indicated. The reader will find 
another index of definitions, formulae, and theorems at the end of this 


book. 


Page 4 2, 2%, 23: Cartesian coordinates in three-dimensional Eucli- 


dean space R,. 


9 Bold-face letters a, y, etc.: Vectors in space R;; the components 
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b=t 
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p 
= 
ul, u2 
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of these vectors will be denoted by a, do, 23; 1; Yo, Yas 
etc. 
arc length of a curve. Derivatives with respect to 8 


will be denoted by dots, e.g. 
. ax My. cs dx, dx, dx 
t= T= (%1,%_, £5) = (ae ri Ze) 


An arbitrary parameter figuring in the representation 
of a curve will usually be denoted by ¢. Derivatives 
with respect to ¢ will be characterized by primes, e.g. 


x! = ox x” = x t 
~ dt’ ~ age? OO 


unit tangent vector of a curve C: x(s). 

unit principal normal vector of that curve. 
unit binormal vector of that curve. 

curvature, p radius of curvature of a curve. 


torsion of a curve. 
coordinates on a surface. 


_ ox _ Ox 
1 Bul ae Bu?’ 
ox 02x 
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Summation convention. If in a product an index figures 
twice, once as a subscript and once as a superscript, 
summation must be carried out with respect to that 
index from 1 to 2; the summation sign will be omitted. 


2 

Example: ab, = > ab, = a'b,+a7b,. For further 
a=1 

details and examples see Section 27. 


dx+dX = gy, du*du*; first fundamental form. 

J = 9319e2—9%2: discriminant of the first fundamental form. 
Superscript: contravariant index. 

Subscript: covariant index. 


gr contravariant components of the metric tensor. 
n unit normal vector to a surface, n, = be etc. 
ou* 


—dx-dn = by, duduP: second fundamental form. 


n=Z normal curvature of a surface. 

b = b,,6..—b2,: discriminant of the second fundamental form. 
Ky, Ke principal curvatures of a surface. 

K Gaussian curvature of a surface. 

H mean curvature of a surface. 


Tipy Christoffel symbols of the first kind. 
Pug” Christoffel symbols of the second kind. 
Rapyes R%p,,.: components of the curvature tensors. 
Ky geodesic curvature. 

dn-dn = c,, du*duP: third fundamental form. 


2. Nature and purpose of differential geometry. In differential 
geometry properties of geometric configurations (curves, surfaces) are 
investigated by means of differential and integral calculus. All our con- 
siderations will take place in three-dimensional Euclidean space and will, 
in general, be restricted to real geometric configurations. We will, however, 
occasionally extend our methods to the complex domain. 

A geometric property is called local, if it does not pertain to the geometric 
configuration as a whole but depends only on the form of the configuration 
in an (arbitrary small) neighbourhood of a point under consideration. 
For instance, the curvature of a curve is a local property. Since differential 


§ 2} PRELIMINARIES 3 


geometry is concerned mainly with local properties, it is primarily a 
geometry wn the small or a local geometry. 

This fact does not exclude the possibility of considering geometric con- 
figurations as a whole. This kind of investigation belongs to what we call 
global differential geometry or differential geometry in the large. In this 
book we will consider only a small number of global problems, for example, 
in connexion with the theorem of Gauss—Bonnet. We may say that global 
problems are problems in which ‘macroscopic’ properties are related 
to ‘microscopic’ ones. For further study in this field see, for example, 
W. Blaschke, Vorlesungen tiber Differentialgeometrie (3 vols., Berlin, 1945, 
1923, and 1929). 

As is natural, concepts, methods, and results of analytic geometry will be 
constantly used in differential geometry. The following sections are con- 
sequently devoted to a brief review of some of the topics from analytic 
geometry which we will need for our further investigations. We may 
restrict ourselves to the analytic geometry of three-dimensional Euclidean 
space in which all our considerations will take place. 


3. Concept of mapping. Coordinates in Euclidean space. The 
concept of mapping is of basic importance in differential geometry. 

Let M and M’ be two sets of points in three-dimensional Euclidean 
space R,. (MM or M’ may contain all points of R, or only a subset of these 
points.) If a rule 7 is stated which associates a point P’ of M’ to every 
point P of Mf we say that a mapping or transformation (more exactly: 
point transformation) of the set VM into the set M’ is given. P’ is called the 
image point of P, and P is called an inverse tmage point of P’. The set of the 
image points of all points of MV is called the image of M. If every point of 
M’ is an image point of at least one point of Jf the mapping is called a 
mapping of VM onto M’. 

A mapping T of M onto ’ is called one-to-one if the image points of any 
pair of different points of M are different points of M’. Then there exists 
the inverse mapping of T, denoted by 7-1, which maps XY’ onto M such 
that every point P’ of If’ is mapped onto that point P of M which corre- 
sponds to P’ with respect to the mapping 7’. 

The set of all points whose distance from a point P is smaller than a posi- 
tive number 7 is called a neighbourhood of P. Consequently this neighbour- 
hood consists of all points in the interior of a sphere of radius » with centre 
at P. There are arbitrarily many different neighbourhoods of P each of 
which corresponds to a certain value of 7. Amapping of a set / into aset M’ 
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is said to be continuous at a point P of M if, for every neighbourhood U’ of 
the image P’ of P there exists a neighbourhood U of P whose image is 
contained in U’. The mapping is said to be continuous if it is continuous 
at every point of Jf. A one-to-one continuous mapping whose inverse 
mapping is also continuous is called a topological mapping. Point sets 
which can be topologically mapped onto each other are said to be homeo- 
morphic. 

A mapping is called a rigid motion if any pair of image points has the same 
distance as the corresponding pair of inverse image points. 

We will now discuss some basic facts of the analytic geometry of the 
three-dimensional Euclidean space R, which we will need in our later 
investigations. 

We first introduce a right-handed system of orthogonal parallel co- 
ordinates 21, X,, 23 whose unit points on the axes, that is, the points with 
coordinates (1, 0, 0), (0, 1, 0), (0, 0, 1), respectively, have the distance | 
from the origin, cf. Fig. 1. Such a special right-handed system will be 
called a Cartesian coordinate system. 


X3 X3 


cs aN He oo 
Fie. 1. Right-handed system of ortho- Fia. 2. Left-handed system of ortho- 
gonal parallel coordinates gonal parallel coordinates 


In general, a coordinate system is called right-handed if the axes, in their 
natural order, assume the same sort of orientation as the thumb, index 
finger, and middle finger of the right hand. A system is said to be left- 
handed if the axes, in their natural order, assume the same sort of orienta- 
tion as the thumb, index finger, and middle finger of the left hand, cf. 
Fig. 2. 

The notation x, 22, x3 for the coordinates is more convenient than the 
familiar x, y,.z, for it enables us to use the abbreviated form (x,) for the 
coordinates 2,, 2, x3 of a point. 
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Any other Cartesian coordinate system Z,, 2, Z, is related to the given 
one by a special linear transformation of the form 


| 3 
(3.1 a) x; => > arr x,+6,;, (2 = 1, 2, 3) 
k=1 
whose coefficients satisfy the conditions 
3 0 (k4l) 1 

° Koy = = ,6= I, 2, 3), 
(3.1 b) 2 Wika On {1 (k = 0), (K, 1 ) 
and 
(3.1 c) Qy1 Aq Ay 


Go, Gog Go3| = I. 





G33 Age «33 
The quantity 5,, is called the Kronecker symbol. 

The transition from one Cartesian coordinate system to another can be 
effected by a certain rigid motion of the axes of the original system. Such a 
motion is composed of a suitable translation and a suitable rotation. A rigid 
motion which carries a Cartesian coordinate system into another Cartesian 
coordinate system is called a direct congruent transformation (or displace- 
ment). We will now investigate (3.1) in somewhat greater detail. 

Let m and n be natural numbers. A system of m-n quantities arranged 
in a rectangular array of m horizontal rows and 7 vertical columns is 
called a matrix. The quantities are called elements of that matrix. If m 
equals 2 the matrix is said to be square, and the number 7 is called the 
order of the matrix. 

The coefficients a,, figuring in (3.1) form a quadratic matrix 


@y1 yg A33 
A = (jy) = (421 22 eg}. 
431 G32 33 
The corresponding determinant (3.1 ¢) will be denoted by 
det A = det(a,,). 
If in particular A equals the ‘unit matrix’ 


1 0 0 
(5;,) = (: ] ; 
00 il 


then (3.1 a) is of the form 
(3.2) 2; = x,+5;, (2 a I, 2, 3). 
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This transformation corresponds to a translation of the coordinate system. 
If, moreover, 6; = 0 (2 = 1, 2, 3), we obtain from (3.2) 


(3.3) i, = 2;, (i = 1, 2, 3), 


i.e. the transformed coordinates are the same as the original ones. Such a 
special transformation is called the identical transformation. 

If 5, = 0(¢ = 1, 2, 3), and the coefficients a,, are arbitrary but such that 
the conditions (3.1 b) and (3.1 ¢) are satisfied, then (3.1 a) corresponds to a 
rotation of the coordinate system with the origin as centre. A rotation is 
also called a direct orthogonal transformation. 

We note that a transformation of the form 


3 3 
w; me Asp Uys 2, 5,93 = On det(a,,,) = —] ; 
= i= 


can be geometrically interpreted as a motion composed of a rotation about 
the origin and a reflection in a plane. A transformation of this type is 
called an opposite orthogonal transformation. It transforms a right-handed 
coordinate system into a left-handed one and vice versa. An example of a 
reflection in a plane (in this particular case, in the x, x,-coordinate plane) 
is given by the transformation 7, = —2,, %, = Y,, X3 = X3. Direct and 
opposite orthogonal transformations are called orthogonal transformations, 
and the corresponding matrices are referred to as orthogonal matrices. A 
transformation which is composed of translations, rotations, and an odd 
number of reflections is called an opposite congruent transformation. We 
should note that every translation or rotation can be composed of two 
suitable reflections. 

We will now point out that (3.1) can be interpreted in two different ways: 

(Alias.) Formerly we interpreted (3.1) as a coordinate transformation; 
(x,;) and (#,) are then the coordinates of one and the same point with respect 
to two different Cartesian coordinate systems. 

(Altb:.) The relation (3.1) can also be interpreted as a mapping or 
point transformation. Then (x,;) and (Z;) represent the coordinates of two 
different points with respect to one and the same Cartesian coordinate 
system; that is, the coordinate system remains fixed and the location of 
the points is changed. 

Both interpretations are closely related to each other. For, in con- 
sequence of the above remarks, the transition from one interpretation to 
the other can be effected in the following manner. Instead of imposing a 
direct congruent transformation on the given Cartesian coordinate system, 
one can just as well move the geometric configuration, that is, change its 
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location in space, while the coordinate system is kept fixed. Geometric 
configurations which differ only by their location in space are said to be 
congruent to each other. Two congruent geometric configurations can 
always be made to coincide by means of a displacement. (Remark: Since we 
do not include reflections the concept of congruence is used here in a 
narrower sense than is usual.) 

If we wish to investigate geometric facts analytically we have to intro- 
duce a coordinate system. Consequently, a coordinate system is a useful 
tool but no more. A property of a geometric configuration consisting of 
of the Cartesian coordinates. In other words, a property of a configuration 
is called a geometric property if it is an invariant with respect to direct 
congruent transformations of the coordinate system, or, what is the same, 
with respect to direct congruent transformations of the configuration under 
consideration. 

In order to consider this fact more precisely and from a general point of 
view it is advantageous to use the concept of a group and to mention an 
important connexion between geometry and group theory. 

We assume the mappings 


(3.4) T: Z, = F(x 1,2, 23), (2 = I, 2, 3), 
used in the following to be one-to-one mappings which are defined in the 
whole space J, i.e. they are one-to-one mappings of the space R, onto itself. 
Lf several mappings of this kind are given, for example, 
£, = F;(X1, 2X2, Xz), Z, es F(%,, Xo,%3), (1,7 = 1, 2, 3), 
we can conceive these mappings to be effected successively; in this manner 
we obtain what is called a composite mapping or product of these map- 
pings. In the case of the foregoing example we have 
=; = E,{F,(2,, 22, 3), Fe(2y, 2, %3), F(z, Le, X3)}. 
A set G of mappings (3.4) 28 called a group of mappings or a transformation 
group tf G has the following properties: 
1. The identical mapping x, = x; (t = 1, 2, 3), ts contained in G. 
2. The inverse mapping T'-1 of any mapping T contained in G is also an 
element of G. 
3. For any arbitrary pair of (not necessarily distinct) mappings T,, Th 
contained in G the product mapping of these mappings is also an element 
of G. 


The direct congruent transformations form a group. 
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By means of every one of these groups we may classify the geometric 
configurations in R, into equivalence classes: Two configurations are called 
equivalent with respect to a certain group (that is, they are contained in 
one and the same equivalence class) if that group contains a mapping which 
maps one of the configurations onto the other. 

In the case of the group of direct congruent transformations this concept 
of equivalence is identical with the concept of congruence as defined 
above. 

The three conditions involved in the definition of a group, if considered 
from the standpoint of classification, are nothing but the axioms of equiva- 
lence: 


I. Every geometric configuration 1s equivalent to itself. 

2. If a configuration A 1s equivalent to a configuration B, then B is also 
equivalent to A. 

3. Ifaconfiguration A is equivalent toa configuration B and Bis equivalent 
to a configuration C, then A is also equivalent to C. 


Let now a certain group G of mappings be given and consider geometric 
configurations each of which, for the sake of simplicity, is an ordered 
system of a certain finite number of points of R,. Every property of each 
of these objects can be analytically described by a certain expression which 
is a function of the coordinates of the points of the configuration under con- 
sideration. We denote by J such an expression, corresponding to a certain 
property of an object. This property will be called geometric with respect to 
a group G if and only if the numerical value of J remains unaffected by any 
mapping contained in G. Then J is said to be an invariant of the group G. 

For example, the distance 


d= r | [> wx} 


of two points (z;) and (y,;) of R, is an invariant with respect to the group of 
the displacements; such a motion will, in general, cause a change of the 
values of the coordinates, but d will retain its value. 

In consequence of the foregoing reasoning one may consider a geometry 
to be identical with the theory of invariants of a certain transformation 
group. The investigation of geometry from that ‘group theoretical’ point 
of view has been initiated by F. Klein [1], (2, vol. i, p. 460]f in his so-called 
Erlangen “rogram (1872). Klein’s idea created a certain order among the 


{t Cf. the bibliography at the end of this book. 
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different types of geometry and also had a considerable influence on the 
development of geometry. 

For example, affine geometry corresponds to the group of affine trans- 
formations, 


3 
= >? A,X, +6,  det(a,) #0, 
=] 
projective geometry to the group of projective transformations, 
8 
» Bite +5in 
_ k=1 
3 
> Dae et Oas 
k=1 
(where the determinant det(b,,) of the coefficients is of order 4), etc. 


2; ’ det(5;,) F 0 


Problem 3.1. Do the following mappings form a group or not? 
(2) Translations, (5) rotations about a fixed axis, the angle of every rotation 
being always an integral multiple of 120°, (c) direct congruent transforma- 
tions, (d@) direct orthogonal transformations, (e) opposite orthogonal 
transformations. 


4. Vectors in Euclidean space. Vectors are essential tools which we 
will constantly need in our investigations. The concept of a vector was 
first used by W. Snellius (1581-1626) and L. Euler (1707-83). 

A line segment S in Euclidean space R, is uniquely determined by its 
end points P and Q. The segment is said to be directed if we designate one 
of the two points as the initial point and the other as the terminal point. 
Obviously, there are two possibilities in ‘directing’ a segment or giving it a 
sense. 

A directed segment is called a vector. The length of the segment is called 
the length or magnitude of the vector. 

We define: Two vectors are equal if and only if they are parallel, have the 
same length, and have the same sense. 

Hence a vector may be arbitrarily displaced parallel to itself, or, what 
amounts to the same, its initial point may be chosen arbitrarily. 

A vector of length 1 is called a unit vector. 

Vectors in Euclidean space R, will be denoted by bold-face letters, e.g. 
a, b, u, v, w, z, etc. The length of a vector a will be denoted by [a]. 

Let us denote by z the vector which we obtain by directing the segment 
S with end points P and Q such that P becomes the initial point and Q the 
terminal point, cf. Fig. 3. We assume that in FR, a certain Cartesian co- 
ordinate system has been introduced with respect to which P has the 
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coordinates (z7;) and @ has the coordinates (y,). As follows from (3.2), 
the values of the coordinate differences 


(4.1) 2; — Y;—%; (2 = I, 2, 3), 
remain unchanged if z undergoes a translation. These quantities 2,, 22, 23 


are called the components of the 


3 . 
vector Z with respect to that coordi- 







4), nate system. We write Z = (2,, 22, 23), 
or Z = (z;). Similarly, the components 
(sf of a vector a will be denoted by 
ta ; Ay, Az, Ag, ete. 
! If we introduce the null vector 0, 
%3 ys 


that is, a vector with components 
0, 0, 0, then every ordered triple of 
numbers Z,, 2s, 23, also the triple 0, 0,0 
can be chosen as the components of 
a certain vector. The correspondence 
Fie. 3 between the ordered triples of num- 
bers and the vectors is one-to-one. 
Moreover, if the null vector is introduced, addition of vectors (see below) 
can be done without exceptional cases. 
Since vector components are invariant with respect to translations, the 
transformation (3.1) corresponds to a transformation of the components 
of a vector which is of the form 


7 
fon 
if 


/ 


/ 
, 


3 3 
(4.2) 23 = 2 Mn 2k > VK Ay = Sy, det(a,,) = 1. 
= = 


The transformation property (4.2) is basic for vectors in Euclidean space: 
A vector in that space can also be defined as an ordered system of three 
numbers, called components, which behave according to (4.2) if a trans- 
formation (3.1) is imposed. From this definition it follows that the differ- 
ences of the corresponding coordinates of two points of R, are the com- 
ponents of a vector. Hence the present definition of a vector is equivalent 
to the one given previously. While the first definition may be easier to 
grasp, the second has the advantage that it can be extended to more general 
spaces, cf. Section 29. 

Vectors are useful for the following two reasons: Many geometrical (and 
physical) concepts are vectors. Rules of vector calculation can be defined 
which in several respects are similar to the rules governing the system of 
real numbers and which enable us to conduct many investigations without 
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regard to the special choice of the coordinate system. We will discuss the 
basic rules of vector calculus in the following section. 

As was shown at the beginning of this section, a vector may be arbi- 
trarily translated; its initial point may be chosen arbitrarily. It is some- 
times advantageous, however, to choose a certain fixed point P as the 
initial point of a vector. Then the vector is said to be bound at P. A 
vector whose initial point is left undetermined is sometimes called a free 
vector. 

A vector having the origin of the chosen coordinate system as initial point 
and a point Q as terminal point is called the position vector of Q with respect 
to that particular coordinate system, 
cf. Fig. 4. The components of the posi- 
tion vector have the same numerical 
value as the coordinates of the point 
Q. Given a fixed coordinate system, 
any point in space can be uniquely 
determined by a certain position 
vector. It should be stressed that the — 
origin of the coordinate system will ces bows 
in general change if the coordinates 7 
are transformed according to (3.1); 
hence the components of the position 
vector with respect to the transformed coordinate system will be obtained 
by using (3.1) and not (4.2). 





w 


/ 


fe oe ee Meme eee 


Fic. 4. Position vector 


5. Basic rules of vector calculus in Euclidean space. The product 
ka of a vector a by a real number k is, by definition, a vector having the 
components ka;. Obviously, the vectors ka and a are parallel to each 
other; they have the same sense if k is positive, and opposite sense if k is 
negative. Instead of (—1)a we write simply —a. The vectors —a and a 
are parallel to each other and are of the same length but of opposite sense. 

The sum 


(5.1) c=a+b 
of two vectors a and b is, by definition, a vector c with components 
(5.2) C; = a;+b,, (2 = I, 2, 3). 


Instead of a+(—b) we write simply a—b. Vector addition is associative, 
(a+b)+¢ = a+(b+c) 


and commutative, a+b = b-+a. 
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Furthermore, we have 
0+a =a, 
a-+(—a) = 0, 
k(a+b) = ka+kb, 
(k,+k,)a = k,a+k,a, 
k,(k,a) = (k,k,)a = k,k,a, 
la = a, 
where k, k,, and k, are real numbers. 
The expression 
3 
(5.3) cd = > c,d, = c,d,+c,d,+¢,ds 
is1 


is called the scalar product of the vectors c = (c;) and d = (d;), where, 

and d; are the components of these vectors with respect to a Cartesian 

coordinate system. Scalar products were first used by H. Grassmann 

(1809-77). As can be seen from (5.3), the scalar product is a number. In- 

stead of c-d the notation cd, without dot, can also be found in the literature. 
Scalar multiplication is commutative, 


c-d=d°c, 
and distributive with respect to addition, 
a°(b+c) = a-b+a°rc. 

The scalar product is invariant with respect to coordinate transformations 
of the form (3.1). Using (4.2) we obtain from (5.3) 

= 3 3 3 3 3 3 d 

ce d = 2, {( & sik cx) > 404)} = > 2 Pua d, = 2 & d, =C e 

The scalar product can be geometrically interpreted in the following 

manner: We choose a point with coordinates (x,;) to be the initial point of a 
vector Z = (2,) and denote by (y,) the coordinates of the corresponding 
terminal point of z. Then, by the Theorem of Pythagoras, z has the length 


(5.4) [z| = J (29?) = | (>-)= V(z°Z). 


Hence the scalar product of a vector by itself is equal to the square of its 
length. In general, if c and d are two arbitrary vectors, 

(5.5) c-d = |c||d| cosa, 

where a (0 < « < 7), denotes the angle between c and d. In order to prove 
(5.5) we transform the Cartesian coordinates in such a way that c lies in the 
x,-axis and d lies in the z, z,-plane. Then c = (c,,0,0) and d = (d,,d,, 0). 
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The value of the scalar product c-d is invariant under the coordinate 
transformation imposed. As follows from (5.3), we have in the transformed 
coordinate system c-d = c,d, = |c||d| cosa, cf. Fig. 5. 

Relation (5.5) enables us to represent 
angles between vectors in terms of scalar 
products, J nr, 

c:d c-d 
Je||d|  v(c-e)v(d-d) 

As can be seen from (5.3) or (5.5) the 
scalar product of a vector by the null 
vector is zero; moreover we have from a ae 
(5.5) Fia. 5 


Theorem 5.1. Two non-null vectors are orthogonal to each other tf and 
only if thetr scalar product vanishes. 





QA, 


(5.6) cosa = 


The vector product v=axb 
of two vectors a and b is defined by the following expression: 
Qe, a, b 
(5.7) v= Co Qo by 
€; a3 bs 








where e, denotes a unit vector having the (positive) direction of the zth 
coordinate axis of the Cartesian coordinate system in space Rs. 

The vector product v = aX b can be inter- 
preted as a vector orthogonal to a and b in 
such a way that the vectors a, b, v, in this 
order, have a right-handed sense, i.e. the same 
sense as the positive rays of the coordinate 
axes, taken in their natural order; the abso- 
lute value |v| of v equals the area of a 
parallelogram with sides a and b. We have 


(5.8) |v] = |a||b| sing, 
where «(0 < a < =), denotes the angle between a and b, cf. Fig. 6. Develop- 


ing the determinant (5.7) by the first column we obtain the following 
explicit expressions for the components of v: 

















—|% 52/95 ad |% %)_ 44 a) 
Y a, by az, b,—as3 ba, Ve a, by a,b, —a, bs, 
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Since the determinant in (5.7) changes sign when the last two columns 

are interchanged, we have 

(5.9) bxa = —(axb) = —-V. 

Such a multiplication is consequently called anticommutative. From the 

definition of vector multiplication we easily derive the following rules: 


(ka)x b = k(ax b) = ax (kb) 
ax(b+c) = (ax b)+(axc) 
where k is a real number. The relation 


(5.10) 


(5.11) (ax b)*(cxd) = (a°c)(b:d)—(ad)(b-c) 
is called the Identity of Lagrange. From (5.11) follows 
(5.12) (ax b)xc = (a:c)b—(b°c)a. 


Applications of vector products are numerous in differential geometry. 
Other applications can be found in physics as is well known. 


Fia. 7 


In our later investigations we shall often meet scalar products of a vector 
by a vector product. If we form the scalar product of a vector a and a 
vector product bx c then, in consequence of the definitions (5.3) and (5.7) 
we obtain 








aq b ty 
(5.13) a-(bxc)=|a, 6, Ce}. 
a, bs Cy 
We write 
(5.14) a°(bxc) = |abc| 


and call this expression the mixed product, scalar triple product, or deter- 
minant of the vectors a, b, and c. 

As can be found by a simple computation, the mixed product is invariant 
under direct congruent transformations of the coordinate system and 
changes its sign under a reflection. The absolute value of the mixed product 
|jabc} can be geometrically interpreted as the volume of a parallelepiped 
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having the edge vectors a, b, and c, cf. Fig. 7. In consequence of the 
rules governing determinants we find 


labc| = |bca| = |cab| (cyclic permutation), 
|abc| = —|bac| etc., 
|(a+d) b c| = |abe|+|dbc], 
|ka b c] = klabcl, 
where k denotes a scalar. From (5.12) we obtain 
(5.15) (ax b) x (cxd) = jabd|c—|abcld. 
We assume that a is a vector whose components a, are differentiable 
functions of a variablet. Then the derivative a'(t) of the vectora = a(t) with 
respect to ¢ is defined as the vector with components a;(¢), where the prime 


denotes the derivative with respect to ¢. By applying the usual rules of 
calculus we immediately find 


(a°b)’ = a’+b-+a°b’, 
(5.16) (ax b)’ = a’xb+axb’, 
labe|’ = |a’be|+ |ab’c}+ |abc’| 
where all the vectors occurring are assumed to have components which are 
differentiable functions of a variable ¢. 
We finally consider the concept of linear dependence of vectons. p vectors 


a, a@),..., a®) are said to be linearly dependent if and only if there are p 
real numbers ky, ko,..., ky, not all zero, such that 


(5.17) S$ k,a® = 0. 
41=1 


If no such p numbers exist the vectors a, a®),..., a) are said to be linearly 
independent. 

If the vectors a® are linearly independent then (5.17) can hold only if 
kj =k, =...=k,=0. Conversely, if (5.17) holds only if every k, 
(2 = 1, 2,..., p), vanishes then the vectors a™ are linearly independent. If at 
least one of the vectors a® is a null vector these vectors are always linearly 
dependent. 

The geometric interpretation of the linear dependence of two non-null 
vectors is that the vectors are parallel to each other. From (5.8) we obtain 


Theorem 5.2. Two vectors are linearly dependent tf and only if their 
vector product ts the null vector. 
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From (5.13) we obtain 


Theorem 5.3. Three vectors are linearly dependent if and only if the 
determinant of these vectors vanishes. 

The linear dependence of three vectors means that these vectors, if bound 
at the same point, lie in one and the same plane. Four or more vectors of 
the three-dimensional Euclidean space R, are always linearly dependent, 
ef. Problem 5.3. 

Problem 5.1. Give a representation of a plane using a scalar product. 


Problem 5.2. Prove the invariance of the mixed product under direct 
congruent transformations of the coordinate system. 


Problem 5.3. Prove: Four vectors of the three-dimensional Euclidean 
space are always linearly dependent. 


II 
THEORY OF CURVES 


6. The concept of a curve in differential geometry. We will now 
investigate curves in three-dimensional Euclidean space Rj. We restrict 
ourselves to real curves. We assume that a Cartesian coordinate system 
has been introduced in R,. Then every point in space can be uniquely 
determined by its position vector 
X = (@,, Xe, Xz). 

In order to introduce the concept of a curve we start from a real vector 
function 
(6.1) x = x(é), (ax<t<b). 
In (6.1), the components 

x = 2,(t), T= 2,(t), t= x,(t), (a<t<b), 

of the vector x are (single-valued) functions of a real variable ¢ defined 
in the interval J:a < ¢ < b. By means of (6.1), to every value of ¢ a point 
of R, is associated whose position vector is x(t); the vector function (6.1) 
determines a point set UM in F,. (6.1) is called a parametric representation 
of the set M, and the variable ¢ is called the parameter of this representation. 

Since we will apply calculus to geometric problems we have to require 
that the vector function (6.1) possess a certain number of derivatives. 
Moreover, we wish to exclude the trivial case where J/ consists of one point 
only. Consequently we make the following 


Assumptions : 

(1) The functions x,(t) (1 = 1, 2, 3) are r (> 1) times continuously differ- 
entiable in I (where the value of r will depend on the problem under considera- 
tion). 

(2) For every value of tin I, at least one of the threz functions 
dx,(t) 


x(t) = 7 


1s different from zero. 


A representation of the form (6.1) satisfying these conditions will be called 
an allowable parametric representation. 

As follows from Assumption (2) the representation (6.1) can be solved 
for ¢t, at least in the small, 


(6.2) t = t(z,), (2 = 1, 2, or 3), 
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and the function (6.2) is also r times continuously pimorenuepe in its inter- 
val of definition. 

If in a certain subinterval J of J the function z/(t) is different from zero 
we may introduce x, as new independent variable and derive from (6.1) 
a representation of the form 
(6.3) %_ = 2,(2,), %, = 2X,(2,), 
which is valid in I. 

With respect to Assumption (1) we may notice that the existence and 
continuity of a finite number of derivatives of x(¢) will, in general, be 
sufficient to guarantee the validity of the results to be obtained later. In 
most cases it is unnecessary to assume that the functions z,(¢) are analytic. 

Obviously, we may obtain other vector functions from (6.1) by imposing a 
transformation 


(6.4) t = t(t*), 

The point set represented by a new vector function thus obtained remains 
thesame. The choice of the function (6.4) is arbitrary; we have only to make 
sure that the range of values of this function includes the aforementioned 
interval J and that the new parametric representation x = x(é*) satisfies 
Assumptions (1) and (2). Hence we make the following 


Assumptions : 

(0*) The function (6.4) zs (at least) defined in an interval [*:a* < t* < b*, 
t(a*) = a, t(b*) = b (or t(a*) = 5, t(b*) = a), and the range of values corre- 
sponding to the interval I* lies in the interval I. 

(1*) The function (6.4) 1s r (> 1) temes continuously differentiable in the 
enterval I*. 

(2*) The derivative dt/dt* 1s different from zero everywhere in I*. 

A transformation (6.4) satisfying these conditions is said to be an allow- 
able parametric transformation. 

In consequence of these assumptions there exists the inverse transforma- 
tion £* = ¢*(t) which is a strictly monotonic and r times continuously 
differentiable function. 

Remark: The point set M represented by (6.1) can, in general, also be 
represented in another way, namely by means of two implicit functions, 


(6.5) F(x, Xo) X3) => 0, G(2,, Lo, Xs) — 0. 

If, in connexion with certain problems, the relation between the points 
of Uf and the different values of ¢ is of minor interest, then a representation 
of the form (6.5) may be advantageous; but the standpoint of consideration 
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is then somewhat different from that which corresponds to representations 
of the form (6.1). In our later investigation, representations of the form 
(6.1)—including the special case (6.3)—will be by far the most important 
ones. We should also note that (6.5) is not as general as (6.1), cf. Section 7. 

By means of the allowable transformations (6.4) we may classify the 
allowable representations of the form (6.1) into equivalence classes: Two 
allowable representations are said to be equivalent, or to belong to the same 
class, if there is an allowable transformation (6.4) transforming the one 
representation into the other. The axioms of equivalence, stated in 
Section 3, are satisfied, as can easily be seen. 


Definition 6.1. A point set in space R, which can be represented by the 
allowable representations of an equivalence class (and is then ordered in a 
certain manner) 1s called an arc of a curve. 


A certain point set may correspond to several equivalence classes; the 
arcs obtained by the choice of allowable representations of different classes 
are then, by definition, different from each other. For further remarks see 
Section 7. 

The functional correspondence of the points of an arc to the values of f, 
given by an allowable representation (6.1), is continuous: Given a number 
e > 0, there exists a number 6(¢e) > 0 such that from |¢,—#,| < 6 it follows 
that |x(t,)—x(t,)| < «, where ¢, and ¢, are values cf ¢ in the interval J. This 
can be proved as follows. The functions z,(¢) are differentiable in the closed 
interval J and consequently continuous in J. Hence, given an arbitrary 
number e > 0, there is a number d(e) > 0 such that |7,(t,)—72,(t.)| < te 
if |¢,—t,| <5. Therefore 


[x(4,)—X(ta)| = A(z {2,(4)— (ta)}*) < V{3(de)?} < e. 


It may happen that the vector function (6.1) has the same value for differ- 
ent values of /, that is, a certain point of M corresponds to several values of ¢. 
Such a point is said to be a multiple point of the arc. An arc of a curve having 
no multiple point is called szmple. 

If an arc is simple the correspondence between its points and the values 
of the parameter ¢ is one-to-one. In this case, not only the functional 
relation of the points to the values of ¢ is continuous but also the inverse 
relation, i.e. the relation of the values of ¢ to the points: Given a number 
«* > 0 there exists a number 8*(e*) such that, for any two values ? and i 
in I, from |x(#)—x(é)| < 5* there follows |f—?| < «*. If this were not true 
we could find a number 7 > 0 and an infinite sequence of pairs ,, 7, 
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a<t, <i, < b,suchthat |x(é,)—x(t,)| > 0ifn— ooand, at thesame time, 
t_—i, > 7 for each n = 1, 2,.... Now, the points (i, #,,) belong to a closed 
domain (a square) of the if-plane. Hence a suitable sub-sequence of the 
sequence of these points converges to a point, say (i, 2), ¢ > i, of this domain. 
When considering only the values of n corresponding to that sub-sequence 
we consequently have #, >i, 1, ># if n > oo; from #,—#, > 7 it follows 
that {—i >. Now, on the other hand, x(i,) > x(f) and x(é,) > x(2) if 
n -> 00, and consequently |x(i)—x(é)| = 0 or x(#) = x(é). Since the arc is 
assumed to be simple, we have # = 7, in contradiction to i—i > 7». 

It follows from the foregoing investigation that a simple arc is a topo- 
logical image of a segment (namely of the interval I of the t¢-axis). 
A topological image of a segment is also called a Jordan arc. However, in 
consequence of our assumption of differentiability, not every Jordan arc is 
an arc of a curve in the sense of Definition 6.1. 


Definition 6.2. A point set rs called a curve if it can be represented by an 
equivalence class of allowable representations of the form (6.1) whose interval I 
as not assumed to be closed or bounded, but which are such that one always 
obtains an arc of a curve if the values of the parameter t are restricted to any 
closed and bounded subinterval of I. 


A curve is said to be closed if it possesses at least one allowable representa- 
tion whose vector function ‘x(t) is periodic, 


x(é-+w) = x(t), w > 0, (—0o <t< 0). 


The circle x(¢) = (rcos#, rsint, 0) is an example of a simple closed curve. 
Every simple closed curve is a topological image of the circle. (However, 
because of Assumptions (1) and (2), not every topological image of a 
circle is a simple closed curve in the sense of our definition.) 

A curve (or an arc) is said to be plane if all its points lie in a plane. 

A function of one (or several) variables which is r times continuously 
differentiable, that is, which possesses continuous (partial) derivatives up 
to the order 7, inclusively, is called a function of class r. A vector function is 
said to be of class r if one of its component functions is of this class, and 1 
the other ones are at least of this class. A curve is said to be of class r if it 
can be represented by a vector function x(t) of class r. 


7. Further remarks on the concept of a curve. In order to gain ¢ 
better understanding of the considerations contained in the previou: 
section we will now add some further remarks on the concept of a curve 

The following example taken from physics will perhaps be helpful ir 
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making clear the idea of the classification of the allowable representations. 
When considering the path of a moving particle in mechanics, it is natural 
to choose a parametric representation with time ¢ as parameter. A trans- 
formation of the parameter means that the motion is changed in time, 
without altering the geometric shape of the path in space. 

The special choice of the parametric repre- 
sentation of a curve or an arc is of minor 
interest. But one may not conclude from this 2 C 
fact that the point set is the only thing that 
matters in the concept of a curve. Consider 
Fig. 8a. We assume that we obtain an arc in 
the sense of Definition 6.1 if the point set is 
traversed in the order ABCDBE. But we A E 
will certainly not obtain an arc if the order (a) (6) 
ABDCBE is chosen, since, in this case, at B IS 
the first derivative of the corresponding vector function does not exist. We 
assume that the point set in Fig. 86 consists of three circular arcs, AC, CD, 
and DE. The corresponding tangent (cf. Section 10) is continuous for both 
of the orders ABCDBE and ABDCBE, but the curvature (cf. Section 12) 
is continuous at B only if the first order is chosen. This example shows that 
one and the same point set may correspond to several arcs with conflicting 
differential geometric properties. 

We will now compare the different types of representations 





(6.1) x = x(t), 
(6.3) Ly = X,(%), Xz = X3(2,) 
and 
" (6.5) F'(x,, 2,23) = 0, G (x1, %_,%3) = 0 


somewhat more in detail. We have already stressed that (6.3) is a special 
case of (6.1). We may notice the fact that a curve, represented by (6.1), 
cannot always be represented as a whole in the form (6.3) (or in a similar 
form with x, or x3 as independent variable); this difficulty will occur when 
one value of the independent variable corresponds to several values of the 
dependent one, since the usual concept of a function requires a unique 
correlation of the function values to the arguments. For instance, in the 
case of the circle x(t) = (r cost, rsint, 0), a representation of the form (6.3) 


is given by t= +a/(r?—22), x= 0. 


If we choose the positive sign of the root we have a representation. of the 
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semicircle in the upper half-plane; if we choose the negative sign the semi- 
circle in the other half-plane is represented by this expression. The repre- 
sentation (6.3) means geometrically that the orthogonal projections of the 
are into the x, z,- and x, x,-plane are given, cf. Fig. 9. 





Fic. 9 


We will now state a further remark on the representation (6.5). Each 
of the two equations in (6.5) represents a surface in space R, (provided 
certain conditions are satisfied, cf. Section 24). The point set corresponding 
to (6.5) is the intersection of these two surfaces. It is not always possible 
to represent the point set of a curve in the form (6.5). For example, difficul- 
ties arise if we attempt to represent the point set of the curve x(t) = (f, é?, é) 
as an intersection of two surfaces of second order. It can be proved that 
these surfaces, besides the point set under consideration, always have a 
straight line in common. For instance, the intersection of the surfaces 
%,X%,—xZ = 0, x?-+22—2, x,—2, = 0 consists of the aforementioned point 
set and of the 2,-axis. 

The earliest investigations of curves by means of analysis and the first 
precise definition of the concept of a curve were made by R. Descartes [1] 
in 1637. The definition given by Descartes corresponds to what we 
nowadays call an algebraic curve, that is, a curve which.can be represented 
by means of two algebraic equations relating the Cartesian coordinates 
(or one such equation if curves in a plane are considered). Parametric 
representations of (some special) curves were already used by Euler [2] in 
1748, but the fact that parametric representations are the most suitable 
ones (since all three coordinates x; play the same role) was not acknowledged 
until much later. The subsequent historical development of the concept 
of a curve is closely related to the development of the concept of a function. 
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Problem 7.1. A one-to-one and continuous image, that is, a topological 
image, of a segment is called a Jordan arc, cf. Section 6. One should perceive 
that the two conditions (one-to-one, continuous) are both necessary in 
order to exclude point sets which are two-dimensional. Prove: (a) The 
interval 0 < ¢ < 1 can be mapped in a one-to-one manner onto the square 
0<2,<1, 0<2,< 1 of the z,z,-plane. (6) The interval O<t< 1 
can be uniquely and continuously mapped onto the square 0 < 2, <1, 
0 < x < 1 of the zx, z,-plane. 


8. Examples of special curves. We will now consider some special 
curves and their representations. 

Example 1. A straight line in space passing through a point (z;) = (a,) 
can be represented in the following parametric form 
(8.1) x(t) = (2,10, #, agtbet, ag+63%). 
The coefficients 6; are proportional to the three direction cosines of the 
line, that is, the cosines of the angles between the line and the positive 
rays of the coordinate axes. As is well known the sum of the squares of the 
direction cosines equals 1. Hence we obtain the direction cosines of the 
above straight line by dividing the coefficients b; by ./(b?-+523+52). If 
6, ~ 0 we find from (8.1) 

t = (%,—4,)/b; 

and consequently 


b b 
Le = y+ 5 (1 —Ay), v3 = 3+ (%—4), 
1 1 


which is a representation of the form (6.3). Hence, the planes spanned by 
the line and its orthogonal projections in the x, z,- and 2, 2,- coordinate 
planes can be represented in the form 


b,2,—b, %_+a,b,—a, be —= 0, 

6,%,—b, %3+4,6,;—d, by = 0; 
this is, at the same time, a representation of the straight line (8.1) of the 
form (6.5). 


Example 2. We consider next an ellipse with centre at the origin of the 
coordinate system in space. If the principal axes have the lengths 2a and 
2b and coincide with the z,- and x,-axis, respectively, the ellipse has the 
parametric representation 


(8.2) x(t) = (acost, bsin#é, 0). 
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If in particular a = 6 = r we obtain a circle of radius r, 
(8.3) x(t) = (rcosé, rsiné, 0). 
These curves are closed; indeed, in (8.2), the functions 2,(¢) are periodic. 
From (8.2) we can obtain a representation of the form (6.5): 
at, % 
a? ' b 
Example 3. The folium of Descartes, introduced by R. Descartes, 
[2, p. 11] in 1638, can be represented in parametric form as follows: 


x(t) = (eee Sal 0). 


—l1=0, x, = 0. 


167 148’ 
This curve lies in the first, second, and fourth quadrant of the x, z,-plane, 
cf. Fig. 10a, and has a double point at (z,, x.) = (0, 0); the part of the curve 





Fia. 10a. Folium of Descartes Fia. 106. Circular helix 


in the second quadrant corresponds to values of t from —1 to 0, the loop 
in the first quadrant to values between 0 and oo, and the part in the fourth 
quadrant to values from —oo to —1. 


Example 4. A simple but important example of a twisted curve is given 
by the circular helix 


(8.4) x(t) = (reost, rsint, ct) (c ~ 0). 
The orthogonal projection of the helix into the 2, x,-plane is the circle 


§ 8) THEORY OF CURVES 25 


which is the intersection of this plane with the cylinder of revolution on 
which the helix lies. Projecting the helix orthogonally into the z,2,-plane 
we obtain the sine curve 


,—rsin— =0, 2%,=0. 


A cosine curve is obtained by projecting the helix orthogonally into the 
2, %,-plane. 

Problem 8.1. Represent the folium of Descartes and the curve 

_[ a b(—1) o 
x)= (ape 

in the form (6.5). 

Problem 8.2. Let r and ¢ be polar coordinates in the 2, z,-plane. 
Represent the following curves in the form (6.5) using Cartesian coordinates: 

(a) Spiral of Archimedes r = ad (a ~ 0), 

(5) Cissoid of Diocles (200 B.0.) r = 2csin?¢/cos¢ (c ~ 0), 

(c) Conchoid of Nicomedes (200 B.c.) r = sagt’ (a #0,c ~ 0), 

(d) Trisectrix of Maclaurin (1720) r = a/cos}¢ (a ~ 0). 

Further examples of special curves will be considered in Section 21. 


9. Arc length. The length of a segment with end points (z,) and (y;,) is 
given by the expression 3 
t= —2,)*). 
J (> (Y;—2,) ) 


Hence when defining the length of an are C of a curve we may approximate 
C by a broken line of chords connecting the end points of C (cf. Fig. 11) 
since the length of such a broken line can be immediately determined if the 
end points of every chord are known. This suggests the following 


Definition 9.1. Let x(t) (a < t < b), be an allowable representation of an 
arc C with initial point A and terminal point B. We denote by l(Z) the length 
of a broken line Z of chords whose end points lie on C and, taken in the natural 
order, correspond to the values a = ty Kt, <ty <u. << t,_) <4, = 5 of t. 
Let n increase arbitrarily and in such a way that o(Z) = _ (t,—t,_1) 

yan 
tends to zero. If then l(Z) tends to a limit s, C is said to be rectifiable, and 8 is 
called the length of the arc C. 


We will now prove that, in consequence of Assumption (1), Section 6, 
C is rectifiable; it is sufficient to choose the value r = 1. 


(a #0, b <0) 
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Theorem 9.1. Let x(t) (@ < t < b) be an allowable representation of an 
arc C of acurve of classr > 1. Then the arc C has the length 


oy anf Sal)a= [ema 


8 1s independent of the special choice of the allowable parametric representation. 


x (t) 
Fre. ll 


Proof. We choose n+1 points P, of the arc corresponding to the values 
(9.2) a=t<i<..<t, = 5. 


Let Z be the broken line of chords P,P, P,F,,..., P,-,P,, and denote its 
length by 1(Z). Then 


(9.3) YZ) = > l,, 


where l, is the length of the chord with initial point P,_, and terminal point 
P,. For each n = 1, 2,... we choose any subdivision (9.2) so that 


o(Z) = max (t,—t,_,) 


l<van 


tends to zero as n - 00. We will prove that (9.3) then tends to a limit which 
is given by (9.1) and is independent of the special choice of (9.2). We have 


3 
— oh ae 2 
l, a Ld et x,(t,-1)} ). 

According to the mean value theorem of differential calculus, 
9.4) l, = (t,—t ( > 2'2(¢60 
( : yor ( vy ay 2m (t, )) 
where ¢,_, < # < #,. Hence we obtain 

n n 3 

= = _ 1274(4) 
l(Z) =24 a ((t, t,-1),/(> XU; (t, ))} 


which is i to 


(9.8) UZ) = ¥ {(t,—t,-),/(¥ 2%6))} + 


1=1 


+¥ (t.-t-of (3220) —J(32e)]} 


§ 9) THEORY OF CURVES 27 


The expression in brackets [...] is the difference of the distances of the points 
(xi(t)) and (x;(é,)) from the origin of the Cartesian coordinate system; we 
denote this distance by d,. In consequence of the triangle inequality, |d,| 
is at most equal to the distance 


3 
a, = x. (t)—2.(t,))? 
= [> e)—ait)} 
between those points. We have 
3 ; , 
(9.6) a, <2, [xi,(e)— ié,)I, 


as can be easily seen by squaring both sides of (9.6) and comparing the 
expression thus obtained with the preceding one. Since, by assumption, 
x(¢) is (at least) once continuously differentiable, for every given number 
« > 0 there exists a number 8(e) > 0 such that 


|x;(«)—2(B)| < €/3, (« = I, 2, 3) 


if |[a—B| < d(e), axa, B <b. Consequently, if o(Z) < d(e) the mght- 
hand side of (9.6) becomes smaller than e. Hence also |d,| < «. We thus 


obtain = 
| 2, (t, Sar ty -1) d, 





<e s (¢,—t,_1) = «(b—a). 


If o(Z) > 0 we may assume the right-hand side of this expression to be 
arbitrarily small. Hence in (9.5) the last sum tends to zero while the first 


3 
one tends to the integral (9.1) since the function J (> x'%(t)) is continuous 
A 


in the interval [:a@ <¢< b. Finally we will prove that s is independent 
of the special choice of the allowable parametric representation of C. 
Let ¢* be another allowable parameter and J*: a* < ¢* < 6* the interval 
corresponding to J. In consequence of the Assumptions (1*) and (2*), 
ef. Section 6, the function dt/dt* is continuous in J*. Introducing é* in 


(9.1) we find 
-fSEge- seal 


- FASE 


t=1 





s 
di 





This completes the proof. 
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If we replace in (9.1) the fixed value b by a variable one, ¢, then s be- 
comes a function of ¢. Also a may be replaced by any other fixed value 
= t,a<t <b. In this manner we obtain the integral 


t 
(9.1’) s(t) = f (x! + x’) dt. 
to 


The function s(t) is called the arc length of C; it has the following geometric 
significance: If ¢ > ¢, then s(¢) is positive and is equal to the length of the 
arc P(t,)P(t) of C. Ift < ¢, then s(t) is negative, and the length of P(é,)P(é) 
is given by —s(t) (> 0). 


3 
Instead of s§ = > 22 = x'x’ 
i=1 
we may write symbolically 
3 
(9.7) ds? = 5. dx? = dx° dx; 
i51 


ds is called the element of arc or linear element of C. 

The arc length may be used as parameter in the parametric representa- 
tion of acurve. In consequence of the Assumptions (1) and (2), cf. Section 6, 
é(¢) is a continuous and strictly monotonic function of ¢. Furthermore, 
by Assumption (2), everywhere in I 


a(t) = S xX(t) £0 


dx, =,(t) 

and also de sa? ° 

for at least one value of = 1, 2, 3. Finally, in consequence of Assumption 
(1), 8’(¢) is of class 7—1. Hence x(s) is an allowable representation of class r, 
and s is an allowable parameter. s is called the natural parameter. We 
have already noted that the point of the arc corresponding to s = 0 can 
be chosen arbitrarily, and that points of the arc for which ¢ < ¢, correspond 
to negative values of s. 

We shall see that the choice of a parametric representation with s as 
parameter simplifies many investigations. 

Derivatives with respect to the arc length s will always be denoted by 
dots while derivatives with respect to any other allowable parameter will 
be denoted by primes, e.g. 

dx . @'xX , ax r ax 


a et x= 452” seem 7S x ~~ Fe” etc. 
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Example. In the case of the circular helix (8.4) we find 
x’ = (—rsint, rcosf, c), x’*x’ = r+? 
and therefore 
(9.8) s(t) = tf (r?-+c?). 
Example (cf. Fig. 12). The representation 
02) mah ma [tane C0 


is continuous, even at ¢ = 0, but the corre- 
sponding point set (which does not form an 
arc in the sense of our definition) has no 
length. 


Problem 9.1. Represent the circular helix 
by a parametric representation with arc 
length s as parameter. 


Problem 9.2. Determine the arc length 
of the catenary 


x(t) = (. a cosh . 0). 
a 





Problem 9.3. Determine the arc length Fia. 12 
of an ellipse. The integral occurring cannot 
be evaluated in terms of elementary functions. Develop this integral as a 
series of powers of the numerical eccentricity of the ellipse. 


Problem 9.4. Prove that (9.9) does not possess a. length. 

10. Tangent and normal plane. Let C be an arbitrary curve in the 
space f, and let x(s) be a parametric representation of C with arc length s 
as parameter. Two points of C’, corresponding to the values 3 and s--h 


of the parameter, determine a chord of C whose direction is given by the 
vector x(s+-h)—x(s), cf. Fig. 13, hence also by the vector 


x(s+h)—x(s) 
as en 
The vector 
_ a, X(s+h)—x(s) dx 
(10.1) t(s) = lim =n eee P 
is called the unzt tangent vector to the curve C at the point x(s). This vector 


= x(s) 
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exists, in consequence of Assumption (1), Section 6, and, indeed, is a unit 


vector, because dx dx 


t®?=—tet= xx = — ed 
I¢| ds ds 


t(s) 


x(sth) 





Fia. 13 


Its sense corresponds to increasing values of s and thus depends on the 
choice of the parametric representation. Introducing any other allowable 
parameter ¢ we have 


Pees. 5. ee 
— dt ds” i(x’+x’)’ 
hence 
x’ 
10.2 tt) = —.. 
(10.2) = 2 


The straight line passing through a point P of C in the direction of the 
corresponding unit tangent vector is called the tangent to the curve C at P. 
According to (10.1), the position of the tangent to C at P is the limit position 
of a straight line through P and through another point P, of C if P, tends 
to P. Obviously, the tangent can be represented in the form 


(10.3) y(u) = x+ut, 


where x and t depend on the point of C under consideration and w is a real 
variable. The point y(0) is the point of contact between C and the tangent. 
In (10.3) we may replace the unit vector t by any vector parallel to t, e.g. 
by x’. Then we obtain another parametric representation of the tangent, 


(10.3’) y(v) = x+ x’. 
The totality of all vectors bound at a point P of C which are orthogonal to 


the corresponding unit tangent vector lie in a plane. This plane is called 
the normal plane to C at P. 
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Example. In the case of the circular helix (8.4) we have (9.8): 
s' = J(r? +c?) = w. 
Hence the unit tangent vector to this curve is of the form 


t= (—Zsine, * cost, “). 
w w w 


From (10.3) we obtain the following representation of the tangent: 
U. : u u 
= t——sint)}, t+-—cost), c{t+—}}. 
y(z) [r(c0s a r{sin +z 00s e( +2I| 
Using (10.3’) we find a simpler one, 
y(v) = {r(cost—vsint), r(sint+v cost), c(t+-v)}. 
As can be seen from the above expression, the angle between the tangent 
to the circular helix and the z,-axis is constant. 

We should mention that straight lines are the only curves whose tangent 
direction is constant; this can be seen by integrating the vector equation 
x’ = const. 

In antiquity only tangents of special curves (conic sections, spiral of 
Archimedes) were known. The general concept of a tangent was introduced 
during the seventeenth century, in connexion with the basic concepts of 
calculus; Fermat, Descartes, and Huyghens made important contributions 
to the tangent problem; a complete solution was obtained by Leibniz [1] 
in 1677. The first analytical expression of a tangent was given by Monge 
(1] in 1785. 

Problem 10.1. Determine the point of intersection between the 2,- 


axis and the tangent to the curve x(¢) = (f,¢?,0) at that point which 
corresponds to ¢ = 1. 


Problem 10.2. Determine the curve of intersection between the 
2“, X,-plane and the tangents to the curve x(t) = (f, Bt?, Ci”). Band C are 
constants ; 7 is a natural number. 


Problem 10.3. Given two unit circles in the z, z,-plane with centres at 
(0,0, 0) and (1, —1,0), respectively. Determine those straight Jines which 
are tangent to both circles. 


11. Osculating plane. Let x(t) be a parametric representation. of a 
curve C. Two points of C, say P and PB, determine a straight line S. If B 
tends to P then S tends to the tangent to C at P. It is natural to ask for the 
limit position of a plane EF passing through three points P, ©, and P, of C 
if P, and FP, both tend to P. 
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We assume the representation x(t) to be of class r > 2. We denote by 
t, t-+h,, and t+-h., respectively, the parametric values of P, B, and P,. 
The chords PF, and PP, of C are given by the vectors a, = x(t-+A,)—x(0), 
(¢ = I, 2), cf. Fig. 14. That is, these vectors, if linearly independent, span 





Fia. 14 


the plane #. This plane is consequently also spanned by the vectors 
vo = a,/h, or by the vectors 


2(v2)— yo) 
1) —_ —_——————-""— 
v) and w ih 


By means of the Taylor formula we have 
rp) 1 Pa et 
x(tth,) = x()+h, x’) +54 x"()+0(h9), 


where 0(h?) is a vector whose components are 0(h3). (Definition of this 
so-called Landau symbol: Let f(z) be a function which is different from 
zero in an interval containing the point z = 0. Let g(z) be another function 
defined in this interval and such that the quotient g(z)/f(z) tends to zero 
if z tends to zero. Then g(z) is said to be o(f(z)), read ‘small o of f(z)’.) 


Hence we obtain 
vo = x'(t)+gh, x"(H)+0(h,), 
(11.1) : 
w = x’(t)+0(1). 
Consequently, if h; > 0, then v™ > x’(t) and w > x(t). These vectors, if 


linearly independent, determine the limiting position of the plane E passing 
through the above three points of the curve. The plane spanned by x’(t) 
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and x’”(¢) is called the osculating plane of the curve C at P. The name 
‘osculating plane’ was first used by Tinseau (1780). 

We denote by z the position vector of any point of the osculating plane O 
of C. The vector z— x lies in O, i.e. the vectors z—x, x’, and x” are linearly 
dependent. In consequence of Theorem 5.3 we thus obtain the following 
representation of the osculating plane of C at P: 


(11.2) |(Z—x) x’ x”"| = 0, (x'x x” = 0). 
In (11.2), the vectors x, x’, and x” depend on P. 

The osculating plane passes through the tangent. The intersection of 
the osculating plane with the corresponding normal plane is called the 
principal normal; it will be considered in the following section. 

An exceptional case occurs when the vectors x’ and x” are linearly 
dependent. If this is true for all values of the parameter ¢, then the curve 
is a straight line, cf. Problem 11.1. The osculating plane of a plane curve is 
always the plane of the curve. 

At the moment we confine ourselves to the consideration of a simple 


example; further properties of the osculating plane will be investigated in 
Section 19. 


Example. The osculating plane O of the circular helix (8.4): 
x(t) = (rcos?t, rsiné, ct) 


can be represented in the form 


2,—rcost —rsint —rcost 
Z,—rsint reost —rsint | = 0, 
Z,—ct Cc 0 


which is equivalent to 

z,csint—z,c cost-+(z,—ct)r = 0. 
O passes through the tangent to the helix, which may easily be checked by 
inserting the representation of the tangent given in Section 10. O passes 
also through the straight line z*(a) = (acos#, asint, ct) where ¢ is fixed 
and a is a real parameter. This line is parallel to the x, z,-plane. It passes 
through the axis of the cylinder on which the helix lies as well as through a 


point P of the helix. Moreover, it is orthogonal to the tangent to the helix 
at P. Hence this line is the principal normal to the helix. 


Problem 11.1. Given an allowable representation x(t) of class r > 2 
of a curve C. Prove: If, for every value of ¢, the vectors x’(¢) and x”(t) are 
linearly dependent then C is a straight line. 


34 THEORY OF CURVES [§ 12 


12. Principal normal, curvature, osculating circle. We will now 
introduce the important concept of the curvature of a curve. 

Let a curve C be given by an allowable parametric representation x(s) 
of class r > 2 with arc length s as parameter. Differentiating the relation 
t*t = 1 we obtain t-t — 0. Hence, if the vector 


(12.1) t= X, 


is not the null vector, it is orthogonal to the umt tangent vector t and 
consequently lies in the normal plane to C at the point under consideration ; 
t also lies in the osculating plane, cf. Section 11. The unit vector 

_ ts) 

(12.2) PS) = Tay 

which has the direction and sense of t is called the unit principal normal 
vector to the curve C at the point x(s). The straight line passing through 
this point and containing p(s) is called the principal normal to the curve C 
at this point. Since t lies in the corresponding osculating plane as well as in 
the normal plane, the principal normal is the intersection of these planes. 

The absolute value of the vector t, 


(12.3) x(s) = |t(s)] = /{X(s) + X(6)}, (x 2 0), 


is called the curvature of the curve C at the point x(s). The reciprocal of the 
curvature, 
1 
12.4 a eee 
(12.4) pls) = = 
is called the radius of curvature of the curve C at the point x(s). 

Straight lines are the only curves whose curvature vanishes identically, 
because from «x = 0 we obtain x(s) = as-++c where a is a constant unit 
vector and C is also a constant vector. 

It will be advantageous for our later considerations to use a special letter 
for the vector t. We set 
(12.5) k(s) = t(s) 
and call this vector the curvature vector of the curve C. 

We now mention the following fact: while the sense of the unit tangent 
vector to a curve depends on the orientation of the curve resulting from the 
choice of a certain parametric representation, the unit principal normal 
vector is independent of the orientation of the curve; its sense does not 
change if the parameter s is replaced by the parameter s* = —s or any 
other allowable parameter. 


, (x > 0), 
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The point Y on the positive ray of the principal normal at distance p(s) 
from the corresponding point P of the curve C is called the centre of curva- 
ture. The circle in the osculating plane whose radius is p and whose centre 
is M is called osculating circle or circle of curvature of C at P. 

Obviously, the osculating circle passes through P; the tangents to C 
and to the osculating circle at P coincide; this fact will be considered in 
detail in Section 19. 

From the definition of Y/ it follows that its position vector z is of the form 
(12.6) Z= X+pp = x+/'t, (« > 0). 

We will now derive from (12.3) an analytic expression of the curvature 
which is valid when C is represented by any allowable parametric 
representation x(f) of class r > 2. In 
consequence of (12.3), (12.2) is equiva- 
lent to t= xp. Taking the vector 


product of both sides of this equation 
by t we find 


txt= xxX =txx«p. 
Since t and p are orthogonal unit 


vectors, using (5.8) we obtain 


3 
k= |XX X| = |x’xx’| (=) ‘ 





Hence, by means of (9.7), 
(12.7") gas 


[x'|° 
which, in consequence of (5.11), is equivalent to 


V(x" x’)(x" + x") — ("+ x")7} 
(12.7) k= aan coo aie 


If in particular ¢ = s, then (12.7) reduces to the form (12.3). 


Example 1. If Cis a circle of radius r then the radius of curvature also has 
the constant value 7. Indeed, when C is represented by 
x(t) = (rcost, rsin#é, 0), 


ef. (8.3), then x’ = (—rsin#, rcost, 0), x” = (—rcost, —rsin#, 0), and, 
by means of (12.7), p =r. Formula (12.6) yields z = (0,0,0); the centre 
of curvature and the centre of the circle coincide. 
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Example 2. The curvature of the circular helix x(¢) = (r cost, rsint, ct) 
is constant. By means of (12.7) we obtain 


ae 5 
K = rte 
If c tends to zero p = 1/x tends to the radius 7 of the circle of intersection 
between the x, x,-plane and the cylinder of revolution on which the helix 
lies, 
Problem 12.1. Find a representation of the position vector of the 
centre of curvature of a curve x(?) in terms of x(t) and its derivatives. 


Problem 12.2. Prove: The locus of the centres of curvature of a 
circular helix C is a circular helix C*. Determine a circular helix C for which 
the cylinder of C* coincides with that of C. 


13. Binormal. Moving trihedron of a curve. We again consider 
an arbitrary curve C’, given by an allowable representation x(s) of class 
r > 2 where s denotes the arc length of C. To every point of the curve at 
which x > 0, we have associated two unit vectors, the unit tangent vector 
t(s) = x(s) and the unit principal normal vector 


— 8) ones 
P(s) = Ths)l p(s)X(s), (x > 0). 


These two vectors are orthogonal. We now introduce a unit vector 

(13.1) b(s) = t(s) x p(s) (« > 0) 
which is orthogonal to t and p and is called the wnit bunormal vector of the 
curve C at the point x(s). The orthogonality is an immediate consequence of 
the definition of the vector product, cf. Section 5. From this definition we 
see also that the vectors t, p, b, in this order, have the right-handed sense. 
The fact that b is a unit vector can be seen from (5.8). 

To every point of a curve at which « > 0 we have now associated three 
orthogonal unit vectors. The triple t, p, b is called the moving trihedron 
of the curve, cf. Fig. 16. 

For several investigations it is convenient to use the Cartesian coordinate 
system whose axes are the straight lines passing through a point of the 
curve in the direction of the corresponding vectors t, p, and b, respectively. 
The motion of the trihedron along the curve will be considered in Section 16. 

The straight line passing through a point x(s) of a curve C in the direction 
of the corresponding unit binormal vector b(s) is called the binormal to C at 
the point x(s). 
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The vectors t and p span the osculating plane S of the curve. The vectors 
pand b span the normal plane V. The plane spanned by the vectors t and b 
is called the rectifying plane. Since t, p, and b are the normal vectors to the 





Fic. 16. Moving trihedron 


normal, the rectifying, and the osculating plane, respectively, we have the 
following representations: 
(a) Normal plane: (z—x)*t = 0, 
(13.2) (6) Rectifying plane: (Z—x)-p = 0, (x > 0), 
(c) Osculating plane: (z—x)+b = 0, (« > 0). 
(11.2) may be obtained from (13.2 (c)) by taking into account (13.1). 


Problem 13.1. Given two twisted curves which are in a one-to-one 
correspondence so that at corresponding points the tangents are parallel. 
Prove that at corresponding points the principal normals, and the binormals 
are parallel. 


14. Torsion. We consider an arbitrary twisted curve which has a 
parametric representation x(s) of class r > 3, with arc length s as para- 
meter. The curvature x(s), cf. Section 12, measures the rate of change of 
the tangent when moving along the curve. It measures, so to speak, the 
deviation of the curve from a straight line in the neighbourhood of any of 
its points. The torsion to be introduced now should, roughly speaking, 
measure the magnitude and sense of deviation of a curve from the osculating 
plane in the neighbourhood of the corresponding point of the curve, or, in 
other words, the rate of change of the osculating plane; we assume that 
x > 0 at this point. 

Since the osculating plane is spanned by the unit tangent vector t and by 
the unit principal normal vector p, the unit binormal vector b is the normal 
vector to this plane, cf. Section 13. In the case of a plane curve the 
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osculating planes coincide with the plane of the curve. Then b(s) is a 
constant vector; we have b = 0. It is therefore natural to consider the 
vector b in our present investigation. 

Differentiating the scalar products 


b>-b=1 and b-t=0 
with respect to the arc length s we obtain 
b-b=0 and b-t+b-t=0. 
Since t = «xp we find from this that 
b-t = —b-t= —x«b:p = 0. 


Hence, if the vector b is not the null vector it is orthogonal to the vectors 
t and b, and consequently lies in the principal normal. We may set 


(14.1) b(s) = —7(s)p(s), (x > 0). 
Scalar multiplication of (14.1) by p yields 
(14.2) 7(s) = —p(s)-b(s), (x > 0). 


7(s) is called the torsion of the curve C at the point x(s). 
The sign of the torsion has a geometric significance. It has been chosen 
so that right-handed curves (for example, right-handed helices, that is, 


helices for which, in (8.4), c > 0) have a positive torsion 7r(s), as will be 
seen in what follows. 


Thename ‘torsion’ was first used by L. I. dela Vallée [1]in 1825. Curvature 
and torsion are also known as first and second curvature, and a twisted 


curve is therefore called a curve of double curvature; we will not use these 
names, 


Let us now derive a representation of r(s) in terms of the function x(s) 
and its derivatives. Inserting (13.1) in (14.2) we obtain 


7=—p‘b= —p-Z(&xp) = —p:((Xx p)+(Xxp)). 


Now p*(Xx p) = |[pXp| = 0. Inserting p = pX, cf. (12.2)-(12.4) we find 
r= —|p& x (pX+p%)]. 
Interchanging the first two columns and simplifying the last one we have 
t= p*|x X XI. 
In consequence of (12.3) and (12.4) this expression is equivalent to 


(14.3) pez A 
X°X 
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We pointed out in Section 9 that the positive sense of a curve, correspond- 
ing to increasing values of s, can be arbitrarily chosen. One orientation 
can be changed into the other, for instance, by means of the transforma- 
tion s = —s*. Under this transformation the functions x and X are 
multiplied by a factor —1 while X remains unchanged. The right-hand 
side of (14.3) remains therefore unaffected by this transformation or by 
any other allowable transformation which changes the orientation of the 
curve. Hence the sign of the torsion must have a geometric significance. 
Since x(s) is assumed to be of class r > 3 we may write 


: h?.. h3 
x(s+h) = x(s)+AxX(s) + 7 X(s) + TI X(s)-+-0(h3). 


g 
The vectors x and X lie in the osculating plane. The vector (0) + 0(8 


will therefore determine the sense in which, in a neighbourhood of the 
point x(s), the curve leaves the osculating plane. Because of continuity, 
the difference between this vector and the vector h*X(s)/6 is arbitrarily 
small for sufficiently small values of h. The vector X(s) will therefore 
also determine the aforementioned sense. The curve is right-handed 
if, at the point x(s), for increasing values of s, it leaves the osculating 
plane to the positive side of this plane which is determined by the sense 
of the unit binormal vector b(s). In this case the angle between the vectors 
x and b = xX p = XXpX must be smaller than 47. Since p > 0, the same 
must be true for the angle between the vectors X and xx X. Hence 
\x X X| > 0, and in consequence of (14.3) we must also have r > 0. That 
is, right-handed curves have positive torsion. 
The reciprocal of the torsion, 


Q 
! 
ate 


’ (7 4 0), 


is called the radius of torsion. 


Imposing on x(s) an allowable transformation of class r > 3 we obtain 
from (14.3) 


|x’ x” x” | Ix! > x” | 
14.4 EF eee 2S eee? 
( ) T (x’ x x”)«(x’X x”) (x’x’)(x”»x”)—(x’s x”)? 
ef. Problem 14.1. 
We mention the following simple but important fact: 


(« > 0), 


Theorem 14.1. A curve, with non-vanishing curvature, is plane if and 
only if its torsion vanishes identically. 
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Proof. If the curve is plane, b is constant, i.e. b = 0. In consequence of 
(14.2) therefore also r = 0. Conversely, if r = 0 then, by means of (14.2), 
b = const. Integrating b-t = 0 where b = const we have b- x(s) = const, 
that is, the curve represented by x(s) lies in 
a plane orthogonal to the constant vector b. 


Example. The circular helix (8.4) 
x(t) = (rcost#, rsin f, ct) 
is right-handed if c > 0 and left-handed if 


c < 0, cf. Fig. 17. The curvature of this curve 
is given by the expression 
eee 

22’ 
cf. Section 12. Since x’:x’ = 72+ ¢c?, 
x"*x” = r*, and x’*x” = 0 we obtain from 
(14.4) 


K 


—rsiné rcost c 

—rcost —rsint 0 
rsint' —rcost 0 

If this curve is right-handed (c > 0) then 

+ > 0, if it is left-handed (c < 0) then 7 < 0. 
Problem 14.1. Prove (14.4). 


T<0 Problem 14.2. Determine the torsion of 
Fo. 17 the curve x(t) = (t, t?/2, 5/6). 


1 
T = lp 1 pe 
r'iretc*) 


Cc 











15. Formulae of Frenet. The first derivatives t, p, and b of the unit 
tangent vector t, the unit principal normal vector p(s), and the unit binormal 
vector b(s) can be represented as a linear combination of these vectors 
t, p, and b; the corresponding formulae are called the formulae of Frenet 
[1]; they are of fundamental importance in the theory of curves. 

Let us at first explain the reason for the existence of formulae of this 
type: in three-dimensional space R, four (or more) vectors are always 
linearly dependent, cf. Problem 5.3. This means that any vector in this 
space can always be represented as a linear combination of three linearly 
independent vectors. Now, since t, p, and b are linearly independent, any 
other vector can be represented as a linear combination of these three 
vectors, in particular also the vectors t, p, and b, provided these vectors 
exist and are continuous functions of s. 
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We already know two of the three formulae of Frenet, 

t= Kp, 

cf. (12.2) and (12.3), and 
b = —TPp, 

ef. (14.1). We will now find an analogous representation of the vector p. 

Differentiating p-p = 1 we have p-p = 0. Hence, if the vector p is not the 

null vector it is orthogonal to p and consequently of the form 


p = at-+cb. 
Scalar multiplication by t and b, respectively, yields 
a=p-°t and c=p°b, 
since b-t = 0. Differentiating p-t = 0 we find p-t-+ pt = 0, that is, 
p-t = —p‘t = —xp:p= —x, 
since t = «p. Differentiating p-b = 0 and using (14.2) we obtain 
p-b = —p°b =r. 
We thus obtain the formulae of Frenet : 


t= Kp, 
(15.1) p= —x«t +h, (x > 0), 
b = —Tp, 


or, in matrix notation, 


t 0 x O\/t 
wo BE 
b 0—r 0/\b 


The coefficient matrix is skew-symmetric. 

Formulae analogous to those of Frenet also occur in the theory of surfaces 
and will be considered in Section 45. Applications of the formulae of 
Frenet are numerous, cf. in the following. 


Example. A curve is called a general or cylindrical helix, if its tangent 
makes a constant angle with a fixed line in space. Circular helices have this 
property, cf. the example in Section 10. From the results obtained in 
Section 13 we see that the curvature and torsion of a circular helix are 
constant and consequently the ratio of these quantities is also constant. 
The latter property is characteristic for all helices, as follows from 


Theorem 15.1 (Lancret [1]). A twisted curve of class r > 3 with non- 
vanishing curvature 1s a general helix if and only if, at all of its points, the 
ratio of its curvature and torsion is the same, 7+(s): «(s) = const. 
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Proof. (a) Let a curve C be a general helix, that is, by definition, its unit 
tangent vector t makes a constant angle ay (0 < |ag| < $7) with a fixed 
direction in space, determined, say, by a unit vector C, 

(15.2) C*t = COS dy. 
Differentiating (15.2) we have 

cet=xce>p=0. 
Since x > 0 we find 
(15.3) c*p=0, 
that is, at any point of C the principal normal 
to C is orthogonal to the vector c; binding c at 
a point of C it lies in the corresponding rectifying 
plane which contains also the unit tangent vector 


t and the unit binormal vector b. Formula (15.2) 
is therefore equivalent to 


c*b = sing, 





cf. Fig. 18. Differentiating (15.3) and using 
Fic. 18 (15.1) we obtain 


c*p = c*(—«t+rb) = —x«cosa)+rsin ay = 0. 
Hence 7(s)/x(s) = cot) = const. 
(6) Conversely, let us now assume that the ratio of curvature and torsion 
of the curve C is constant, 
(15.4) BS) Cy = const, 


Or, Cgk—t = 0. By (15.1), we obtain from this relation 
cot+b = (cox—7)p = 0. 
We integrate, cyt+b = c*, 
where c* ( + 0) denotes a constant vector. Taking the scalar product of 
the unit tangent vector t to C by the unit vector 
ce Cot+b 


«= Tex] = (de) 





we find c't=—© __ const (<1). 

V(1+¢6) = 
Hence the vectors c and t make a constant angle, and C is therefore a 
general helix. 
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Problem 15.1. Derive the formula of Frenet for p from the other two 
formulae by proving that the matrix in (15.1’) must be skew-symmetric. - 


16. Motion of the trihedron, vector of Darboux. When a point 
moves along a curve C the corresponding trihedron makes a motion which 
we will now investigate. This consideration turns out to be a kinematic 
interpretation of the formulae of Frenet, first made by G. Darboux [1, 
vol. 1] in 1887. 

Since the vectors t, p, and b have always the same mutual position and 
the constant length 1 we may imbed these vectors in a rigid body K which 
performs the same motion as the trihedron. Our problem may consequently 
be considered as a problem of kinematics of rigid bodies. We start from 
the following fundamental 


Theorem 16.1. (G. Mozzi and A. Cauchy.) Any motion of a rigid body 
im space is, at every instant, an (infinitesimal) screw motion. 


By definition, a screw motion is composed of a translation 7' along a 
straight line Z and a rotation R about L such that the angle of rotation is 
proportional to the translation during corresponding times. (The path of 
any point P of the moving body K, not on the axis, is therefore a circular 
helix.) 

Theorem 16.1 was first communicated by G. Mozzi [1] in 1763; the 
earliest correct proof is due to A. Cauchy [1] who rediscovered the theorem. 

We exclude the translation of the moving trihedron from our investiga- 
tion and consider only its rotation. Thus we assume that the trihedron 
undergoes a translation and is then bound at a fixed point, say at the 
origin of the Cartesian courdinate system in space. 


A rotation of a rigid body can be simply and uniquely described by a 
‘rotation vector’. 


Definition 16.1. A vector d ts called rotation vector of a rotation wf vt has 
the following properties: 


(1) d has the direction of the axis of rotation. 

(2) The sense of dis such that the rotation has the clockwise sense if one 
looks from the initial point of d to tts terminal point. 

(3) The absolute value |d| of d equals the ‘angular velocity’ w of the rotation, 
that is, the velocity of points at distance 1 from the axis of rotation. 


Let P be any point of a rotating body K and let z be the distance of P 
from the axis of rotation. We denote by r the position vector of P referred 
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to a coordinate system with origin on the axis of rotation. The derivative 
v=r 

of r with respect to the time ¢ is called the velocity vector of P; this vector 

has the direction of the motion of P, and its 

absolute value |{v| is the velocity of P. If « de- 

notes the angle between the position vector r 

and the rotation vector d, cf. Fig. 19, then 


|v] = wz = w|r|sina = |dxri, 





and, in consequence of the definition of d, 
(16.1) v= dxr. 


P\« We will now determine the rotation vector 
d of the trihedron, assuming that the curve C 
under consideration is of class r >3 and has 

Fic. 19 non-vanishing curvature «x. The position vector 


of any point P of the above rigid body K con- 
nected with the trihedron is of the form 
(16.2) r= ut+vp-+whb. 
Assuming that the point moving along the curve C under consideration 
has the constant velocity 1 we may equate the arc length ¢ of C with the 
time t. The velocity vector of P thus is of the form 
(16.3) v=fr = ut+vp+wh. 
As follows from (15.1) the vectors t, p, and b lie in the same plane which, 
in Fig. 20, is denoted by EL. This plane is uniquely determined since « > 0. 
According to (16.1) the vector d is orthogonal to £, that is, to t and p, and 
therefore has the direction of the vector 

txp = cp X (—«t-+rb) = (tx p)+er(p x b) = K(xb+7t); 
hence it is of the form 
(16.4) d = c(rt+ xb). 
In order to determine the constant c we set v = w = 0 in (16.2) and (16.3). 
Then, in consequence of (16.1), 
t=dxt 
and, by inserting (16.4) in this expression, we find 
t = ¢(rt-+xb)xt = cep. 

Comparing this with (15.1) we have c = 1 and thus finally the following 
result: 
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Theorem 16.2. The rotation vector of the trihedron of a curve C: x(s) 
of class r >3 with non-vanishing curvature, when a point moves along C 
with constant velocity 1, 13 given by the expression 


(16.5) d = zt+xb. 





ad 
(x= 15, T=~0,7) 
Fie. 20 


Here d is called the vector of Darboux. If a curve is plane then d has the 
direction of the binormal]; in this particular case the binormal is the axis of 
rotation, and w = x. 

In consequence of (16.1)-(16.3) we can now write the formulae of Frenet 
in the form 


(16.6) it=dxt, p=dxp, b=dxb. 


Problem 16.1. Determine the curves for which the corresponding 
vector of Darboux has constant direction in space. 
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17. Spherical images of a curve. We will now continue our investiga- 
tion of the vectors of the moving trihedron of a curve C': x(s) of class r > 3 
with non-vanishing curvature. We again assume that these vectors 
undergo a parallel displacement and become bound at the origin O of the 
Cartesian coordinate system in space. Then the terminal points of these 
vectors t(s), p(s), and b(s) lie on the unit sphere S with centre O and generate, 
in general, three curves on S which are called the tangent indicatriz, the 
principal normal indicatrix, and the binormal indicatriz, respectively, of 
the curve C, cf. Fig. 21. 





Fie. 21. Curve C and corresponding tangent indicatrix 


The linear elements ds7, dsp, and dsp of these indicatrices or spherical 
images can be easily obtained by means of (15.1). Since t(s), p(s), and b(s) 
are the vector functions representing these curves we find 

ds?, = t-t ds? = x2p> p ds? = x? ds?, 
(17.1) dst = p*p ds? = (—xt-+7b)*(—x«t+7b) ds? = (x?-+7?) ds?, 

ds?, = bb ds? = 7p: p ds? = 7? ds?. 
Curvature and torsion appear here as quotients of linear elements; choosing 
the orientation of the spherical image induced by the orientation of the 
curve C we have from (17.1) 


(17.2) = 
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Moreover, from (17.1) we obtain the Equation of Lancret 
(17.3) ds?, = ds%.+-ds%,. 


Since curvature and torsion are also known as first and second curvatures 
the expression ./(ds}-++-ds%) is sometimes called the third or total curvature 
of a curve. 

Different curves may have the same spherical images. Simple examples 
illustrating this fact are circles in the same plane, with arbitrary radius and 
centre, and also circular helices x(t) = (r cost, rsiné, ct) on coaxial cylinders 
for which the ratio r:c is the same. 


Problem 17.1. Find the curves for which (a) the tangent indicatrix, 
(b) the binormal indicatrix degenerates to a point. What does it mean when 
a spherical image is a closed curve? 


Problem 17.2. Investigate the spherical images of the circular helix 
(8.4). 


18. Shape of a curve in the neighbourhood of any of its points 
(canonical representation). In order to investigate the form of a curve 
C in a (sufficiently small) neighbourhood of any of its points we expand the 
vector function x(s) by which C may be represented according to Taylor’s 
formula. Assuming that x(s) is of class r > 3 we have 





(18.1) x(s) = x(0)+ m2 SEXO) + o(s%) 

vol 
where the vector 0(s*) has the meaning indicated in Section 11. Since the 
point of C corresponding to s = 0 may be chosen arbitrarily we may con- 
sider C in the neighbourhood of this point, without loss of generality. The 
vectors occurring in (18.1) can be represented in terms of the vectors of the 
trihedron. We have x = t and, according to the formulae of Frenet, 


(18.2) 


We assume that the Cartesian coordinate system in space was chosen so 
that s = 0 corresponds to the origin and the vectors t(0), p(0), and b(0) 
lie in the positive rays of the z,-, x,-, and x,-axes, respectively. Then 


(18.3) t(0) = (1,0,0), p(0) = (0,1,0), — B(0) = (0,0, 1). 
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By means of (18.2) and (18.3) we obtain from (18.1) the so-called canonical 
representation of the curve C, 


x,(s) = 8 —Ss+o (s%), 
(18.4) 2,(8) = “Oe24 e2-+0 (8°), 
x9(8) = “379 s9+0 (84), 


where x, and 75, respectively, denote the value of the curvature and torsion 
at the point s = 0. When we discard all the terms in each series except the 
leading term we find 


(18.5) x(8) = (° <8, = |, (ky > 0, T) % 0). 


By eliminating s from (18.5) we obtain the following representations of the 
orthogonal projections of this approximative curve: 


(in the osculating plane O): x, = pei (quadratic parabola), 


(in the rectifying plane 2): x3 = “are x3 (cubical parabola), 
(in the normal plane NV): x, = a Tait (semi-cubical parabola), 


ef. Fig. 22. The graph of the approximative curve in space is shownin Fig. 23. 
This curve has a right-handed screw motion if 7, is positive and a left- 
handed one if 7, is negative; that means, if the curve is traversed in the 
positive direction, it pierces the osculating plane at the point s = 0 from 
the side of the negative or positive binormal according as the torsion at 
8 = 0 is positive or negative. While the curve has no singularity, its 
projection on the normal plane has a cusp. 


Problem 18.1. Let s (< ar) be the length of an arc C of a circle of 
radius r with end points Fj and P. The corresponding chord P, P has the 
length P 3 
h = 2rsin = °— siaret 
If C is sufficiently small the difference |h—s| is approximately given by the 
term 8°/3!(2r)?, that is, is of order s*. Prove that the difference of the 
lengths of a sufficiently small are of any curve and the corresponding 
chord is always of order s°. 
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Fie. 23 


19. Contact, osculating, sphere. Let us consider two curves C' and 
C* which have a point, say fj, in common. In a neighbourhood of F these 
curves may ‘more or less’ differ from each other. We will investigate this 
situation in detail and characterize it in a precise manner by introducing 
the concept of contact. 

First of all there are two possible cases: Either 

(a) the tangents to C and C* at P, are different from each other, 
or (6) they coincide. 
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Let C be allowably represented by x(t) = (f,(¢), f2(¢), f(¢)) and C* by 
x(t*) = (9, (é*), go(t*), g(t*)) and let Fy correspond to the values ¢t = fy 
and ¢* = ¢j. Then in both cases (a) and (5) 


X(to) = X(é). 
Moreover, in case (b)—and only in this case—the two vectors 


ax 


a is 
dt 


an 
l=ly dt* 








{°=15 


are parallel since these vectors are tangent to C and C* at P,. We introduce 
now the arc lengths of C and C* as parameters in such a manner that both 
curves at F, have the same orientation. Let 


(19.1) (C):  x(s) = (a(s), %(3), as(s)), 
(C*): x(s*) = (B,(s*), Bo(s*), Ba(s*)) 


be the representations thus obtained; they are of class r if the above repre- 
sentations are of this class, cf. Section 9. We denote by s, and sj the values 
of the parameters corresponding to Fj. Using (19.1) in case (6) we now have 
simply 

= Gel 


* 
S=8o0 ds 


While we can visually distinguish only between the two cases (a) and (6) 
we are able to characterize the case (6) more in detail by analytical methods, 
that is, by taking into account the higher derivatives of x(s) and x(s*). 
For this purpose we make the following 


da, 


a; (Sp) oo Bi(89): as (2 = 1, 2, 3). 








t 
$*=39 


Definition 19.1. A curve C has contact of order m (exactly) with a curve 
C* ata point Py uf, when using the representations (19.1), at Py: 


(19.22) a(s) = fils), TO a= OF, 


and, uf also the derivatives of order m-+-1 at P, exist, 


q™ tly. a™+4B . 
dgmti ds¥mt+1’ 





(u = 1, 2,..., m3; 4 = 1, 2, 3), 





(19.2 b) (= 1, 23:3). 
Of course this definition has a meaning only for those values of m which 
are at most equal to the class of the functions x(s) and x(s*). 
According to this definition, in the above case (a) C has contact of order 
0 with C*. Contact of first order is also known as an ordinary contact, 
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contact of second order is known as stationary contact or osculation, and 
contact of third order as stationary osculation or superosculation. 

Definition 19.1 may be geometrically interpreted as follows. We consider 
the development of x(s) in powers of s—s,), according to Taylor’s formula. 
The curve obtained by taking the sum of the first terms of the above 
development up to the term containing the power (s—s,)* (inclusively) is 
called ‘kth approximating curve of C at P,.’ In this terminology, the 
tangent at P, is the first approximating curve, etc. Then contact of order m 
is equivalent to the coincidence of the first, second,..., mth approximating 
curves of the curves under consideration at the point of contact. 

In order to continue our present investigation it is necessary to consider 
also surfaces, but actually only very special simple types. Postponing a 
detailed investigation to Section 24 it is, at this stage, sufficient to say that 
surfaces are point sets in Euclidean space which, at least in a sufficiently 
small neighbourhood of any of their points, can be represented in the form 


G(x, %_, 23) = 0, 


where G is a function of class m > 1 whose partial derivatives of the first 
order do not all vanish at any point. 
Let us now define the contact of a curve with a surface. 


Definition 19.2. A curve C has contact of order m (exactly) with a surface 
S ata point P, uf there exists at least one curve C* on S which has a contact 
of order m urth C at Py and there does not exist a curve on S which has a contact 
of order greater than m with C at P,. 


We will now consider planes and spheres which have a contact with an 
arbitrary given curve. 

First it is clear that a plane which has contact of first order with a curve 
C at a point FP, must pass through the tangent to C at P,. At any point of 
C there exists a whole pencil of planes of this type, in which the correspond- 
ing osculating plane of C is also contained. 


Theorem 19.1. At any of its points, a curve has contact of second order 
(at least) with its corresponding osculating plane. 


Proof. Let C: x(s) be any curve. We develop x(s) in a series of powers 
of s—s), by Taylor’s formula, where s, may correspond to any point P, of 
C. When we take the terms of this expansion only up to that which con- 
tains X(s)) (inclusively) we obtain a representation of a curve C*. This 
curve has a contact of second order with C at P,. Since the osculating plane 
of C at P, is spanned by the vectors X(s,) and X(s,), the curve C* lies in this 
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plane. By Definition 19.2, C therefore has contact of at least second order 
with that osculating plane at . If 7 ~ 0 at PB, the contact is exactly of 
second order as can be seen, for example, from (18.1)—(18.4). 

As a preparation for the investigation of spheres which have contact 
with a curve we state the following 


Lemma 19.2. Let C be a curve which can be represented by an allowable 
representation x(s) = (a,(s)) of class r > m, with arc length s as parameter. 
Furthermore, let C have a point By: s = s)in common with a surface S which, 
in a neighbourhood of fy, has a representation G(x,,X2,%3) = 0 of class 
r2m. Then C has contact of order m (exactly) with S at P, uf and only if 
eee p(s) = G(ay(s), a9(6), a9(6)) 


and its derivatives with respect to s, wp to the m-th inclusively, vanish at P,, 
while the (m-+-1)th derivative—+f rt exists—does not vanish at this point, 


dtp dm+\p 
19.3 S, ms! 0, ee ieee 0 — 1, AE Mm 9 ans Fea rae 0. 
(19.3) p(so) dst, (- oat = of 


Proof. If C has contact of order m with S at FP, then, according to Defini- 
tion 19.2, there exists a curve C* on S which has a contact of order m 
(exactly) with C at &. We denote by s* the arc length of C*. Let 

x(s*) = (B;,(s*)) 
be a representation of C’* so that, at Fj, C and C* have the same orientation. 


The point P, may correspond to the value s* = s>. Since C* lies on S we 
first have 


(19.4 a) G(B,(s*), Ba(s*), Bs(s*)) = 0 


and, by successive differentiation with respect to s*, 


8 

dG dB; _ ag ap; dB; OG d*B, _ 
seks 2, dx, ds* 0, > > sem Ox, 6x, ds* dst 2s ox, ds*2 
etc. All of these relations are identities in s*. Since C has contact of order m 
with C* at P,, according to (19.24), we obtain 




















dt, d#B. 
(19.54) a,(8) = B,(s*), ial. ss oe eg HE Paes me 
(z = I, 2, 3), 
and, if the (m-+1)th derivative also exists, according to (19.2 b) 
dm thee; dB; — 
(19.5 b) dem | stmt). (2 = 1, 2, 3). 
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Setting s* = sf in (19.4), by means of (19.5), we can eliminate from (19.4) 
the derivatives of the functions £,(s>). This procedure yields (19.3). We 
will now prove the converse. By hypothesis, dG/dx, + 0 at any point for 
at least one value of 1 = 1, 2, 3. If at A, say, dG/dx, + 0 then, at least in a 
certain neighbourhood of P, we can represent the surface S in the form 
%y = h(x,,x_). In consequence of (19.3) this equation and the equations 
obtained by differentiating it m times are satisfied at P, by the functions 
a,(s) and its derivatives. Setting s* = s, B,(s*) = a,(s) and £,(s*) = a,(s), 
then B, = h(B,, B.) is determined so that (19.5) is also satisfied for 1 = 3. 
This completes the proof. 

This lemma permits us a more detailed geometric characterization of the 
contact of a curve with a surface. 


Theorem 19.3. Let C be a curve of class r>m-+1 which has contact 
of order m with a surface S of class rata point Fy. If mts even then C pierces 
Sat P,. If mis odd then, in a sufficiently small neighbourhood U of Py, C lies 
on one side of S. 


Proof. Let C be represented by x(s) = («,(s)) so that Py corresponds to 
s = Oand let G(z,, 7,73) = 0 be a representation of S valid in a neighbour- 
hood of Fj. Then, by means of Taylor’s formula, we have, in consequence 
of (19.3), 

gmtl d™+1n(0s) 
(m+1)! dsmti ’ 


+ 0, cf. (19.3), for sufficiently small values of |s| also 


p(s) = G(a4(s), %2(8), xg(s)) = 
_  a@t!n(0) 
Since aaa 
dmtty( A 3) 
da™t+1 
tive the sign is the same in both cases. Let m be even. Then s”+! > 0 if 
8 > Oand s™+! < Oifs < 0. If mis odd then s™+! > 0 for all values of s. 
This completes the proof. 

We will now consider spheres which have contact with an arbitrary given 
curve C’: x(s) where s denotes the arc length of C. Let P be a common 
point of C and a sphere S of radius FR with centre Mf. Denoting by a the 
position vector of Jf we can represent S in the form 


(19.6) G21, Xp, X3) = (x—a)*(x—a)— R? = 0. 


In order that C should have contact of first order with S at P we must 
have at P 





(0<6< 1). 





+ 0 and, in consequence of the continuity of the (m-}-1)th deriva- 


(19.7) 2 — Fpa(x,(s), x4(¢), z(0))] = 2(x—a) + = 2(x—a)-t = 0, 


54 THEORY OF CURVES [§ 19 


that is, the centre IZ of any sphere which has contact of first order with 
the curve C at P lies in the normal plane N to C at P, cf. (13.2(a)). The 
radius corresponding to a certain choice of M can then be obtained from 
(19.6). The vector a is now of the form 

(19.8) a = xtop+fb, 

where « and £ are real numbers. We now assume that the curvature « 
of C at P is not zero. In order that C have a contact of second order with 
S at P, in addition to (19.7) we must have at P 


d*p : 
(19.9) 73 = 2(t+t+(x—a)-+t) = 2(1+(x—a):«p) = 0. 


By inserting (19.8) into (19.9) we find the condition 1—ak = 0, i.e. « = p. 
This means that the two-parameter family of spheres with centres (19.8) 
which have contact (at least) of first order with C at P contains a one- 
parameter family of spheres having contact of second order (at least) 
with C at P; the position vectors of the centres of these spheres are of the 
form 
(19.10) a= x+pp-+fb, (« > 0). 
Since B may have any real value, (19.10) is a representation of a straight 
line parallel] to the binormal and passing through the centre of curvature 
corresponding to P, cf. (12.6). This line is called the polar axis of the 
curve C at P. 

In order that C have contact of third order with a sphere S at P, in addi- 
tion to (19.7) and (19.9) we must have at P 


(19.11) 
as : 
5 = 2(xt>p+(x—a)*(ep+xp)) = 2(x—a)+(kp—et-+xrb) = 0. 
Inserting (19.10) into (19.11) we obtain 
pk+Brer = 0 
and therefore, if 7 4 0 at P, 
— _*e* _?- 
B 7 T 7 rT 


This means that the one-parameter family of spheres with centres (19.10), 
which have contact of second order with C at P, in general contains just one 
sphere S, which has contact of third order (at least) with C at P. S, is called 
the osculating sphere of the curve C at the point P. Inserting the value of 8 
just obtained we find the position vector a of the centre of S,: 


(19.12) a = x+pp +6 b, (> 0, 7 0). 
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If « = 0 at P the centre of S, lies in the osculating plane of C at P and 
coincides with the centre of curvature. From (19.12) we obtain the radius 
Rg of So: 


(19.13) Rg = |x—a] = f{p?+(6/7)}. 
If the curvature of a curve is constant the radius of the osculating spheres 
is also constant. The circular helix is of this type, cf. Section 12. 

We may sum up our results as follows: 


Theorem 19.4. The centre of any sphere which has contact of first order 
(at least) with a curve C ata point P lies in the normal plane to C at P. The 
centre of any sphere which has a contact of second order (at least) with C at a 
point P, where x > 0, lies on the polar axis of C corresponding to P; all these 
spheres intersect the osculating plane of C at P along the circle of curvature of 
C at P which has acontact of second order (at least) with C at P. The osculating 
sphere, with centre and radius determined by (19.12) and (19.13), respectively, 
has contact of third order (at least) with C. 


Osculating spheres were first considered by Fuss [1] in 1806. Formula 
(19.12) is due to B. de Saint Venant [1]. 

The surface generated by the polar axes of a curve will be investigated in 
Section 87. 


Problem 19.1. Investigate the contact of the surface 
S: 22+23+22—r? = 0 
with the curve C: x(s) = (s,7, 0). 


Problem 19.2. Prove that, in general, the osculating plane is the only 
plane which has a contact of second order with a curve. 


Problem 19.3. Determine the conditions which a curve must satisfy 
in order that the centres of the osculating spheres be the same for all of 
its points. 


20. Natural equations of a curve. So far a curve C was always repre- 
sented in the form (6.1): x = x(t) where the arbitrary allowable parameter 
t was sometimes specified by the arc length s of C. Clearly, the analytic 
form of such a representation depends on the choice of the coordinate 
system in space. Therefore the question arises whether there is a possibility 
of characterizing a curve in a manner independent of the coordinates, except 
for the position of the curve in space, that is, to within direct congruent 
transformations. The earliest investigation of this problem was already 
made more than 200 years ago, by L. Euler [1]. 
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When trying to find such a representation we have to look for quantities 
which are independent of the choice of the coordinates and parameter but 
depend only on the nature of the curve, that is, on its geometric shape. 
The arc length s, the curvature «, and the torsion 7 are quantities of this 
kind. Two independent functional relations between s, x, and 7 are called 
natural or intrinsic equations of the corresponding curve. We shall use the 
two natural equations 

kK = k(s), T = 7(s) 
in our further investigations. 

We will prove that, if «(s) and 7(s) are continuous in an interval, these 
functions determine an arc of a curve uniquely, except for its position in 
space. As a consequence of this theorem, which will be proved shortly, we 
may. state the fact that any invariant with respect to direct congruent 
transformations which can be associated with a curve is completely 
determined when the corresponding functions «(s) and 7(s) are given. 

The solution of our problem turns out to be very simple if «(s) and 7(s) 
are analytic functions. Since, in consequence of (15.1), the coefficients of 
the Taylor series development of the function x(s) representing the curve 
involve only the functions «(s) and 7(s) and their derivatives, x(s) is uniquely 
determined when analytic functions «(s) and 7(s) are given. 

Returning to the general case we have the important 


Theorem 20.1. Let «(s) (> 0) and r(s) be continwous functions of a real 
variable s, defined in an interval I:0 << 8s <a. Then there exists one and only 
one arc x(s) of acurve, determined up toa direct congruent transformation, with 
arc length s whose curvature and torsion, respectively, are given by the above 
functions «(s) and 7(s). 

Proof. (a) Existence. x(s) and 7(s) being given, the formulae (15.1) of 
Frenet are three systems of ordinary linear differential equations in the 
components of the unit vectors t, p, and b of the moving trihedron, 


t(s) = x(s)p,(s) 


(20.1) pals) = —K(oNele)+r(e)bie) pO 
b,(s) = —7(s)p,(s) 
For the sake of simplicity we set 
(20.1*) t=v,, p= V,, b = V3. 
Therefore we have, written in vector form, differential equations of the 
type 3 
V;= Dd Cuvier (7 = 1, 2, 3). 


k=1 
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We write these equations again in scalar form, omitting the index 2 by 
which the different components of the vectors v,; are denoted, that is, we 


write (20.1) in the form 
3 


(20.1’) v= Zz. Cin UKs (j = 1, 2, 3). 


In (20.1’) the elements of the coefficient matrix 


0 K 0 
(c;x) =— | —K 0 T 
0 —T 0 


are continuous functions in the closed interval J: 0 <s <a and con- 
sequently bounded in J, 


(20.2) len] < . k>0. 


We have to prove that there exists a solution of (20.1) or of (20.1’) satisfying 
given initial conditions, say 
v,(0) = v}, (7 = 1, 2, 3), 


where we have to assume that |v9| < 1, since these quantities are com- 
ponents of unit vectors. The proof of existence will be carried out by means 
of iteration. The basic idea of this method is as follows: if there exist 
functions v,(s) continuous in J and satisfying (20.1’) then, for all values 
of sin J, 


(20.3) v,(s) = f+ > C;,(0)v,(c) do 
6 


must hold. Replacing the functions v, in the integrand of (20.3) by the 
initial values v2 we obtain three first approximate functions 


(20.4) vi) = y+ iP A vp do. 


If we insert these first approximate functions v! into the integrand of (20.3) 
we obtain three second approximate functions v{*), etc. By inserting the 
(n—1)th approximate functions v\?- we obtain three nth approximate 


functions 
8 


3 
(20.5) o{n) = vo | > CrK ve) do, (9 =. 1, 2, 3). 
6 k=1 


We have to prove that when n increases arbitrarily v\” tends to a limit 


58 THEORY OF CURVES [§ 20 


function satisfying the initial condition. Since [v?| << 1 we obtain from 
(20.2) and (20.4) jy D—v| < ke; 


similarly, Ly —yD| <i? 2s 

and in general 

(20.6) Jv) —yP-D| <kn® -. 

Now 

(20.7) vo = v9+ (oP —v9) + (vo —o)+...+(vM—v%-), 


In this representation the absolute value of each term is at most equal to the 
corresponding term of the sum 


2 nr 
(20.8) 9+ ksh? st pk — 


If » tends to infinity the expression (20.8) tends to 


—1+e*, 
Hence, the series 


(20.8’) 9+ (v6 — v9) +... (v—v%-D)+ ... 
converges uniformly in J and 


, (n) 
lim vy = v;. 


n—> CO 


The approximate functions v” are differentiable with respect to s in J, 
cf. (20.5), and therefore also continuous. This means that, according to 
(20.8’), v; is represented by a uniformly convergent series of continuous 
functions and is therefore continuous. (20.5) is equivalent to 


2 3 2 3 
(20.9) v,+(v—v,) = v?+ J PS C5 0, do+ J 2 Cy (ve —v,) do. 


If n increases arbitrarily, then, for all values of s in I, the functions |v” — v,| 
and |v"-)—v,| tend uniformly to zero. Therefore we obtain from (20.9) 


8 
3 
— 4,0 
v; = ve | >. C34, 0, do 
0 k=1 


3 


and from this 0,= DY Cy %; 
k= 
furthermore, »,(0) = v2, 


that is, the three continuous limit functions v; are differentiable and satisfy 
the formulae. of Frenet and also the given initial conditions. 
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(6) (Uniqueness of the solutions.) We will now prove that there exists 
only one arc C of a curve, except for its position in space, corresponding to 
the above natural equations. We use the notation (20.1*). We consider the 
above solution v,, v,(0) = v? (7 = I, 2, 3), of the given differential equations 
and a second solution vj (7 = 1, 2, 3), which satisfies the initial conditions 
vj(0) = v7°. There exists one and only one displacement which carries 
these initial conditions into the others. We now let the curve defined by 
vj undergo this displacement. Then v}(0) = v,(0). We have to prove that 


vi (s) = V;,(s) 


for all values of sin J. We will first give the proof for all values of s in the 


sub-interval I of I, defined by 
3 


a. 
SS OE 


Let v,, ¥,, v3 denote corresponding components of Vj, V2, V3. Let s, be that 
value of s in [ for which |v%—v,| assumes its maximum value, say M;. In 
consequence of (20.1) and (20.2) we find 


M, = |v,(s,)—27F(s,)| = 





| @-*h as = 
0 
hence M, < 4M. 
Using the second and third formula of Frenet we similarly find 
M, <3(M,+U3), Ms < tl, 
Adding these three inequalities we have 
M,+M, < H+). 

Since, by definition, M, > 0, we thus have M, = 0 (j = 1,2, 3). Thismeans 
that for all values of s in f the relations v*(s) = v,(s) hold. Repeating this 
argument we obtain v¥(s) = v,(s) for all values of s in J. This completes 
the proof of the uniqueness. 

(c) We will now prove that, if the vectors v9, v8, v§ form an orthonormal 
system, for any value of s (0 < s < a) the vectors 

V;(s) = (v41(5), Pj2(8), Y;3(5)); (7 = 1, 2, 3), 

also form such a system. That is, we have to prove that the matnx 


Vy Vn «—Vie2 U1 
Vol = [%e1 Vo2 Veg 
V3 V31 V32 «U3 


is orthogonal for any value of s (0 < s < a), if it is orthogonal for s = 0. It 





8) 
J i(v,—v*) as < LS, 
0 
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suffices to prove that the column vectors of this matrix satisfy the relations 


(20.10) % Male)osp(6) = Bap, (a, B= 1, 2, 8) 


since the row vectors then satisfy the analogous relations as is well known. 
If the derivative with respect to s of the sum in (20.10) vanishes then this 
sum is constant and, for reasons of continuity, equal to its value 5,,ats = 0. 
In consequence of the formulae of Frenet, 


My = >> C5K Uns 
we have 


dr 3 3 ; 3 3 
ds | Zz Vie vp] = >> (Via Mspt ia Vig) = p> >> (Cex Vr Vip tia Cix Veg) 
or, when interchanging 7 and x in the second term of each summand, 


dr? 3 3 
75 [> Vix v,| — 2 2, (Cs + Cres) Vea Vig 


Since c,, = —c;,,;, this expression vanishes. The determinant of an ortho- 
gonal matrix has the constant values +1, depending on the orientation of 
its row (or column) vectors. For reasons of continuity the orientation of the 
vectors V,(8), V2(8), Va(s) is the same as that of the given vectors v?, v2, v°. 
Hence we conclude that, if the given vectors v°, v8, v8 form a right-handed 
orthonormal system then the vectors v,(s), V2(s), V3(s) (0 < s <a), are 
uniquely determined and also form such a system. The representation of 
the corresponding arc can be obtained by integration, 


x(s) = Xo+ f t(c) deo, (0<8s<a), 
0 


where X, denotes a constant vector. The initial conditions can differ in xX, 
and in the direction of the trihedron t®, p®, b®; there is exactly one direct 
congruent transformation which transforms a certain initial condition into 
another given one. The given functions «(s) and 7(s) remain unaffected by 
this transformation. Hence, in consequence of the uniqueness of the 
solution, any two solutions corresponding to different initial conditions 
become identical under a suitable direct congruent transformation. 


21. Examples of curves and their natural equations. In addition 
to the preceding section we will now consider some examples of curves and 
their natural equations. 
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We will at first point out the following fact concerning plane curves. If 
a(s) denotes the directed angle from the positive ray of the z,-axis to the 
unit tangent vector t(s) to a plane curve C then a(s) is continuous and 
t = (cosa, sina), dt/da = (—sina, cosa«), and (dt/da)*t = 0. The unit 
vector dt/da« is therefore orthogonal to t, that is, dt/da = +p. Now, from 
(15.1), t = (dt/da)(da/ds) = xp. Therefore, since x > 0, by comparison, 
xk = |da/ds|. On an arc of C, on which x ~ 0, when choosing a suitable 
orientation, we finally obtain P 

fe 4 


(21.1) Kae. 


Example 1. The natural equations 
p =r = const, r= 0 
yield a circle of radius r. Indeed, using (21.1), we have 
dz, = dscosa = rcosa da, dx, = dssina = rsina da 


and therefore 
a = r | cos dd = rsina, z, =r [ sing dp = r(1—cosa), 
0 


0 


or x24 (x%.—r)? = 73, 
Example 2. From the natural equations 
Sp = c?, 7=0 (c £0) 


we obtain a plane curve which is known as spiral of Cornu, cf. Fig. 24. By 
means of (21.1) we find 


a= jt 3 [ee =<, 


and, since dz, = ds cosa, dx, = ds sin a, therefore 


® 
Cc cos 
= f eee do = [ c08 $5 do = +5 | da 
0 0 


° 


c f sine 
= f saaieae = {sings r= 8 | ae —— da. 
0 


These integrals are called the Fresnel integrals; ee were first considered 
by A. J. Fresnel (1788-1827) in connexion with refraction problems. They 
cannot be evaluated in terms of elementary functions; for tables see 
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E. Jahnke and F. Emde, Tables of Functions, New York, 1945. Since 





the coordinates of the ‘limit points’ of the spiral are 


ef. Fig. 24. For further details cf. Kreyszig [2], [3]. 


X2 





Fie. 24 
Example 3. The natural equations x = «(s) and + = 7(s) of spherical 
curves with tr + 0 must be so that the relation 


T 


is satisfied, cf. Problem 19.3. 


Example 4. An important class of plane curves are the cycloids. We first 
consider the ordinary epicycloid. Let K, be a fixed circle of radius r, and let 
K be a circle of radius r, which lies in the same plane and has a contact of 
first order with K, at a point; K is assumed to lie exterior to K, and vice 
versa. Now, when XK rolls on K, without sliding a fixed point P of K 
generates a plane curve which is known as an ordinary epicycloid, cf. Fig. 25. 
We denote by If, and UY the respective centres of K, and K. If the segment 
NM, M, starting from the positive ray of the z-axis, has rotated through an 
angle « (cf. Fig. 25) then the angle between If, M and MP is B = ar,/r; MP 
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makes therefore the angle 
with the z-axis. We can thus represent the ordinary epicycloid in the form 


Totr a), 


XL, = (ro+r)cosa—r coa( “2 





Le = (ro+r)sin a—rsin( "2" a). 
This curve has the arc length 


r r 
8 = acos—a, a= 4 —(ro+7), 
0 


2r 





where the point s = 0 is chosen so that it corresponds to « = (r/r))7. The 
radius of curvature is 


= basin ~° 
p = dsin 5p b= : y(t r). 
Hence the natural equations of the epicycloid are 
2 2 
(21.2) +5 ye (a > b). 


The ordinary hypocycloid, cf. Fig. 26, is generated by the above point P 
when & is rolling on K, in the same manner as before but lies inside Kj. 
This curve can therefore be represented in the form 


"al 
al, 


e ° ro—? 
Ly = (79—71T) SM a—rsin a}. 
r 





T — 
2, = (ro9—1) cosa+r cos = 
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Ifr, tends to infinity, then a and b tend to 47, and the natural equation (21.2) 
is then of the form stp? = lér?, 


The corresponding curve is called an ordinary cycloid, cf. Fig. 27; it is 
generated by a point P of K if K rolls along a straight line. 
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Cycloids are important in connexion with technical problems, for 
example, in the theory of cog-wheels. The earliest investigation of a special 
cycloid is due to the famous painter Albrecht Diirer [1]. 


Problem 21.1. Prove that all plane curves having the natural equation 
p = as-+-b (a * 0) are logarithmic spirals. 


Problem 21.2. Determine the natural equations of the catenary 


*2_cosh“4=0, 2=0, 
Cc Cc 
cf. Problem 9.2. 


22. Involutes and evolutes. Involutes and evolutes are curves associated 
with a curve in the following manner: 

In general, the tangents to a curve x(s) generate a surface, called the 
tangent surface of this curve (for detailed investigation of this surface see 
Section 58). In consequence of the representation (10.3) of the tangent 
we obtain immediately the following representation of the corresponding 
tangent surface: 

(22.1) y(s,u) = x(s)+ut(s), 

where s denotes the arc length of the curve and w is a real parameter whose 
absolute value equals the distance of a point P of the surface from the 
point FP, of contact of the corresponding tangent with the curve; w is 
positive if the directed segment P, P has the same sense as t and is negative 
otherwise. 

Involutes of a curve are curves on the corresponding tangent surface 
which are orthogonal to the generating tangents. 

The angle y (0 < y < 7) between two intersecting curves is defined as the 
angle between the unit tangent vectors to these curves at the intersection 
point. 
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We consider a curve C: x(s) of class r > 2 with non-vanishing curv- 
ature «(s). Since any involute of the curve C lies on the corresponding 
tangent surface we can represent it in the form 

2(s) = x(s)+-u(s)t(s), 


where w(s) denotes an (r—1) times continuously differentiable function to be 
determined so that the above orthogonality condition is satisfied. Accord- 
ing to this representation the unit 
tangent vector to the involute is 


Z= t+ Lut) = ttucp-+ut. 


In consequence of the orthogonality 
zt=0 
must hold. Therefore 1+2% = 0 or 
u(s) = c—s, 


where c is a constant. From this we 
obtain the following representation of 
the involutes of the curve x(s): 





Fie. 28. Circular helix C; tangent surface 
(22.2) 2z(s) = x(s)-+(c—s)t(s). of C, and an involute E 

Every real value of c corresponds to exactly one of these infinitely many 
involutes of the given curve C. Since « > 0 we have z + 0 for all values 
of s 4c. 

If C is a plane curve its tangent surface is a plane which coincides with 
the plane of the curve. In this case the involutes are therefore plane curves. 

We may interpret (22.2) in the following manner: If a thread, lying on a 
curve, is wound off so that the unwound portion of it is always held taut 
in the direction of the tangent to the curve, while the rest of it lies on the 
curve, then every point of the thread generates an involute of the curve 
during this motion. 

Previously we started from a given curve and determined its involutes 
(Fig. 28). Let us now treat the converse problem: Let a curve C be given 
and determine a curve C* so that the given curve is an involute of C*. 
The curve C* is then called an evolute of C. 

The names ‘involute’ and ‘evolute’ were introduced by Chr. Huyghens 
(1629-95) in 1665, ef. [1]. 

We will now find a representation y(s) of the evolutes C* of the curve 
C: x(s), assuming that C is of class r > 3 and has non-vanishing curvature 
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x(s). By the definition of an involute, the tangents to C* must intersect 
the given curve C orthogonally. An evolute may consequently be repre- 


sented in the form y(s) = x(s)+9(s)a(s), 


where a(s) is a unit vector in the normal plane corresponding to a point x(s) 
of the curve and, obviously, |g¢(s)| is then the distance between that point 
x(s) and the corresponding point y(s) of the evolute. In consequence of the 
definition of the involute the vector a must 
be tangent to the curve y(s); therefore 


y= = fa, 


where £ is a scalar. Using the preceding 
representation we obtain from this the 
condition 


yy) 


t+qga+qa = Ba. 
Since a°a = 1 and therefore a-a = 0 and 
also ta = 0 we find ¢ = B; consequently 


t+qa = 0. 


The vector a lies in the normal plane and 
is therefore of the form 
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a= psina+ Dcosa, 

where a denotes the angle between a and the unit binormal vector b(s) to 
the curve C, cf. Fig. 29. Differentiating this representation with respect 
to s, inserting it into the foregoing equation, and using (15.1), we find 


t+-9[(—«t+7b)sin «+ ap cosa—zvp cosa—absina] = 0. 


Since t, p, and b are linearly independent vectors, the coefficient of each of 
these vectors must vanish. We thus obtain 1—«qsina = 0, or 
qsina = p, 
and furthermore 
(a—7)cosa = 0, (r—a)sin « = 0. 
Now, since for any value of « at least one of the functions cosa and sin « 
is different from zero, ¢ = 7 must hold. Integrating this relation we have 
8 
a(s) = J 1(c) do-+-k* 
a 
where k* is a constant of integration. By means of these conditions we 
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obtain the desired representation of an evolute of the curve C': x(s) in the 
form 


8 
(22.3) y(s) = x(s)-+p(s)[P(s)+-b(s) cot a(s)], a(s) = [ r(o) do+k*, 
0 
where p(s) and b(s) are the unit principal and unit binormal vector to the 
curve C’. Each value of the constant &* corresponds to exactly one of the 
infinitely many evolutes of the curve C. 

Comparing (22.3) and (19.10) we see that any point y(s) of any evolute 
lies on the polar axis of the curve at the corresponding point. Furthermore, 
we stress the following simple property of the evolutes which is an immediate 
consequence of (22.3): 


Theorem 22.1. Let y(s) and ys) be two different evolutes of the same 
curve X(s). Then the angle of intersection of the tangents to y» and y), corre- 
sponding to any value of s, is the same for all values of 8. 


If a curve is plane (r = 0) then, in (22.3) the angle « is constant. Plane 
curves have only one plane evolute; this evolute corresponds to the value 
k* = 47 and lies in the plane of the curve; it is the locus of the centres of 
curvature of the curve, cf. (12.6). The other evolutes are general helices on 
the cylinder which is orthogonal to the plane of the curve and intersects 
it along the aforementioned plane evolute. 


Problem 22.1. Prove Theorem 22.1. 


23. Bertrand curves. Two curves which, at any of their points, have a 
common principal normal are called Bertrand curves, cf. J. Bertrand {1}. 
Example 1. If C is a plane curve we can always : 
find a curve C* such that C and C* are Bertrand c° 
curves. Indeed, if # is the plane evolute of C' then 
all involutes C* of EH have the same principal 
normal as the given curve C, because, by definition 
of the involute, these curves intersect orthogonally 
any tangent to H, cf. Fig. 30. C and any of the 
curves C’* are therefore Bertrand curves. More- — E 
over, it follows from (22.2) that the distance, 
measured along the common principal normal, between corresponding 
points of any two of these involutes is constant. Two plane curves are 
therefore called plane parallel curves if they have common principal normals, 
this name was introduced by G. W. Leibniz (1646-1716), cf. [2]. 
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Example 2. The principal normals to a circular helix C (cf. Sections 8 
and 12) intersect the axis of rotation of the cylinder Z on which C lies 
at right angles. The points of intersection of these normals with any 
cylinder Z*, coaxial with Z, determine a circular helix C*, cf. Fig. 31. 
Obviously, C and C* are Bertrand 
curves, and there exist infinitely many 
helices C* of this type which, to- 
gether with C, are Bertrand curves. 

If two curves C: x(t) (« > 0) and 
C*: x*(t) are Bertrand curves then, 
by definition, C* can be represented 
in the form 
(23.1) x*(t) = x()+a(t)p(4), 
where p(t) isthe unit principal normal 
vector to C and the scalar a(t) is the 
----- (directed) distance of a point P* of C* 
from the corresponding point P of C; 
a(t) has a positive sign if the sense 
from P to P* is that of p(f) and a 
negative sign otherwise. We will 
prove shortly that a is a constant, 
that is, is independent of ¢. 

While for every plane curve C there 
exists a curve C* so that C and C* 
are Bertrand curves, this property does not hold in general, for twisted 
curves. 

Theorem 23.1. For a given curve C there exists a curve C* so that C 
and C* are Bertrand curves if and only if the curvature « and the torsion + of C 
satisfy a linear relation with constant coefficients, 

(23.2) c, x(t)+c,7(f) = 1. 

Proof. (a) We assume that C: x(t) and C*: x*(t) are Bertrand curves. 

We denote by s and s* the arc length of C and C*, respectively. Starting 


from (23.1) we will first prove that a is a constant. Since a is the (directed) 
distance of corresponding points of C and C*, a is a constant if and only if 
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(23.3) f(a) = E[(x*—x):(x*—x)] = 2(x*—x)°(x*’—x’) 


vanishes. But this is true since the vector x*—x< lies in the common prin- 
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cipal normal while the vectors x*’ and x’ are tangent to C* and C, respec- 
tively, that is, they are orthogonal to that principal normal. We denote 
by t and t*, respectively, the unit tangent vectors to C and C*. We have 


(23.4) ett ° t) = t*’- t-+t* ° t’; 


this expression vanishes since the vectors t’ and t*’ lie in the common 
principal normal. Denoting by a the angle between the tangents at corre- 
sponding points we thus have 

(23.5) t*-t = cosa = const, 

ef. (5.5), that is, at all points of C and C* the angle between the tangents 
is the same. Instead of the arbitrary parameter ¢ we introduce now the arc 
length s of C as parameter, writing (23.1) in the form 


x*(s) = x(s)-+ap(s). 











Then 
adx* ds ds ; 
(23.6) cosa = t*-t = ara aa = qae(t tap): t 
= SS (lax) = const 
ds d. 
From this, in consequence of (5.8), (23.5), and |p| = 1, it follows that 
(23.7) ar = +sina = const. 
From (23.6) and (23.7) we obtain 
(23.8) ae) count: 
ar 


Setting a = c, and c = c,/a, (23.8) becomes identical with (23.2). 
(6) The condition (23.2) is also sufficient. We start from a curve C: x(s), 
with arc length s, introduce a curve C*: 


(23.9) x*(s) = x(s)+¢, P(s) 
and prove that, if (23.2) is satisfied, C and C* are Bertrand curves. Differ- 
entiating (23.9) with respect to s and making use of (15.1) we find 

adx* 


(23.10) Pas t+-c,p = (1l—c, x)t-+c, rb. 
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This vector is tangent to C*. If we write (23.2) in the form 


1—c, x = cey7T, c= 2 
1 
and insert this in (23.10) we obtain 
dx* 
a = c, 7T(ct+b). 


Hence, if the orientation of C* has been suitably chosen, the unit tangent 
vector to C’* is of the form 
ct-+b 
C=. 
(1+?) 
adt* I (cx—r)p 
ds (1+ c?) 
Since this vector is the derivative of the tangent vector to C™ it lies in the 
principal normal to C*, and this normal coincides therefore with that of C. 
Hence C and C* are Bertrand curves. This completes the proof. 
It follows from this proof that we can write (23.2) in the form 
(23.11) k+7rcota = I1/a, (a ~ 0) 
where a has the above meaning and « is the angle between the tangents at 
corresponding points. (We have to exclude the trivial case « = 0 which 
corresponds to plane or coinciding curves.) 
From Theorem 23.1 we obtain the following interesting fact: 
Theorem 23.2. A circular helix C is the only twisted curve for which 
more than one curve C* exists such that C and C* are Bertrand curves. 
Proof. If, for a given twisted curve C there are two curves, say C*, 
represented by (23.1) and C**, represented by 
x**(t) = x(t) +a**p(), (a** # a), 
so that C and C* as well as C and C** are Bertrand curves then C must 
satisfy, in addition to (23.11), another relation of the same type, 


k+rcotat* — — (a** + 0), 


From this, by (15.1), 


From both relations we see that both the curvature « and the torsion 7 of C 
must be constant. Since the natural equations determine a curve up to 
its position in space and since circular helices have constant curvature and 
torsion, the curve C is a circular helix. Furthermore, we see that there are 
infinitely many curves (which must also be circular helices) so that C and 
any of these curves are Bertrand curves. 
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In the case of curves of constant curvature the following fact holds: 


Theorem 23.3. For a given twisted curve C of constant curvature k = ko 
(> 0) there always exists a curve C* such that C and C* are Bertrand curves, 
If, in particular, C 1s not a circular helix, C* is a tursted curve of the same 
constant curvature x* = Ky. Then each of these two curves is the locus of the 
centres of curvature of the other (cf. Section 12). At corresponding points P and 
P* the unit tangent vectors to these curves are orthogonal; the normal plane of 
C at P coincides with the osculating plane of C* at P*. 


Proof. If not only the curvature but also the torsion is constant, C is a 
circular helix; this particular case has already been considered. We may 
therefore assume that 7 is not constant. Then (23.11) takes the form 


Kyo t7 cota = = +r ~ const, a ~ 0. 


The only solution of this equation is x, = 1/a, cot« = 0, and so at corre- 
sponding points the tangents to both curves are orthogonal. Since the 
curves have in addition a common principal normal the statement about 
the osculating and normal planes follows. Since a = 1/k) = pp in con- 
sequence of (23.1) C* is the locus of the centres of curvature of C, cf. (12.6). 
If one of two Bertrand curves is plane, the other must also be plane. There- 
fore, in our case, C’* must be a twisted curve, that is, 7* + 0. C* must thus 
satisfy the relation 


«*+7* cota*® = oe (a* + 0), 


ef. (23.11). From this, x = x*-+-a*p*, p* = +p, and (23.1) we obtain the 
relations ja*| -a =p, 
and a* = 47. Therefore «* = x,; C is the locus of the centres of curvature 
of C*, 

We mention finally the following interesting property: 

Theorem 23.4. The product of the torsions of Bertrand curves 1s constant. 


Problem 23.1. Prove Theorem 23.4. 


Ill 


CONCEPT OF A SURFACE. FIRST FUNDAMENTAL 
FORM. FOUNDATIONS OF TENSOR-CALCULUS 


24. Concept of a surface in differential geometry. We will now in- 
vestigate geometric properties of surfaces in three-dimensional Euclidean 
space &, by means of differential geometry. The reasoning which will 
lead us to a definition of a surface is similar to that which led us to the 
concept of a curve. 

We assume that in R, a system of Cartesian coordinates 2,, 22, x, has been 
introduced. Then any point in space can be uniquely determined by its 
position vector X = (z,,2%_,%3). We start from a real single-valued vector 
function 
(24.1) x(ut, u2) = (x,(u}, u?), 2o(w}, w?), x4(u1, u?)) 
of two real variables w!,«? which is defined in a simply-connected and 
bounded domain B of the ww?-plane. By (24.1), to any point (w!, wu?) 
of B there is associated a point of R, with position vector x(u},u?). We 
denote by J/ the point set in R, which is obtained when the variables u!, u* 
vary in B. (24.1) is said to be a parametric representation of this set M. 
The variables w1, u? are called the parameters of this representation. 

Remark: The reasons for writing the variables in the form w!, u*, with 
superscripts, instead of u,, w,., will be explained in Section 29. 

In order to be able to apply differential calculus to geometric problems 
we must require the existence of a certain number of partial derivatives of 
x(u!, wu?) with respect to u1 and u?. Moreover, we have to exclude the possibi- 
lity that (24.1) represents merely a curve. We therefore make the following 
Assumptions : 

(1) The function x(u', u*) is of class r > 1 in B (ef. Section 6). Hach 
point of the set M, represented by x(u', u*), corresponds to just one ordered 
pair (u}, u*) in B. 

(2) The Jacobian matrix 


dul du? 
OX, Xs 
(24.2) J = dul Du2 
OL, Oz 
dul au? 


ts of rank 2 in B (ef. the remark below). 
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(By definition, a matrix is said to be of rank R if it contains at least one 
non-vanishing determinant of order R while any determinant of higher 
order—if any are contained in the matrix—vanishes.) 

A representation of the form (24.1) satisfying the Assumptions (1) and (2) 
is said to be an allowable representation. 


Notation. Partial derivatives of x(u!, u?) will be denoted as follows: 
ox one 0*x 
ue’ 08 Burdub’ 


The three determinants of second order contained in J are the com- 
ponents of the vector product of the vectors 


xe etc. 


_ 9x end. x __ OX 
1 6ul 2 Our" 


ms 


This product is different from the null vector if and only if x, and x, are 
linearly independent vectors, cf. Theorem 5.2. Assumption (2) is therefore 
the necessary and sufficient condition for the linear independence of those 
vectors. 

Assumption (2) thus excludes the possibility that the point set Mf repre- 
sented by (24.1) is that of a curve. This could happen if the functions 
x,(u,u*) were of the form 2,(¢(u1, u?)). For example, 

x(u!, u?) — (ut-+-2?, (u2-+-u?)?, (u1-++-w?)?) 
is a representation of the curve x(t) = (t, ¢?, f); the corresponding matrix J 
is of rank 1 (é¢ ~ 0), that is, does not satisfy Assumption (2). 

Remark. The case where the matrix (24.2) is of rank R < 2 everywhere 
in B or in a subdomain of B has to be excluded. However, it will occasion- 
ally be necessary to admit the case where for certain pairs (u', u) the 
matrix (24.2) is of rank R < 2 (for instance, in the case of tangent surfaces 
and envelopes). The corresponding points of M are called singular points 
with respect to the representation; they are called singular points of M if 
they are singular with respect to every allowable representation of UY. 
Simple examples will be given in the following section. 

Assumption (2) enables us to solve locally for wu, u? a suitable pair of the 
three functions x,(u!, u*). Then we can represent one of the quantities x, 
as a function of the two others. If the determinant of the first two rows 
of J is different from zero in a certain subdomain B’ of B then wu! and u? can 
be represented as functions of x, and 2., 


ut = $(2,, 2X2), u? = (2, Xe). 
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By inserting this in (24.1) we obtain a representation of the form 
(24.3) ts = F(x, 22) 

valid in B’. 
\ (24.1) is not the only possibility of a 
parametric representation of the point 
set IM. By imposing a transformation 
(24.4) ux = u%(a!, a7), (« = I, 2), 
we obtain a new parametric representa- 
tion x(a!, a?) of M. Of course we will 
require that this representation satisfies 


the Assumptions (1) and (2). We there- 
fore make the following 


Assumptions : 

(O*) The functions (24.4) are defined 
in a domain B such that the corresponding 
range of values includes the domain B, cf. 
(24.1). 

(1*) The functions (24.4) are of class 
r(>1) everywhere in B, and (24.4) isa 
one-to-one transformation. 





Fia. 32 
(2*) The Jacobian 


out dul 
O(ul,u?) au) aa? 
~ a, a?) | au® au? 
am Ou? 
of the transformation (24.4) is different from zero everywhere in B. 
A transformation of the form (24.4) satisfying these conditions is said 
to be an allowable coordinate transformation. 
Remark: As is well known the conditions that the transformation (24.4) 
be one-to-one and that its Jacobian be different from zero are independent 
of each other. For example, 





ul — e#’ cos @?, u? = e'sin 7? 
is a transformation which, when considered for all values of #1, a, is not 
one-to-one but whose Jacobian 
rr 32 pill atin 22 
DE es cos % a sind? | _ oom 
e* sin 71? e* cos ui” 
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is different from zero everywhere in the «1z?-plane. The transformation 
“w= (ii1)3, ur? = UU" 
is one-to-one everywhere in the (real) «#1?-plane but its Jacobian 
_ (3)? OF a ae 
D= | 0 th 3(a) 
vanishes at every point of the w?-axis (u%! = 0). 

Remark: The point set M determined by (24.1) can, in general, also be 

represented by an implicit function, 

(24.5) G(X, X%_, Lz) = 0. 

If (24.5) is of class r > 1 and if, in a neighbourhood U of a certain point of 
M, at least one of the three first partial derivatives of G is different from 
zero then (24.5) can be solved for one of the three variables in U, and this 
variable can be introduced as independent variable. In this manner we 
obtain a representation of the form (24.3) which is a special case of (24.1). 
In so far as local properties are concerned the representations (24.1) and 
(24.5), satisfying the above conditions, are equivalent. 

By means of the allowable transformations (24.4) we may classify the 
allowable representations (24.1) into equivalence classes: two allowable 
representations are said to be equivalent, that is, belong to the same class 
if there is an allowable transformation (24.4) transforming the one repre- 


sentation into the other. The axioms of equivalence, stated in Section 3, are 
satisfied. 


Definition 24.1. A point set in space R, which can be represented by the 
allowable representations of an equivalence class 1s called a portion of a surface. 





A certain point set may correspond to several equivalence classes; the 
portions of a surface obtained by the choice of allowable representations of 
different classes are then, by definition, different from each other. 

We shall always assume that all points of the portions of surfaces under 
consideration are regular points, unless otherwise stated. 

In consequence of Assumption 1 the correspondence between the points 
of a portion of a surface S and the ordered pairs wu, u? is one-to-one. w} 
and u? are called coordinates on S. The curves wu! = const and u? = const 
are called the coordinate curves of the w!x?-coordinate system. 

A portion of a surface is a topological image of the domain B; however, 
because of the assumptions on x(w, u?), not every topological image of a 
simply connected domain is a portion of a surface in the sense of our 
definition. 


76 CONCEPT OF A SURFACE. FIRST FUNDAMENTAL FORM {[§ 24 


Definition 24.2. A union U of portions of surfaces is called a surface if 
every two portions S and S’ of U can be joined by finitely many portions 
S = §,, 8,,..., S,-1, 8, = S’ of U in such a manner that the intersection of two 
subsequent portions S, (t = 1, 2,..., n—1), 1s a portion of a surface. 

If we choose any arbitrary allowable representations (of class r > 1) 
of S,, S,,,, then S, is mapped into the parametric plane; this mapping is one- 
to-one (except at singular points). The same is true for S,,,. Hence there 
exists a mapping of class r between the two plane images of the intersection 
D of S, and S,,,, that is, an allowable transformation of class r between the 
coordinates corresponding to S; and S,,,. Furthermore, the above definition 
includes the possibility that the intersection of certain portions of U may 
consist of curves or isolated points. 

A portion of a surface is said to be of class r if it can be represented 
by an allowable representation of class r. A surface is said to be of class 
r if each of its portions is of class r. 

A surface S is said to be simple if each point P of S has a three- 
dimensional neighbourhood U(P) such that the part of S in U(P) isa 
topological image of a plane circular disc. 

25. Further remarks on the representation of surfaces, examples. 
Representations of surfaces of the form (24.1) were first used by Euler [4]. 
Gauss [3] was the first to make general use of these representations. 

If the matrix (24.2) has the rank R = 1 everywhere in B then x(w!, x?) 
represents a curve. The fact that R = 1 at certain points of B may be due 
either to the special choice of the representation or to the geometric shape 
of the point set YW. 

Example 1. The x,x,-plane can be represented in the form 
(25.1) (a) x(u},u?) = (uw, u?,0) or (b) x(u}, wu?) = (ui cos u?, w! sin u?, 0). 
In (25.1 a), wt and uw? are Cartesian coordinates ; in (25.1 b), uw} and wu? are 
polar coordinates. The corresponding matrix (24.2) has the form 

1 0 cosu2 —wu! sin u?# 
(a2) J, = (° ‘} (6) 5, = (sn u! cos a) 
0 oO 0 0 
J, has the rank 2. J, has the rank 2 except for u! = 0; that is, the point 
x = 0 is singular with respect to the representation (25.1 5). 

Example 2. The sphere of radius r with centre at x = (0,0,0) can be 

represented in the form (24.5), e.g. by 


3 
t=1 
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From this we can obtain a representation of the form (24.3), 
3 = ty (r’—2{—29); 
depending on the choice of the sign this is a representation of one of the 


two hemispheres 7, > 0 and x, < 0. A parametric representation of the 
sphere under consideration is 


x(u}, u?) = (rcos u* cos u}, r cos u? sin u}, r sin wu?) 
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or, at length, 

x, = rcos u*cos ut 
(25.2) 2,—=rcosu*sinul }, O<ul< 27, —4rnav<h. 

Y3 = rsinu* 
This coordinate system is used especially in geography for determining the 
latitude and longitude of points on the globe. Indeed, the coordinate curves 
ui = const and u* = const are the ‘meridians’ and ‘parallels’, respec- 
tively; the ‘equator’ is given by u? = 0 and the ‘poles’ by u* = +42. 
At the poles the corresponding matrix 


J= 


—rcosu?sinul —rsinxu*cosu} 
rcosu*cosui —rsinu*sin “| 
0 7 cos u* 
is of rank 1, i.e. these points are singular with respect to the representation 
(25.2); every coordinate curve uw! = const passes through these points, 
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and the curves u? = +47 degenerate into points. (Remark: The parametric 
representation of the sphere normally used in mathematics can be obtained 
from (25.2) by interchanging sin uw? and cos~?; in later investigations of 
mappings of the globe, (25.2) will be convenient.) 

X; Example 3. A cone of revolution with apex at 
x = (0,0,0) and with x,-axis as axis of revolution 
can be represented in the form 
(25.3) a? (a+ 22)—23 = 0. 
The resulting representation of the form (24.3), 

t, = -ay(x{+2%), 

represents one of the two portions 7; >0 and 


2%, < 0 of this cone, depending on the choice of the 
sign of the square root. Now 


(25.4) x(ut, uw?) = (ul cos u?, ul sin u?, au?) 
is a parametric representation of the cone of the 
form (24.1). The curves wu} = const are circles 


parallel to the 2, 2,-plane while the curves 
u? = const are the generating straight lines of the cone. The corresponding 


matrix (24.2), ee ne 
J = (i u*>  ucos “| 


a ) 
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is of rank 1 at uw! = 0; the apex is a singular point of the cone. 


Problem 25.1. What types of surface are determined by the following 
representations: 


(a) x(u, u?) = (0, ut, u*), = (6) X(ut, wu?) = (ut+u’, ub+w?, u’), 
(c) x(w!, u?) = (acosw, asinw!, u?). 


Investigate the behaviour of the corresponding matrices (24.2) and find 
representations of the form (24.5). 


Problem 25.2. Find a parametric representation of the cylinder 
generated by a straight line G which moves along a curve 


C: x(s) = (F4(s), ha(s), ha(8)) 


and is always parallel to the z,-axis; consider the corresponding matrix 
(24,2), 
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Problem 25.3. Find a representation of the form (24.5) of the following 
surfaces: 


(a) Ellipsoid: x(u}, u*) = (acos u? cos u!, b cos u? sin wu}, c sin u?). 
(6) Elliptic paraboloid: x(u}, u?) = (au cos u?, busin u?, (w*)*). 
(c) Hyperbolic paraboloid : x(u!, u?) = (aw! cosh w?, bw? sinh w?, (2)?). 
(d) Hyperboloid of two sheets: 
x(ul, wu?) = (asinh uw! cos u?, b sinh wu! sin u?, c cosh wv). 
What kind of coordinate curves do you have in each case ? 


26. Curves on a surface, tangent plane to a surface. In many 
investigations of geometric properties of a surface suitable curves on that 
surface are involved. We will now consider representations of curves on 
surfaces. 

A curve on a surface S: x(u},u*) can be determined by a parametric 
representation 


(26.1) ui = u(t), u? = u(t) 
of class r >1, where the parameter ¢ is a real variable. Indeed, when 
inserting (26.1) in the representation x(u!, u*) of S we obtain a representa- 
tion of the form (6.1); we assume that this representation satisfies the 
Assumptions (1) and (2), cf. Section 6. The element of arc of a curve on 
a surface will be considered in the next section. 

We will sometimes also represent curves on surfaces in the form 


(26.1’) wu? = u?(u") 
or in the form 
(26.17) h(u}, wu?) = 0. 


Example. A cylinder of revolution S, whose axis of revolution is the 2- 
axis of the coordinate system in space, can be represented in the form 
x(u1, u?) = (r cos u}, rsin wu}, u?). 
The generating straight lines G of S, considered as curves on S, can be 
represented in the form «wu! = const; the variable u? plays the role of a 
parameter on each of those lines. The circles on S parallel to the 2, z,-plane 
are determined by u* = const. Any circular helix (8.4): 


x(¢) = (rcos#, rsin#, ct) 
is a curve on S and can be represented in the form (26.1) by 
wu = ft, u* = ct 
or, in the form (26.1’), by «a? = cut. 
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Of particular importance are the coordinate curves u} = const and 
u* = const on a surface S: x(u}, u?), cf. Section 24. These curves corre- 
spond to parallels to the coordinate axes in the w4u?-plane. 

A set of curves on a surface S which depend continuously on a (real) 
parameter is said to be a one-parameter family of curves on S. Two one- 
parameter families of curves on a surface S are called a net of curves on S if 
through every point P of S there passes one and only one curve of each of 
these families and if the two curves have distinct direction at P. 

The coordinate curves on a simple surface form a net which consists of 
the families of curves u1 = const and uu? = const. 

A family of curves can also be determined by a suitable linear differential 
equation of first order, du? 


ait F(u}, u?), 


since the general solution of such an equation involves an arbitrary constant. 
In Sections 39 and 41 we will also determine nets of curves by suitable 
differential equations. 

The direction of the tangent to a curve C: u(t), u(t) on a surface S: 
x(u!, u*) is determined by the vector 

, a@x @xdu. dx du? ; : 

(26.2) x Bg ol ae ase ae = xX, u"’+x,u, 
which, in general, depends on ¢. The vector x’ is a linear combination of 
the vectors x, and x, which are tangential to the coordinate curves passing 
through the point P on S under consideration. We assume that P is a 
regular point of S, that is, the vectors x, and x, are linearly independent, 
cf. Section 24. These vectors span a plane E(P) called the tangent plane 
at P to the surface S. Obviously H(P) contains the tangent to any curve 
on S at P passing through this point. Cf. Fig. 35. 

The tangent plane E(P) can be represented in the form 


(26.3) y(q,9") = x+¢q'x,+9?%, (X, xX X, ~ 0). 


q: and q? are the coordinates of the points of E(P); obviously, the position 
vector x of P depends on P only while the vectors x, and x, depend on P 
as well as on the choice of the coordinates w!, u? on S; that is, if P is a fixed 
point on S and the coordinates u', u* have been chosen in a certain manner 
the vectors involved in (26.3) are uniquely determined. P is the origin of 
the q'q?-coordinate system. Cf. Fig. 35. 

Since the vector y—x lies in the plane H(P) the vectors y—x, x,, and x, 
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are linearly dependent; we can therefore represent H(P) also in the form 
(26.4) (y—x) X; X2| = 0, 

cf. Theorem 5.3. 


Let now a surface be represented in the form (24.5): G(z,,2., 23) = 0. 
When inserting in this representation the components x; as functions of 





Pl 


Fia. 35 


u, u® the resulting representation becomes an identity in u', u*; therefore 
the partial derivatives with respect to wu} and uv? vanish, 
0G 0G ox, , OG Ox, | OG Ox, 


26.5 — = — — — ~—=9, = 1, 2). 
(28.5) Que — Bx, Qu! Ox, due dx, Out (2 





Multiplying the first of these equations by é7,/@u, the second by éz,/éut 
and subtracting the relations thus obtained we find 


alee 0%, O02, =a) 4, mabe: 0%, OX, vad A 
82, Me 


Ou? Gut du du? 


Ox, du? du du} du® 


The analogous relation between 0G'/éx, and 8G/dx, can be similarly obtained. 
The two relations together show that the quantities 0G'/0x, are proportional 
to the subdeterminants (taken with a suitable sign) corresponding to the 
elements y;—2, of (26.4) when the determinant (26.4) is developed by the 
first column. We therefore have the following result: If a surface § is 
represented in the form (24.5) the tangent plane E(P) to S at a point P 
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can be represented in the form 


3 
aG 
(26.6) 2, (Ym) 5 = 0 
where y is the position vector of the points of H(P) and x is the position 


vector of P. 
Furthermore, we see from (26.6) that the vector ( ag ; cs is ortho- 
OX, OX, OX 
gonal to the tangent plane E(P). 
27. First fundamental form. Concept of Riemannian geometry. 
Summation convention. As was pointed out in the preceding section, 


any curve on a surface S: x(u!,u?) can be represented in the form (26.1): 
ut = u(t), u* = ur(t). 

We will now determine the element of arc of such a curve. This problem 

will lead us to the introduction of the so-called first fundamental form 


which is of basic importance. 
From (9.7) and (26.2) we immediately find 


ds* = (x, du}+-x, du?)+ (x, du}+-x, du?) 


or ds* = xX,‘ X,(du1)?+2x, + x, duldu?+x,° x,(du?)?. 
We set 
(27.1) X_°Xg = Japs 
that is, 
Xy° Xy = Jr) X,* X_ = Jia, X_° Xy = Jar, X2Q* X_ = Joo- 
Obviously Joi =— Ji2- 
Using this notation we have 
2 2 
27.2 ds? — du*duf 
( ) 22 PAL: U 
or, 
(27.2) ds? = gy, (du})?+ 2g,,duidu?+goo(du*)?. 


This quadratic form is called the first fundamental form. 
Besides (27.1) the following notations, introduced by Gauss, can be 
found in the literature: 


(27.1’) 91= EF, Qe2e=9n= Fl, Ina=G. 
Then 
(27.2”) ds? = EH(du})?+2F duidu?+ G(du*)?. 
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We will use the notation (27.1) exclusively since it seems to be more con- 
venient than (27.1’) as will be explained below. 


Example. A sphere can be represented in the form (25.2): 
x(u}, u?) = (7 cos u* cos w!, 7 cos u? sin w}, rsin 27). 
The first partial derivatives are 


X, = (—rcos wv? sin wu}, r cos u? cos u?, 0) 


and X, = (—rsinwu* cos u}, —rsin u?sin wv}, r cos v2), 
Therefore 


The first fundamental form corresponding to (25.2) is therefore given by 
the expression 


(27.3) ds? = r* cos*u*(du!)?-+-r2(du?)?. 


In Sections 35 and 36 we shall see that the first fundamental form enables 
us to measure arc lengths, angles, and areas on a surface; the first funda- 
mental form therefore defines a ‘metric’ on a surface. 

We mention that the coefficients g,, are the components of a tensor 
which is called metric tensor or fundamental tensor. (The concept of a tensor 
will be defined in Section 30.) 

A metric which is defined by a quadratic differential form is called a 
Riemannian metric. The corresponding geometry is called a Riemannian 
geometry, and the space in which such a metric has been introduced is 
called a Riemannian space. In consequence of the metric defined by (27.2) 
surfaces are two-dimensional Riemannian spaces, and the geometry in these 
surfaces is a Riemannian geometry. 

We will investigate the differential geometry of surfaces by means of 
tensor calculus. As we have already stressed in the introduction to this 
book, this method will cause no essential difficulties as soon as the reader 
becomes accustomed to the few rules which govern tensor calculus. A great 
advantage of this method lies in the fact that it can immediately be general- 
ized to Riemannian spaces of higher dimension which have assumed in- 
creasing importance during the last few decades. In addition, many aspects 
of the theory of surfaces are simplified when treated with the aid of tensor 
calculus which thus leads to a better and deeper insight into several prob- 
lems of differential geometry. 

Although we restrict our consideration to surfaces, that is, to two- 
dimensional Riemannian spaces, we will now make a brief remark on the 


84 CONCEPT OF A SURFACE. FIRST FUNDAMENTAL FORM [§ 27 


Riemannian geometry of spaces of higher dimension in order to show that 
the above generalization is immediate. 

The student will know that in analytic geometry the restriction to a 
certain dimension n, for instance, n = 3, can be overcome without difficulty; 
the resulting theory becomes more unified and includes results valid in the 
plane or in three-dimensional space as particular cases. Proceeding from 
two-dimensional Riemannian spaces, that is, from surfaces, to Riemannian 
spaces of higher dimension involves a very similar process, in principle. 
When dealing with spaces of any (finite) dimension, many problems, 
methods, and results remain the same as in two dimensions, although new 
and interesting ‘problems enter into consideration. 

In the general case of nm dimensions we have to introduce n real co- 
ordinates wu, u?,..., w” and, in order to obtain a Riemannian space, we must 
introduce a metric defined by a quadratic differential form 


(27.2"”) d2& => ¥ gag durdul. 
a=1p=1 


In the particular case n = 2 (27.2”) is identical with (27.2). Without loss of 
generality we may assume the coefficients 9, to be symmetric as is the case 
on surfaces, that is, 9.g = Jg.; «, B = 1, 2,...,. The assumption that the 
form (27.2”) is positive definite (cf. next section) may be omitted; for 
example, this is done in the theory of relativity, for physical reasons. 

In many investigations tensor calculus will enable us to simplify the 
formalism to a great extent. No previous knowledge is assumed, since the 
whole calculus will be developed here, at least in so far as it will be required 
for our investigations. We will now introduce an essential simplification in 
the notation of formulae. In the course of our investigations, multiple 
summations will occur very often. In order to make formulae of this type 
more manageable we introduce the following convention which is generally 
used in Riemannian geometry. 


SUMMATION CONVENTION. If in a product a letter figures 
twice, once as superscript and once as subscript, summation must 
be carried out from 1 to 2 with respect to this letter. The summa- 
tion sign > will be omitted. 


2 
Example 1. a%b, = > a%b, = a'b,+a7b,. 
a=1 
Example 2. Instead of (27.2): 
2 2 
ds*— F > ap du%dub 
a=1 pol 
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we now simply write 
(27.2*) ds* = 94, dudu’. 


2 
Example 3. cY*d y= > Orda = c¥'dq +0""dyp. 


In this case we have only to sum with respect to w since y and « occur only 
once. 

We call an index with respect to which summation must be carried out 
a summation index or dummy index; the other indices are said to be free 
indices. Summation indices may be changed during a computation while 
a change of free indices is not allowed. Of course, letters which already 
denote other indices may not be used as dummy indices; different dummy 
indices must be used to indicate different independent summations. 


Example 4. a*h, = a‘b, = ab, +a%b,, 


ds* = g,, du*du? = g,,, dudu’, 
aXb, ave, = a%(b,+C,). 
In expressions of the form du8/du*, x, = 0x/du%, etc., « will be con- 


sidered as subscript. 


a 1 2 
Example 5. Cee cee lala du 


due ds dui ds ° du? ds” 
Problem 27.1. Determine the first fundamental form of a plane with 
respect to polar coordinates. 
Problem 27.2. Determine the first fundamental form of the cylinder 
x(ul, u?) = (hy (wu), hp(ut), u?) 
and of a cylinder of revolution. 


Problem 27.3. Determine the first fundamental form of a surface 
represented in the form (24.3). 


Problem 27.4. Determine the first fundamental form corresponding 
to Cartesian and spherical coordinates in space. 


28. Properties of the first fundamental form. A quadratic form 
F(x, y) = ay, 27+ 2a, TY+ Aq. y? 


of two real variables x and y is called positive definite if it has a positive value 
for any pair (7, y) ~ (0,0). (x,y) is positive definite if and only if 


ais called the discriminant of the form. 
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Since our investigations are restricted to real curves and surfaces we have 


Theorem 28.1. At regular points of a surface the first fundamental form 
(27.2) 28 positive definite. 

Proof. This is an immediate consequence of the geometric meaning of 
the first fundamental form. Indeed, the above necessary and sufficient 
condition is satisfied. From (27.1) we have g,, > 0. In order that the 
matrix (24.2) be of rank 2 the sum of the squares of the second-order deter- 
minants contained in (24.2) must be positive, 

Ox, Ot, Ox, Ox,\" _ (Ox, Ox, Oxy OX.” 

eo) (= Bu2 dul but} + \Sut ou wat oa + 

ad Wied Wad a 

+a Bu? dul a) mn 

As can be easily verified this sum is the discriminant g of the first funda- 
mental form, 
(28.2) g = det(g.g) = Ju Sie 
Jo Yea 

We consider now the behaviour of the first fundamental form under a 
transformation of the coordinates on a surface. 


= 911 922—(912)” > 9, (X,XX_ 3 0). 








Theorem 28.2. If we introduce new coordinates i}, u* on a surface 
x(u}, u?) by means of an allowable coordinate transformation 
uX = uX(a, a), (x = 1, 2), 
the coefficients 9,2 of the first fundamental form with respect to u1, u? and the 
coefficients 9,,, of this form with respect to i, a are related as follows: 
a 
(28.3 a) Ipy = Jap oo = 
and conversely 


(28.3b) pee 


Gop =~ Inv Sas Sy 

Proof. The element of arc has a geometric meaning which is independent 
of the choice of the coordinates on the surface and is therefore an invariant 
with respect to transformations of these coordinates. We have 


dux = ae dav, (« = 1, 2). 
If we insert this in ds? = g,, duduP 
we obtain ds* = g,,, didw” 


where g,,, is given by (28.3a). The inverse a* = #*(u1, u*) (« = 1, 2) of the 
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sbove transformation exists and is of the same class, cf. Section 24. There- 
fore the partial derivatives da*/@u8 exist. This fact enables us to prove 
(28.3 b) in the same way as (28.3 a). 

We consider finally the transformation behaviour of the discriminant 
g of the first fundamental form. 


Theorem 28.3. If the coordinates u}, u® undergo an allowable trans- 
formation u* = u%(i, a) (a = 1, 2), then 


(28.4) g = D’g, g = Dg 


where g ts the discriminant of the first fundamental form with respect to the 
coordinates ui, u* and 








O(ul,u2) | eu ou? =~ O(@,a) |eut du? 

D — = = — 9 D — — 
(a, a) | Gu? au? O(ut,u*) | aa? aa? 
ou au? dul du? 


are the Jacobians of the coordinate transformation and of its inverse 
Proof. In consequence of (28.3) we have 
SY ten. oe Auk Bur (dur dwt aud aut 
J = 911 Jo2—J12 = JurI pv oul ail sat On Out eal 
Since, if A = p the expression in brackets is zero, we have 


ae Ouk Ou” [Out du Au) du? 
J = (9x1 Jav—Ix2 Gry) Dal da\oal da? dat Dall 


If « = v the expression in the first brackets is zero; therefore 


7 Cul Guz du} du?\2 
Gg= {9u dua (Oo Dat da Fai) > 


that is, 9 = D’g. The other relation in (28.4) can be similarly proved. 


Problem 28.1. A surface S generated by a curve rotating about a fixed 
straight line A is called a surface of revolution. A is called the azvs of S. 
Find a parametric representation of S and of the corresponding first funda- 
mental form. 


Problem 28.2. A surface S is called a right conoid if it can be generated 
by a moving straight line G intersecting a fixed straight line G, so that 
G and G, are always orthogonal. Find a parametric representation of a 
right conoid and determine the corresponding first fundamental form. 


Problem 28.3. Prove that if two coordinate transformations, say 
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aX = (ul, u?) (x = 1, 2), w = UA(a), a) (B = 1, 2), are imposed succes- 
sively, the discriminants g and g, corresponding to the respective coordi- 
nates 7 and u® are connected by a relation of the form (28.4). 


X3 





Fic. 36. Surface of revolution Fic. 37. Right conoid 


Problem 28.4. Prove that DD = 1, cf. (28.4). 


Problem 28.5. If a twisted curve C rotates about a fixed axis A and, 
at the same time, is displaced parallel to A so that the velocity of displace- 
ment is always proportional to the angular velocity of rotation, then C 
generates a surface S which is called a general helicoid. Find a parametric 
representation of S. 


29. Contravariant and covariant vectors. In this and the following 
sections an introduction to tensor calculus will be given. The basic ideas 
are contained in this section while the material in the following ones is 
only a simple generalization of those ideas. We will just introduce all 
concepts formally and later, in Section 32, we will treat geometric inter- 
pretations and relations to the theory of surfaces more in detail. 

In the preceding section we investigated the behaviour of the coefficients 
94g Of the first fundamental form with respect to an allowable coordinate 
transformation 


(29.1) uX = u%(u, a), (a = 1, 2); 
we obtained the important formulae (28.3). We will immediately see that 
this problem is a part of a more general one. The general problem will be 
investigated in the course of this and the following sections; in doing so we 


will gain knowledge of the transformation behaviour of all quantities 
which will interest us in the sequel. 
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We first repeat the fact that the inverse 
(29.1’) a = %*(u}, u2), (« = 1, 2), 
of an allowable transformation (29.1) exists and is of the same class as (29.1). 

In this and the following two sections we drop the restriction of the 
dimension (n = 2) and consider Riemannian spaces of any dimension ” 
(cf. Section 27); there will be no difficulty at all. Let wu}, u?,..., w* be the 
corresponding coordinates. Instead of (29.1) we have now to consider trans- 
formations of the form 


(29.2) uk = u%(a}, #,..., 0), (x = 1,2,...,2). 
We assume that (29.2) is of class r > 1 and that the inverse transformation 
(29.2’) UX = U*(u}, u*,..., wu”), (x = 1,2,..., 2), 


exists and is of the same class. A transformation of the form (29.2) satisfy- 
ing these conditions will be called an allowable transformation. We assume 
that the allowable transformations to be considered form a group (cf. 
Section 3). 

The summation convention must be slightly modified in this and the next 
two sections: summations must be carried out from 1 to n (where, in the 
particular case of surfaces, n = 2). 

If we write (29.2) and (29.2’) in the form 

ux = f%(a}, a,...,a"), GU = Aru, w,...,u"), (a = 1, 2,..., 2), 
we obtain the identities 
ux = f%(hi,h?,...,h”), = a = hf, f?,.... f)- 
If we differentiate with respect to wu? the first of these two systems of 
formulae we find Bu* af ahy 


dub ahv dub’ 
Since u* and wf are independent if « ~ B, the value of the left-hand side of 


these relations is 0 or 1, according as « ~ B or « = B. We therefore obtain 
the relations 


(x, 8 = 1,2,..., 2). 


Ou OuY 


(29.3 a) Day Out ae 55%, (a, B = 1, 2,..., 2), 

and similarly 

(29.3 b) < ae = dg%, («, 8 = 1, 2,...,2), 
10 (&# 

where 5g* = . Z a ; 


is the Kronecker symbol. 
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In consequence of the elementary rules of partial differentiation we have 
the following relations between the differentials du1, du?,..., du” of the 
coordinates u* and the differentials da}, di?,..., da" of the coordinates @: 


du? — oo" dhe, (B = 1,2,...,2). 


Hence the differential di is obtained by multiplying the differentials du« 
by 2u°/@u* and summing with — to « from 1 to n. Conversely 


duY — as ” dab, (y = 1,2,..., 2). 
We may say that (29.2) znduces a homogeneous linear transformation on 
the differentials; the coefficients of this transformation are functions of the 
coordinates. 

An ordered system of n quantities which have the same transformation 
behaviour as the differentials of the coordinates is called a contravariant 
tensor of first order or contravariant vector. More precisely: 


Definition 29.1. Let an n-tuple of real numbers a’, a?,..., a” be associated 
with a pont P of an n-dimensional Riemannian space with coordinates 
uw, u*,...,.u™. Furthermore, let there be associated with P an n-tuple of real 
numbers a, a*,...,4" with respect to any coordinate system i}, u?,..., u" which 
can be obtained from the coordinates u« by an allowable transformation. If 
these numbers satisfy the relations 


(29.44) ab — a = (B = 1,2,...,2) 
(conversely 
(29.4b) ay = af a (vy = 1,2,...,n)), 


we say that a contravariant tensor of first order or contravariant vector at P is 
given. The quantities a}, a?,...,a” and a", a?,..., a” are called the components 
of this vector in thetr respective coordinate systems. This vector will be denoted 
by a* or aX in the respective coordinate system u~ or &*. The contravariant 
transformation behaviour (29.4) is indicated by a superscript. 


The relations (29.4 b) can be obtained from (29.4a) by multiplication by 
duy/aa? and summation with respect to 8 from 1 to ; in consequence of 


(29.3) we find OU 2g qa OtF Our a* §,” = a” 
Dae due oak —— 
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Since the notation a* occurring in Definition 29.1 is nothing but an 
abbreviated notation of the system a}, a?,..., a" we may also write a4 or a* 
or choose any other letter as index. 

Any set of n real numbers may be taken as components of a contra- 
variant vector at P with respect to the coordinates u!, w?,..., w%; the com- 
ponents of this vector with respect to the coordinates i, z,..., a” are then 
determined by (29.4). 

The relation of this concept of a vector with that introduced in Section 3 
will be considered in Section 32. 

In general, the quantities a},.... a” (and the corresponding quantities 
a,..., @”) will be given not only at a point but in a certain domain D of the 
space, that is, they will be functions of the coordinates defined in D. Then 
we say that in D a contravariant tensor field of first order or contravariant 
vector field is given. For the sake of simplicity we will use the name ‘tensor’ 
(instead of ‘tensor field’) in this case also. 

While in the special case of Euclidean spaces the free vector is the 
appropriate concept, in the general case of a Riemannian space the concept 
of bound vectors is appropriate. The reason for this difference lies in the 
fact that, in general, the allowable coordinate transformations (29.2)—in 
contrast to (3.1)—are non-linear and the derivatives occurring in (29.4) 
therefore depend on the coordinates while the coefficients a,, in (4.2) are 
constants. 

We will say that a geometric object is given at a point P of a Riemannian 
space if the following conditions hold: 


(1) With respect to every allowable coordinate system one and only one 
ordered system of V real numbers is given. (These numbers are called the 
components of the geometric object in the respective coordinate system.) 

(2) A law is given which permits the representation of the components 
of the object with respect to a certain coordinate system in terms 


(a2) of the components of this object with respect to any other co- 
ordinate system, 
and (b) of the values at P of the functions involved in the corresponding 
coordinate transformation and their derivatives. 


Geometric objects can be divided into classes; each class consists of 
objects having the same transformation law. We already know two 
important classes of geometric objects: 

(0) Scalars or invariants are geometric objects with one component 
which is invariant with respect to any coordinate transformation. 
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(la) Contravariant vectors are geometric objects with 2 components 
which transform according to (29.4). 

Further classes will be introduced below. 

Another transformation, the so-called ‘covariant transformation’, is as 
important as the contravariant transformation (29.4); its importance can 
be understood by the following consideration. We start from a simple 
example. The first fundamental form 


ds? = Jap du*dub 


is an invariant with respect to any allowable coordinate transformation, 
cf. Section 28. This form contains contravariant quantities, namely, the 
coordinate differentials whose transformation behaviour is known (see 
above). We now have to ask how the quantities g,, must behave under a 
coordinate transformation in order that ds? be an invariant. In the special 
case of the first fundamental form the answer to this problem has already 
been given in Section 28. But we may consider this problem as a part of a 
more general one which we will now attack, starting from the simplest 
possible case: 


Let I = b,a* 
be a linear form of the components of an arbitrary contravariant vector a% 
and assume that J is invariant with respect to any allowable coordinate 
transformation of the form (29.2). Denoting by a6 the components of the 
vector with respect to the coordinates 7}, i*,..., a”, we have 
bgak = b.. a, 


We can easily find relations between the coefficients bg and b, of the form in 
the two different coordinate systems. In consequence of (29.4b): 


aX = oe (x = 1,2,...,2), 
-> _ a ou 
we have bg af = b,a* = b, aP aaB 


This relation must hold for any arbitrary vector a*. Hence, by comparing 
the coefficients of corresponding components 4 on both sides of this 
formula we find the following relations between the coefficients b, and bg 
of the form J in the respective coordinate systems: 


(29.5 a) bp = by a (B = 1,2,...,2). 
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Conversely, by (29.4 a), 

ouB 
uy’ 
(29.5 b) can also be obtained from (29.5a) by taking into account (29.3). 


(29.5b) b, = bg (y = 1,2,...,). 


Definition 29.2. Let an n-tuple of real numbers b,, b,,..., 6, be associated 
with a point P of an n-dimensional Riemannian space with coordinates 
u},...,u. Furthermore, let there be associated with P an n-tuple of real 
numbers b,, bo,..., 0, with respect to any coordinate system i},..., i” which can 
be obtained from the coordinates u* by an allowable transformation. If these 
numbers satisfy the relations (29.5) we say that a covariant tensor of first order 
or covariant vector at P is given. The numbers are called the components of 
this vector un their respective coordinate systems. The vector (in the coordinates 
u*) will be denoted by b,. The covariant transformation behaviour (29.5) 2s 
undicated by a subscript. 


This definition is again the definition of a vector bound at a point. 
We have already mentioned the fact that the tensor calculus is a useful 
tool in physics. In order to illustrate this we consider the following 


Example. If u}, u?, u’ are any coordinates in space R, the work done by a 
force as a result of an infinitesimal displacement du* is given by the expres- 


sion dW = p, du 


where p, are the components of the force with respect to the coordinates w%. 
The work dW is independent of the choice of the coordinates; since du*is a 
contravariant vector the force vector must be covariant for dW to be an 
invariant. 

A real function 4(u!, w?,..., w”) which is defined in a certain region and 
whose value is invariant with respect to all allowable coordinate transfor- 
mations (29.2) is called a scalar function. The gradient 0¢/du~ of a scalar 
function ¢ of class r > 1 is a covariant vector since 

Op a Out 


—-_ —= 


= —— = 1,2, ...;%); 
aaP Bue oak? eae 
indeed, this transformation behaviour is of the form (29.5). 
30. Contravariant, covariant, and mixed tensors. In this section 
we will define tensors of arbitrary order. In the sense of this definition a 


contravariant (or covariant) vector will be a contravariant (or covariant) 
tensor of first order. 
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In order to introduce the concept of a tensor of arbitrary order it is neces- 
sary that a certain space with a group of coordinate transformations be 
given, as was done in the preceding section. We again consider an n- 
dimensional Riemannian space and in it coordinate transformations of the 
form 


(30.1) ux = uX(il, @,..., a”), (x = 1, 2,..., 2). 
cf. (29.2) which are of class r > 1 and such that the inverse transformation 
(30.1’) UX = UX(ul, u?,..., uw), (x = 1, 2,..., 2), 


exists and is of class r. Transformations satisfying these conditions will 
again be called allowable. 

In the preceding section we considered an invariant linear form J = b, a*. 
Similarly, we will now consider invariant multilinear forms of the com- 
ponents of contravariant and covariant vectors. 

Before we give the definition of a tensor of arbitrary order we will first 
define tensors of second order which will be important for later use. 


Let J = aXPb, cp 


be a bilinear form of the components of two arbitrary covariant vectors b, 
and cg which is invariant with respect to any allowable coordinate trans- 
formation (30.1). Denoting by a bar the quantities corresponding to the 


f a ss 
coordinates u@* we have ar, é. = a*8b,c 3. 


From (29.5) we obtain 


~ OUuY_ dUuX 
arb, é,, = a*Pb, cg = aXFb, aaae - oar 
This relation must hold for arbitrary vectors 6, and cg. Hence comparing 
the coefficients of every product b,¢, on both sides of this relation we obtain 
the transformation law of the coefficients of the form J, 


a ae OuyY CuK (y = 1, 2,...,”, 
(30.2 a) ayv* = ree ouP’ c=], 2.052). 
Multiplying (30.24) by ou = and summing with respect to y and « we find 
yn U8 Ou? Our a aay Ou? BUK CUT __ AaB § a” Op" 
Oa ou* du aur dub oiK 
cf. (29.34), and therefore 
o Out al Oe era 
(30.2 b) ao az gre Ole Ou? C 


Ou Oak e = 15 2): 
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Definition 30.1. Let a system of n? real numbers a%B, « = 1, 2,..., 
B = 1, 2,..., n, be associated with a point P of an n-dimensional Riemannian 
space with coordinates u1, u?,...,u”. Furthermore, let there be associated with P 
a system of n® real numbers ay“, y = 1, 2,...,n, « = 1, 2,..., n, with respect to 
any coordinate system i, i?,..., a” which can be obtained from the coordinates 
u* by an allowable coordinate transformation (30.1). If these numbers are 
related by (30.2) we say that a contravariant tensor of second order is given at P. 
The numbers are called the components of this tensor in their respective co- 
ordinate systems. The tensor (in the coordinates u*) will be denoted by a%?. 


Again, the contravariant transformation behaviour is indicated by 
superscripts. 

We can arrange the components of a tensor of second order in the form 
of a square matrix, 


gai qi2 . : . qin 
GG say a 
am a™ |. gw as a 


Example. Let p* and q° be two contravariant vectors bound at the same 
point in space. The system of the n? quantities 


rb — prgP, (x = 1,2,...,n, B = 1,2,...,2), 
is called the (outer) product of the vectors p* and g®. From (29.4) we obtain 


ial ou 
ryk = pry = Pes pao. af 
ae OUuY OU 
therefore FYE = AB aaah: 


Consequently this product is a contravariant tensor of second order. 
We now consider a bilinear form 
N= 2.8 b%cB 
of the components of two contravariant vectors b* and c® which is invariant 
with respect to any coordinate transformation (30.1). Characterizing by a 
bar the quantities corresponding to the coordinates u* we have 
G,,,BYEX = yg b*ch, 
From (29.4) it follows that 


our 


a, BIE" = aggbch = a,gb¥ 6 mae 
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This relation must hold for arbitrary vectors b* and c®. Hence by com- 
paring the coefficients of the products bY¢* on both sides of this relation we 
find 

- du dub (y = 1,2,..., 7, 
en) 2m = 08 Bay Bae <4, 2a 


Multiplying (30.3 a) by = a and summing with respect to y and x we 
obtain conversely 


.- OUuY ouk (GS Tent, 
02) Gor ye Bue Our’ + = 1,2,...,7). 
Definition 30.2. Let a system of n? real numbers a,g, «, B = 1, 2,..., 0, 
be associated with a point P of an n-dimensional Riemannian space with 
coordinates u}, u?,...,u”. Furthermore, let there be associated with P a system 
of n? real numbers G,,, y, * = 1, 2,..., n, with respect to any coordinate system 
i},..., a” which can be obtained from the coordinates u* by an allowable trans- 
formation (30.1). If these numbers are related by (30.3) we say that a covariant 
tensor of second order is given at P. The numbers are called the components 
of this tensor in their respective coordinate systems. 


Again, the covariant transformation behaviour is indicated by subscripts. 
Example. The coefficients 9, of the first fundamental form 
ds? = g,,du%duP 


are the components of a covariant tensor of second order since this form is of 
the same type as the above invariant form N. Indeed, the transformation 
law (28.3) of the coefficients 9, is of the form (30.3). 

There is a third kind of tensor of second order which we will introduce 
now. For this purpose we consider an invariant bilinear form 


L= af b*cg 
of the components of a contravariant vector b* and of a covariant vector cg. 
Indicating by a bar the transformed quantities we have 


G,* BYE, = a,P b%g 
and, by (29.4) and (29.5), 


as ao +, Cur. duX 
a,* bYC,. = af b*cg = a,P bY Bay" dub? 


therefore 


o Out ouX (y = 1, 2,...,” 
30.4 x«— | ple ee 9 Syecey MMs 
oe Oy Ce Bay Bug’ ee YD), 
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and conversely 


- ,OUuY out (o = 1, 2,...,7 
30.4b T= a*— —, 9 Gyccey My 
0:2?) te ~~ oY oye oar 7 = 1,2,...,7). 


Definition 30.3. Let a system of n? real numbers a,8, «, B = 1, 2,..., n, be 
associated with a point P of an n-dimensional Riemannian space with co- 
ordinates u', u?,..., u™, and let there be associated with P a system of n? real 
numbers a,*, y, « = 1, 2,...,n, with respect to any coordinate system %},..., u™ 
which can be obtained from the coordinates u* by an allowable transformation 
(30.1). If these numbers are related by (30.4) we say that a mixed tensor of 
second order is given at P. The numbers are called the components of this 
tensor in their respective coordinate system. 


In order to introduce the definition of a tensor of arbitrary order (which 
definition will include all the preceding ones as special cases) let us consider 
an invariant multilinear form 


L= | ae P--Bagras,..arrbe bg,...bg, 


of the components of 7 contravariant vectors a™,..., a% and s covariant 
vectors bg,,..., bg. By applying (29.4) and (29.5) to these vectors we find the 
transformation law of the coefficients of the form, 


Ou: OttYe Ou” Bub,” 





(30.5 a) hy, ay ho = War coh ts 


Multiplying (30.5 a) by 
CUuyY. OUYe OUT our 
But” Burr Bika” Baits 








and summing with respect to 7,..., ¥-) K1)...) &, we obtain conversely 


cool eg = h yok, ou”: ose oure ou" eco oe. 
Vive Ou% Ou Ou: Otir 





(30.5 b) ha, or! 

Definition 30.4. Let a system of n’+* real numbers Mg, oP "Pe, ays.005 Ops 
Bis--+) By = 1, 2,..., 2, be associated with a point P of an n-dimensional 
Riemannian space with coordinates uw, u?,..., u” and let there be associated 
with P a system of n7+* real numbers Ry yl! ~~". unth respect to any coordinate 
system i},..., a" which can be obtained from the coordinates ux by an allowable 
transformation (30.1). If these numbers are related by (30.5) we say that a 
mixed tensor of order r+-s, covariant of order r and contravariant of order 8, 
is given at P. The numbers are called the components of this tensor in their 
respective coordinate systems. 
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A tensor is called covariant or contravariant if it has only covariant or 
only contravariant indices, respectively. Otherwise the tensor is called 
mixed. 

A scalar is called a tensor of order zero. A tensor of first order is also known 
as a vector. Definition 30.4 includes the Definitions 29.1, 29.2, 30.1-30.3 
as particular cases. 

We say that in a domain D of the space a tensor field of order r+ is given 
if the quantities h,,_,,°-P: (and the corresponding ones in any allowable 
coordinate system) are defined in D as functions of the coordinates and 
satisfy (30.5) at every point of D. 

Physical examples of tensor fields of order 0, 1, and 2 are the temperature 
field, the field of a force, and the field of stress of an elastic body. 

One should comprehend that the formula (30.5) is really very simple. 
To each index of the tensor there corresponds exactly one first partial 
derivative in each term of the (r-+-s)-fold sum on the right-hand side of 
(30.5 a); this derivative involves the above index and the corresponding one 
of the transformed components of the tensor. If the index under considera- 
tion is contravariant or covariant, the corresponding derivative is of the 
form of that in (29.4) or (29.5), respectively. 

The position of an index (subscript or superscript) has to be noted care- 
fully. At the beginning of an investigation the order of the indices can be 
arbitrarily chosen, but it is then fixed in the course of this particular in- 
vestigation. 

When the relative order of two indices, either contravariant or covariant, 
of a tensor is immaterial the tensor is called symmetric with respect to these 
andices. A tensor, whether covariant or contravariant, is said to be sym- 
metric if it is symmetric with respect to all pairs of indices. 


Example. The fundamental tensor is symmetric, 9,3 = Yu: 


A tensor of second order, Ag or he8, has n* components; if it is symmetric 
only n(n+1)/2 components are different. 

When for a tensor two components obtained from one another by the inter- 
change of two particular indices, either contravariant or covariant, differ 
only in sign, the tensor is said to be skew-symmetric (or alternating) with 
respect to these indices. A tensor, whether covariant or contravariant, is said to 
be skew-symmetric if it is skew-symmetric with respect to all pairs of indices. 
The transition from a certain order of the indices to another one can be done 
step by step by successive permutations of pairs of indices in different 
manners; it is known that the final result is independent of the choice of the 
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intermediate steps. If a tensor is skew-symmetric with respect to a pair 
of indices, say « and f, all its components for which « and 8 have the same 
value are zero. Examples of skew-symmetric tensors are contained in 
Section 33. 

The property that a tensor is symmetric or skew-symmetric with respect 


to certain indices is independent of the choice of the coordinate system, as 
can be seen from (30.5). 


31. Basic rules of tensor calculus. Two tensors are said to be of 
the same type if they have the same number of contravariant indices and 
the same number of covariant ones. 

By addition of corresponding components of two tensors of the same 
type, a, o,f!P: and b,_, Pf, we obtain a tensor with components 


Sas... at Pe 4 ar 
which is called the swm of those tensors. 


If we multiply every component of a tensor by a scalar we obtain a tensor 
of the same type. In consequence of this multiplication and of the above 
addition the totality of tensors of the same type form a vector space. 

Any tensor of second order can be represented as a sum of a symmetric 
tensor and a skew-symmetric one; we have 


Ang = 3(Aapt ga) +3(Gap—Fpe) 
and the tensor in the first brackets is symmetric while the tensor in the 
second ones is skew-symmetric. 
If we multiply every component of a tensor a,,_.,°Pe by every com- 


ponent of another (arbitrary) tensor 6,,_,,"*~-“* we obtain a system of pro- 


ducts 


Votes ycig Ott PN Cig POP cg 


which is called the product or outer product of these tensors. As can be seen 
from (30.5) the product of any two tensors is a tensor; the order of this 
tensor is the sum of the orders of the two given tensors; the number of 
covariant, or contravariant, indices of the product is equal to the sum of 
the numbers of covariant, or contravariant, indices of the given tensors. 


Example 1. By means of the transformation law of the tensors a,g and 
b7« we find that the product a,, 5,7 has the transformation law 


Be eas p re Um OuP Guy bu” Ou? 

Khe BY Baik BA Ba Out Bus’ 
that is, this product is a tensor of fifth order, covariant of third order, and 
contravariant of second order. 
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Another example of a product of tensors is the product of vectors which 
was considered in the preceding section. 

If we equate two indices of a mixed tensor, a contravariant index and a 
covariant one, and sum with respect to this pair of indices we obtain a tensor 
of order one less contravariant and one less covariant, as follows from 
(30.5); this process is called contraction of the given tensor. 


Example 2. By contraction of a mixed tensor of second order, for in- 
stance, a,’, we obtain a scalar, 


a,* = a,}+a,?+...+4,”, 
since, in consequence of (30.4) and (29.3), 


: OuX Ouy 
a,y = an! > aab = a,P5P = a%. 
Example 3. By contraction of the tensor a,”*« with respect to B and y we 
obtain the tensor a,,’"€ which is of third order, covariant of first order 
and contravariant of second order. Indeed, in consequence of (30.5) we 


have 


= vor — 7 yee OUY OUP Bu” Bi? BUT ne BUX OU? OU 
Guy eB Oa Oa Buy Ou due °F Ba Duk out ””’ 
m Cu OU? OUT 
therefore G,,"°T = a,gPee aah ak 


When contraction is applied to the product of two tensors with respect to 
indices of different factors of the product the resulting tensor is called an 
anner product of those tensors. 


Example 4. The inner product of the vectors a* and bg is the scalar a%b,. 
Contraction may be applied in more than one way. From the tensors a, 
and by*€ we can obtain different inner products, a,,b?*, a,gby**, etc. 
Contraction may also be applied more than once. When we apply contrac- 
tion twice to the above product tensor a, b’“¢ we obtain covariant vectors 
such as ag b“P€ or ay, YP, ete. 

Further examples will be included in the following sections. 

Problem 31.1. Prove: If a%? is a symmetric tensor and b,, is a skew- 
symmetric one, a*Pb,g = 0. 

Problem 31.2. Verify that if two coordinate transformations 
aw = gF(u}, u?,...,u") (B = 1, 2,...,2), WY = O(a, @,...,a") (y = 1,2,...,0), 
are carried out successively the components of a tensor with respect to the 
coordinates %” are related to those with respect to the coordinates u* by 
formulae of the type (30.5). 
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32. Vectors in a surface. The contravariant metric tensor. In 
the preceding three sections we have introduced the important concepts of 
contravariant and covariant transformation. We have also investigated 
the basic facts of tensor calculus. We will now apply the knowledge gained 
to problems of the theory of surfaces. We therefore restrict the dimension 
of the Riemannian space again to the particular value n = 2, that 18, we con- 
sider only surfaces. Hence, any summation to be carried out in consequence 
of the summation convention is to be understood as summation from | to 2. 

Only in spaces in which no metric tensor has been introduced, are con- 
travariant and covariant vectors entirely different and independent 
things. In Riemannian spaces, however, we may correlate these two types 
of vectors and, moreover, interpret them geometrically in a simple manner. 

We consider a surface S embedded in Euclidean space R,. We assume 
that 2, 2%, x3 are Cartesian coordinates in R, and uw, u? are allowable 
coordinates on S. 

A vector v bound at a regular point P of S which lies in the tangent 
plane E(P) to S at P is called a vector in the surface S at P. 

The vectors in S at P are therefore a subset of the set of all vectors bound 
at P. Of course, any such vector v is uniquely determined by its three 
components 7,, P., Ps With respect to the Cartesian coordinate system in 
space &, and by the coordinates of P. However, it is natural to determine 
v with respect to a simple coordinate system in the tangent plane E(P). 

E(P) is spanned by the vectors 

x, = dis and xX, = ox 
+ eu 2 Bu? 
cf. Section 26. These two vectors are tangent to the coordinate curves 
through P; the lengths of these vectors are 


V(%1°%X) = Vy, and 4/(X_*X_) = Vgo0, 
respectively. We now introduce in E(P) a system of parallel coordinates 
with origin at P so that the terminal points of the vectors x, and x, are the 
unit points on the axes of this system. 
By definition, any vector v in the surface S at P lies in the tangent plane 


E(P) and is therefore a linear combination of the vectors x, and X,, that is, 
is of the form 


(32.1) V = a*x, = a'x,+a’x,, (x, XX, ~ 0). 


If the coordinates u1, u? on S are kept fixed, v is uniquely determined by 
the coordinates of the point P and the two numbers a! and a*. To every 
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ordered pair a!, a* there corresponds a vector in S at P and vice versa; this 
correspondence is one-to-one. The numbers a!, a? are the lengths (taken 
with a suitable sign) of the respective parallel projections of v upon the 
X,- and x,-axis of the coordinate system in E(P), measured in units of vg,, 
and g,., respectively. In other words, a! and a? are the components of v 
with respect to the coordinate system in E(P). Cf. Fig. 38. 


x, 





Fic. 38 Fie. 39 


Let now u* = u%(i!, a7), «= 1, 2, be an allowable coordinate trans- 
formation and # = @(u1, u*) its inverse. The vector v can be represented 


with respect to the new coordinates #!, @ in a manner analogous to (32.1); 
we write 


(32.1’) v = axz, 
where xR = ~. 
Since r 
aa 
2.2 = o—_ 
(3 ) X, XB Bux’ 
we find Vv = a*x, = wx po 


By comparing this with (32.1’) we obtain 


ou8 
AB — qx = 
a a Bue’ (B I, 2). 


These relations are of the form (29.4), that is, if the coordinates on S are 
transformed the quantities a!, a? undergo a contravariant transformation. 
Thus a!, a? are called the contravariant components of the vector v. 

We sum up the results obtained: 


Theorem 32.1. The contravariant components a* of a vector V in a surface 
Sataregular point P are the lengths (taken with a suitable sign) of the parallel 
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projections of v on the axes of a parallel coordinate system in the tangent plane 
E(P) to S at P with origin at P and with the terminal points of the vectors 
X,, X_ as unit points on the axes; those lengths are measured in units of Vg1, 
and Vgo., respectively. 

Instead of taking the parallel projections of v on the axes of the above 
coordinate system we can just as well take its orthogonal projections on 
these axes. Let y, be the angle between v and the x,-axis, « = 1, 2. Then 


the length of the orthogonal projection of v upon the x,-axis is given by 
the expression 





Ly = |v|cosy, = Xa! twjcosy, = —*x’¥_ — Xa“Y, a = 1,2), 

PARI ey ve aceaay yg Ne 
(do not sum with respect to «). 

Hence the number 

(32.3) ay = X,°V; (x = 1,2), 


is the length (taken with a suitable, sign and measured in units of 1/vg,,) 
of the orthogonal projection of v on the x,-coordinate axis in E(P),« = 1,2. 
Cf. Fig. 39, p. 102. 

Of course these numbers depend on the choice of the coordinates on S. 
If we introduce new coordinates 2!, a7, then 


dg = Xz°V = Xa sag V = 4,55. (6B = 1,2). 


These relations are of the form (29.5). The quantities a,, a, are therefore 
called the covariant components of the vector v. 

The correspondence between the ordered pairs (a,, a.) and the vectors 
in the surface S at the point P is one-to-one. 

We have thus obtained the following result: 


Theorem 32.2. The covariant components a, of a vector Vv in a surface 
Sataregular point P are the lengths (taken with a sustable sign and measured 
in units of 1/Vgux) of the orthogonal projections of Vv upon the axes of the 
coordinate system appearing in Theorem 32.1. 

The covariant components of a vector v in S at P can be obtained from 
its contravariant ones and vice versa. By inserting (32.1) in (32.3) we have 
Oy = Xq°V = X.° aXe; 

hence, in consequence of (27.1), 


(32.4) a, = Jape, (a = 1,2). 
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Since g = det(g,) 4 0 we can solve this system of linear equations for a; 
we obtain 


(32.5) af = ga, (B a) 1, 2), 
where 

32.6 11 — Jee 12 — 721 — — 912 22 __ Ju 

(32.6) g 9 g g 3 g ; 


Taking the inner product of both sides of (32.5) and an arbitrary covariant 
vector bg we have bah = ga, bg. 
The left-hand side of this expression is an invariant and consequently so 
is the right-hand side. Hence the quantities g* are the components of a 
contravariant tensor of second order which is called the contravariant metric 
tensor. Since g,g is symmetric, g*? is also symmetric. 

Two tensors a,g and 6”* with non-vanishing determinant, det(a,,) + 0, 
det(by“) 4 0, are said to be conjugate if the relations 


—sy—]9 (#y) 
anpbr— B7— ty 
hold, that is, if the corresponding matrices (a,g) and (bY) are inverse to 
each other. The covariant and the contravariant metric tensor are con- 
jugate, for 


(32.7) Joy GP? = 8,8. 
In consequence of (32.6) we obtain 
(32.8) g* = g"'g?—(9")? = 1/9. 


We mention the following fact. The tangent plane is spanned by the 
covariant basis vectors X, (see above) or equally well by the contravariant 
basis vectors 


x* = g?xz, (a = |, 2), 
in terms of which 
Xq =GapXP, Xq°xP = 8,8. 
Corresponding to (32.3) we thus have 
(32.37) aX = x%ey, (x = 1,2). 


If the coordinate system on the surface S is Cartesian at the point P, 
that is, if at P ashes 0 (a+) 
ee | @= 8), 
then at this point g = 1 and therefore 
0 (« #8) 
= 58 — 
gt 1 (« = f). 


Hence, in this case, a* = @,, (a = 1,2). 


§ 32] FOUNDATIONS OF THE TENSOR-CALCULUS 105 


Indeed, then vg. = 1/V9aq = 1 and the orthogonal projections of the 
above vector v coincide with its parallel projections. Consequently, in 
Euclidean spaces, when Cartesian coordinates have been introduced, there 
is no difference between covariant and contravariant components of a 
vector. 

As we have seen, the transition from covariant to contravariant com- 
ponents (and vice versa) can be accomplished by taking the inner product 
of the components and the metric tensors. More generally, by means of the 
metric tensors, from a given tensor we can obtain tensors of the same 
order but of different type. 


Examples. 
aXh = g*va,P ; axB — g%vghr Ores 
a,P = gP¥a, 
a8 = Joey 2” Bs a3 = Joy IprO", 
az = Icy", Brat = Guy Jue aver, Beak = Iny Jao Gpre. 


We say that these tensors are associate to the given tensors by means of the 
metric tensors. We speak of this process as lowering superscripts by means 
of g,g and raising subscripts by means of g**. 

This process is reversible. For example, if we take the inner product 
of a mixed tensor a, and g*”, 


g*va,P = axB 


and then the inner product of a*? and g,,, we obtain the original mixed 
tensor, | axk — Jane g*a,P = §,%a,8 = af. 

In consequence of this possibility of lowering and raising indices it is 
advantageous to write, for instance, a,, ,,°-f and not afi--B&. At the 
beginning of an investigation the order of the covariant and contravariant 
indices of a tensor may be arbitrarily chosen; this order is then fixed in the 


course of this investigation. 


33. Special tensors. Apart from the metric tensors g,, and g*?, some 
other special tensors are of interest in the theory of surfaces. 

As was pointed out in the preceding sections, a sufficiently large number 
of any functions can be taken as components of a tensor with respect to a 
certain coordinate system on a surface, and the components of this tensor 
with respect to any other allowable coordinate system are then determined 
by means of (30.5). 
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We take the Kronecker symbols 5,8 as components of a mixed tensor of 
second order which is called mixed 5-tensor. This tensor has the same 
components with respect to any other coordinate system. Indeed, let @,° 
denote these components ; then 

Ou* Ou° 
G7 = § §—_ — = 
« OW dub 


The covariant e-tensor of second order is defined by 


557. 


(33.1) €4, = 0, €19 = vq, €9) = — vq, €o9 = 0. 
This tensor is skew-symmetric. In consequence of (30.3) we have 
: duX duB 


“we “08 Bae Oi” 
or, since €11 — €o9 — 0, 


z= Gu} du? du? dul 
my = Si 058 Bap Dae BaP” 
that is, 
on ae 
ee cea 
ou Out 
ou” = oul” 
Therefore €,, = €9. = 0 and 
6(u}, u?) x _ A(u!, O(ut, uP) 
2 = Wo (ai, a2) ai?) = VQ, é = —V9 5G Dal m2) i) —NG, 
cf. (28.4). The tensor 
(33.2) «uy — Exp guagrB 


is called the contravariant ¢-tensor of second order. Since €,; = €)5 = 0 


won chY — Ng(gitigr?— gu2gy) 


and therefore «11 — «2? — 0, 


l 
me AGG (Gn) ) as 


cf. (32.8) and, similarly, a an 
vg 
The contravariant e-tensor has therefore the components 
(33.3) Mao ail wi] wio 
a » +€ 9 » € 0 


Furthermore “Yep, == etl, ait ert, a2 = tt : 7 ‘ 
a = p), 
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that is, 
(33.4) “Yep, = 59%. 
Similarly e"Ve yg = —5g%. 


A tensor whose components are all zero is called a null tensor. If for a 
tensor all components with respect to a certain coordinate system vanish, 
the components of this tensor with respect to any allowable coordinate 
system vanish; this is an immediate consequence of (30.5). 


Problem 33.1. Determine the components of the covariant e-tensor, 
starting from (33.3) and using (33.2). 


Problem 33.2. Find a representation of the contravariant metric 
tensor in terms of the covariant one and e-tensors. 


Problem 33.3. Find the associate mixed tensor of the covariant metric 
tensor. 


Problem 33.4. Evaluate the following expressions: 
S,%, 5 ,P8g%, 5,P5,%5,%. 


34. Normal to a surface. As was pointed out in Section 26, to any 
point of a surface S: x(u!, u*) we can associate the two vectors 


x, = — and x,= cn 
1 ou 2 ou? 
At any regular point P of S these vectors are linearly independent and are 
tangent to the coordinate curves through P; they span the tangent plane 
E(P) to S at P. 

The unit vector n which is orthogonal to those vectors and whose sense 1s 
such that x,, x,, mn, in this order, form a right-handed triple of vectors, is 
called the unit normal vector to S at P. Cf. Fig. 40, p. 108. 

Obviously 

_ XXX, XX Kp 
aia [xx %_1 +49 
where the denominator + vg follows from 


ox 
1 





|X, X X_|? = |x, |?|X_|? sin? = 941 Joo(1—cos*x) = 911 Jo2—(X1° Xe)? = 9; 
in this expression, « is the angle between the vectors x, and X,. 

The straight line through P in the direction of n is called the normal 
to the surface S at the point P. 

To any regular point of S there now corresponds a trihedron consisting of 
the vectors x,, X,, and n. In contrast to the trihedron of a curve which 
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consists of three orthogonal unit vectors, the trihedron of a surface contains, 
in general, only one unit vector, namely n, since 

[x,] = Vg, and |x,| = Voo0, 


as follows from (27.1), and all three of these vectors are mutually orthogonal 
if and only if x,°*x, = 9,. = 0. 





The sense of the unit normal vector n depends on the choice of the co- 
ordinates on S. After the coordinate transformation 


W@=2, w= 


the sense of n will change, since the Jacobian of this transformation has the 
value —1. A transformation whose Jacobian is positive preserves the sense 
of n while n changes its sense under a transformation whose Jacobian is 
negative. 


Example. The unit normal vector to the sphere (25.2) is directed away 
from the interior of the sphere. When, for example, the transformation 
ui = —%i', u* = a is imposed the sense of the normal vector changes. 


A surface is said to be orientable, if the positive normal direction, when 
given at an arbitrary point P, can be continued to the whole surface in a 
unique way, that is, if there does not exist a closed curve C through P 
which is of such a type that, when displacing continuously the given 
positive normal direction from P along C and back to P, one obtains in the 
end a positive normal direction at P opposite to the given one. 

A sufficiently small portion of a surface is always orientable. We notice 
that this may not hold in the large: There are non-orientable surfaces. A 
well-known example of a surface of this type is the Mobius strip, cf. Fig. 41. 
When a given positive normal direction at /, is continuously displaced 
along C the direction obtained upon returning to J is opposite to the 
originally given one. 

The allowable representations of a portion of a surface may be divided 
into two classes corresponding to the different possible orientations. 
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Obviously, any two representations belong to the same class if one of them 
can be transformed into the other by means of a transformation whose 
Jacobian is positive. 





Fia. 41. Mobius strip 


35. Measurement of lengths and angles in a surface. We have 
mentioned already in Section 27 that the first fundamental form enables 
us to measure lengths, angles, and areas in a surface. 

Let C: ul = u(t), u? = u(t) be a curve on a surface S: x(u!,u?), ef. 
Section 26. Then, according to (9.1), the length of an arc of C bounded by 
the points corresponding to the values ¢ = f and ¢ = ?, is given by the 
integral 


ty ty 

s= J a{(x'* x’) dt = | A (Xq U*"» Xp uh’) dé, 
to ty 

that is, in consequence of (27.1) 


ty 
(35.1) s= | V(Gag ux’ uh") dt 
to 


where primes denote derivatives with respect to ¢. 
We consider now the measurement of angles in a surface. 
The scalar product of two vectors in the surface S, 


a= a°x, and b= bPX., 
which are bound at the same point P, is given by the expression 
a°b = (a'x,-+a?x,) + (b'x,+5?x,) 

or, 
(35.2) a-b = g,,a°bF, 
cf, (27.1). In consequence of (32.5) and (32.7) we find 

gp a%b8 = gig g*7a,bF = Sava, b? = ag bP = gag b,. 
Hence we may write 
(35.2’) a+b = agi? 
or 
(35.27) avb= ga, bg. 
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The vector a therefore has the length 


(35.3) jal = (aa) = J(g,ga%a*) = ./(a,a%) = 4/(9*Pa, ag). 
We denote by y the angle between the vectors a and b. Then, according to 
(5.6), 


a°b g a%bP 
35.4 = =— ap 
OO) Y= Talib] ~ Gra WO, 0") 


a, 6 


ee g#Pa, b 
~ N(agaP).J/(b,b7) (ga, 2,),/(9°70, 6) 


We now consider two curves 
C: u=~=h(t) and Ct: uX = h=*(é), (x = 1,2), 
on a surface S: x(u}, u*) which intersect at a point P of S. By definition, 
the angle y of intersection is the angle between the vector 
v= Fex(i(t), 220))} = x, 


tangent to C at P, and the vector 





vt = Fix(hie(t), AO*(t))} = axphim, 


tangent to C* at P. According to (35.4) we therefore obtain 
vev* Jap h® hBe’ 
(35.5 cos y = ———_ = aid et? 
” = Wie] (Gael ge, PR) 
etc. Hence, C and C* intersect orthogonally if and only if at P 
Jag he hb’ = 0, 
The vectors xX, and x, are tangent to the respective coordinate curves 
u* = const. and u! = const. Denoting by w the angle of intersection of 
these curves we have 
X,° xX J12 
(35.6) cosw = —1L—4 — Lea 
[Xa] [Xe] (911 Yee) 
An allowable coordinate system on a surface S is said to be orthogonal if, 


at any point of S, the coordinate curves intersect orthogonally. From 
(35.6) we obtain the following important 


Theorem 35.1. A coordinate system on a surface S is orthogonal if and 
only if at any point of S 
(35.7) Jie — 0. 

In many connexions the choice of orthogonal coordinates is of great 
advantage since the formulae become simpler if such a coordinate system 
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has been chosen. Examples of orthogonal coordinates have occurred 
already in Section 27; applications of these coordinates will follow. 
For further purposes we shall need the formula 


| ab? ~ a2}! | 
“IT. a*aP),/(9,., b#b”) 


which can immediately be obtained from (35.4) by using the relation 
sin*y = 1—cos*y. Since 


(35.8) siny = (0<y<n), 


atb?—a?b! — gira, g°Pbp—gaa, giPbg = = (4 b,—a2b,) 


we obtain from (35.8) 


; \a, b6,—a, },| 
35.9 sm —— 1 0<y<7). 
od ~ oxllg*Fa,ag (grb, B a 
The angle y (0 < y < =) is uniquely determined " its cosine, but not by 
its sine. If O<y <7 then siny > 0, that is, the right-hand sides of 
(35.8) and (35.9) must be positive. 


Problem 35.1. Introduce orthogonal coordinates on a general helicoid 
S such that-the helices and their orthogonal trajectories on S are co- 
ordinate curves. Cf. Problem 28.5. 


36. Area. The definition of surface area resembles that of the length 
of an arc. When introducing the concept of the length we approximated 
the given arc by a broken line of chords. Similarly, we have now to 
approximate the given portion of a surface by small portions of planes. 
The method used will not be exactly analogous to that of Section 9; the 
reasons for the difference in the two investigations will be explained in 
Section 37. 

Let x(u?, u?) be an allowable representation of a curved surface S. We 
consider a portion H of S whose orthogonal projection 7 in the z, x.-plane 
is one-to-one and whose normal, at any point of H, does not make a right 
angle with the x,-axis. We denote by H the image of H under the projection 
T. The boundary C of H is assumed to be composed of finitely many arcs 
of curves; then the image C of C in the x, z,-plane has the same property 
and, consequently, the area of H exists. We subdivide H into finitely many 
portions /,, so that the area of any h,, exists. Let h, be the inverse image 
of h,,. The subdivision of H corresponds to a subdivision of H into finitely 
many portions h,. Let P, be an arbitrary point of h,. We denote by hi 
the image of h,, with respect to a parallel projection of h,, into the tangent 
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plane to H at P,. The projecting lines are assumed to be parallel to the 
x-axis, cf. Fig. 42. The ‘smaller’ h,, (that is, the smaller the maximum 
distance of any two points of h,,) the less h* will differ from h,,. Hence we 
may approximate the area A(h,,) of h, by the area A(h*) of the plane portion 


A*3 


\a 
i 
7 be Za 






Fie. 42 


hx, which area is known. We denote by a(P,) the angle between the normal 
to H at P, and the z,-axis. Let A(h,,) be the area of h,. Then 


A(h,) 
cos a(P,)’ (a(P,) # 37). 


When developing the determinant occurring in (26.4) by its first column 





(36.1) A(h*) = 











we find 3 
2 Dilyi—*) = 0 
os __ O(X2, X) = (2g, X;) DD. = (21, Xe) 
1 a(u}, u?)’ 2° @(ut, u?)’ 3 A(ul, u?)’ 
aay Oy 
O(x;,2,) _ | ut Ou? 
(ut, u?) | ax, Bary 


Out du? 
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MZ) 


This expression holds for one of the two possible directions of the normal 
to H. If we direct this normal so that a(P,) < 42 then ccsa(P,) > 0, and 


IDs|__ _‘|Da! 
3 eae / ’ 
Az) * 
t=1 
ef. (28.1) and (28.2). Let NV be the number of portions h,,. We define the 
area of H by the expression 


Therefore cosa(P,) = 
(36.2) cos a(P,) = 


(36.3) A(H) = lim ¥ AG), 


where the limit process has to be carried out in such a manner that the 
maximum distance between any two points of any h* ultimately becomes 
arbitrarily small. Using (36.1) and (36.2) we obtain from (36.3) 


(36.4) A(H) = im > Ae : a ) A(hn) 


where P, is the image of P,, with respect to the above projection 7’. We 
will prove that the limit (36.4) exists and is given by the integral 


(36.5) A(H) = | i Ty tide 
H 


Clearly, when introducing the variables uu? then, by the general law of 
transformation of double integrals, (36.5) becomes 


(36.6) A(H) = i + Dy Dal dutdut = J | Ng dutdu?, 


where U is the domain in the w1x?-plane corresponding to H. Furthermore, 
(36.6) is invariant with respect to any allowable coordinate transformation. 
Indeed, when imposing such a transformation, the integrand of (36.6) is 
multiplied by the absolute value of the corresponding Jacobian while vg 
is multiplied by the absolute value of the Jacobian corresponding to the 
inverse transformation, cf. (28.4); the product of these two Jacobians 
has the value 1, cf. Problem 28.4. Moreover, when applying (36.6) to a 
portion of a plane, this formula becomes identical with the elementary 
formula by which plane areas are defined. 
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We will now prove the above statement. Since the representation of H is 
allowable, the function Q = vg/|D3| is continuous and bounded in the 
domain under consideration. Hence, by applying to (36.5) the mean value 
theorem on surface integrals we obtain 


N N. = 
A(H) = ¥ [[ Qdz,dz,= ¥ Q(P,)A,) 
n=l i n=1 


where P,, is a point of h,,. Q is uniformly continuous in the domain under 
consideration. Therefore, a number « > 0 being given we can make all h,, 
so small that the variation of Q on any h,, becomes smaller than or equal toe. 
Consequently, we can estimate the difference 


d= ¥ (Q(P,)— PNA) 
of (36.5) and the (finite) sum occurring in (36.4) in the following manner: 
dg] < S Q(Ps)—OUP MIA) <¢ SAC) = «AH, 


Hence, the limit occurring in (36.4) exists and is given by (36.5). 
We sum up our results: 


Definition 36.1. The area A(H) of a portion H of a surface S: x(u', u*) 
as defined by the double integral 
(36.7) A(H) = f ] Vg duldu?, 
U 


where U denotes the domain in the uu?-plane corresponding to H. The 
expression 
(36.8) dA = Ng dudu? 
a3 called the element of area of H. 

(36.8) can be geometrically interpreted as the area of an ‘infinitesimal 
parallelogram’ whose sides are the vectors x, du! and x, du*. Indeed, from 


the definition of a vector product it follows that the parallelogram has the 
area 


|x, du X x, du?| = |x, x x,| duldu?. 
Using Lagrange’s identity (5.11) we find 

[Xz X Xe]? = (KX, X Xp) (Ky X XQ) = (Ky°K)(K_° Ky) —(K1- Xp)? = GV. 
From this, the result follows. 


In Definition 36.1 the square root vg has a positive sign, therefore 
A(H) > 0. In addition to the area as defined above one may consider also 
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signed areas of portions of surfaces; in this case the area corresponding 
to one of the two possible orientations is defined by (36.7) while the area 
corresponding to the other orientation is defined by —A(#). 

In consequence of the investigations contained in this and the preceding 
section we have the following result: 

The coefficients g,g of the first fundamental form enable us to measure 
lengths, angles, and areas in a surface; by the tensor gg the metric in a surface 
1s thus completely determined. This is the justification of the name metric 
tensor. 

Example. In the case of the sphere (25.2) we have 


Ji, = 7cos*u*®, go=—0, Jo=r, dA = r*cosu? duidu. 
The total area of the sphere is therefore 
A = 4nr’, 
A further simple example is included in Section 43. 


37. Remarks on the definition of area. It is natural to compare the 
investigations which led to the integrals (9.1) and (36.7) by which the arc 
length and the area, respectively, are defined. 

The introduction of the concept of area in a manner completely analogous 
to that of Section 9 would require the consideration of polyhedra whose 
vertices lie on the portion of the surface under consideration. But, unless 
certain restrictions are imposed, this method would not lead to a uniquely 
determined limit, as can be seen by the following simple example, cf. H. A. 
Schwarz [1, pp. 309-11]. 

We consider the cylinder Z: x?-++-z2 = 1 and undertake to find the area 
of the portion H of Z defined by 0 < x, < 1. We construct a portion P of 
a polyhedron consisting of congruent triangles D in the following manner. 
We take on H equidistant circles parallel to the z, x,.-plane, defined by 


(37.1) Bee 


Obviously, the circles x, = 0 and x, = 1 form the boundary of H. We 
divide each of these circles into n congruent arcs so that the endpoints of 
the arcs on one circle lie over the midpoints of the arcs of the preceding 
circle, cf. Fig. 43. When joining the endpoints of the arcs on any circle we 
obtain a regular n-sided polygon. We now join every side S of these poly- 
gons with those two vertices of the adjacent polygons which are at a mini- 
mum distance from S. In this manner we obtain the portion P of 
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a polyhedron consisting of 2kn congruent isosceles triangles D, cf. Fig. 43. 
The sides of the above polygons have the length 2 sin(z/n), and, according 
to the theorem of Pythagoras, the altitude of each triangle D is 


+= ffie(t-m3f]= Jerome) 





Fia, 43. Two neighbouring circles (37.1) and the corresponding triangles 


The area of P therefore becomes 
= ee 2sint ~~}. 
A(k,n) = 2nsm iter sin 5 


The limit of this expression depends on the manner in which k and n tend 
to infinity: First of all, if n is kept fixed, then lim A(k,) = 00. The reason 
ko 


for this fact is simple: The angle between each triangle D and the tangent 
plane to the cylinder tends to 47, the area of each triangle tends to a finite 
value different from zero, and the number of triangles increases arbitrarily. 
In this case P is, so to speak, pleated. Let now both k and n increase 
arbitrarily so that always k = n*. Then, if s = 1, A(k,n) tends to 27; 
if s = 2, A(k,n) tends to 27,/(1-+-7*4/4); if s = 3, A(k,n) tends to infinity 
as can be seen from 


A(n®,n) = 2n sin— | (1 +4ntesin’ ), 
n 2n 


We have thus obtained the following result: When a sequence of polyhedra 
converges to a portion S of a surface the area of these polyhedra may not 
converge to the area of S. Analogous difficulties do not arise in connexion 
with the definition of the arc length, since, according to the mean value 
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theorem of differential calculus, the direction of a chord AB of a curve C 
tends to the direction of the tangent to C at A if B tends to A. 

We finally mention—without proof—the fact that the area of a portion 
S of a curved surface can be defined by using sequences of polyhedra with 
vertices on S. In the case of the above example we have 


A(k,n) > 2nsin—. 


In the case of any surface the limit of the areas of polyhedra of the type 
under consideration (if it exists) is always greater than, or at least equal to, 
the area of the curved portion S of the surface. If for every sequence of such 
polyhedra we find the lower limit of the areas, these numbers form a set of 
numbers associated with S. The area of S can be defined as the lower limit 
(lower point of accumulation) of this set of numbers. 


Problem 37.1. Compute the area of the portion of the cone (25.4) 
which is determined by 0 < 23 < B. 


Problem 37.2. Determine the element of area of a surface represented 
in the form (24.3): 7, = F(z, 2,). 


Problem 37.3. Determine the element of area of an arbitrary surface 
of revolution, and use the expression obtained to compute the area of the 
sphere. 


IV 


SECOND FUNDAMENTAL FORM. GAUSSIAN AND 
MEAN CURVATURE OF A SURFACE 


38. Second fundamental form. In this and the following three sections 
we will consider the geometric shape of a surface in the neighbourhood of 
any of its points. Of course, this problem is of fundamental importance. 
In this connexion it is natural to start from the consideration of the curva- 
ture of curves on a surface. 

We first state the following simple fact: At any point of a curve C ona 
surface S the corresponding unit normal vector n to S lies in the normal 


c= 


Fia. 44 Fie. 45 


n 


plane to C which also contains the unit principal normal vector p to C; 
the angle between these two vectors will depend on the geometric shape of 
C and S in a neighbourhood of the point under consideration. Thus for any 
plane curve the vectors p and n are orthogonal, cf. Fig. 44. In the case of a 
circle C through a fixed point P of a sphere S, p and n lie in the same 
line if and only if C is a great circle. Assuming that n is directed 
towards the interior of the sphere the angle between p and n increases with 
decreasing radius r of C. Cf. Fig. 45. 

We now consider an arbitrary surface S: x(uw}, u?) of class r > 2andon S an 
arbitrary curve C: ul = ul(s), ut = uX(0) 
of class r > 2, where s is the arc length of C. We denote by y the angle 
between the unit principal vector p to C and the unit normal vector n to 
S. Since p and n are unit vectors we have 


cosy = p°n, (x > 0). 
The value of this scalar product will, in general, vary along the curve C. 
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Since p = X/x, cf. (15.1), we find 


(38.1) Kcosy = X°n. 
We again use the notation 
ox o?x 
Ne = Gye? NAB = GyeuP? 
1 2 
Noe - Ox dul ax du 


== = X, u* 


~ aw ds * du? ds 

and, by differentiation, 

X= x,guvwP+x, a. 
Now x,°n = 0. Therefore, from the preceding expression, 

X-n = (X,g° n)um~wF. 
We now introduce the important abbreviated notation 
(38.2) bog = Xqg°D, (c= 1,2; 8 = 1,2). 
The values of these scalar products depend on the surface S, but are inde- 


pendent of the curve C on S under consideration. Since x,3 = Xg, the 
quantities b,, are symmetric, 


bag = bea 
The quadratic form 
(38.3) bag durdul, 
that is, by, (du)*+ 2b,.duidu?+b..(du?)?, 


is called the second fundamental form. 
In addition to (38.2) the notation 


b,= L, by, = b,, = M, bo. = N 


can also be found in literature; then the second fundamental form is 
given by the expression 


E(du)?+-2Mdwidu?+N (du?)?. 


For reasons similar to those mentioned in Section 27 we will use the notation 
(38.2) exclusively. 


Differentiating the orthogonality relation x,*n = 0 we have 
Xqg* 0-+X,* Ng = 0, 

on 

ab 

By comparing this with (38.2) we obtain the important relations 


where ng = 





(38.4) bag = —Xq* Dy. 
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From (9.1) and (27.2) we find 


(38.5) ds* = go dudu® = dx-dx. 
From (38.4) we obtain analogously 
(38.6) bg dutdu® = —dx-dn. 


The second fundamental form is therefore invariant with respect to any 
allowable coordinate transformation which preserves the sense of n. Since 
the coordinate differentials du* have a contravariant transformation be- 
haviour, cf. Section 29, and the second fundamental form is invariant, 
the coefficients bg of this form are the components of a covariant tensor 
of second order with respect to those coordinate transformations. 

Now let ¢ be any allowable parameter of the above curve C. Then 


Hence, in consequence of (38.3), (38.1) takes the form 
6.8 ue yB! = bap ux'yB’ 





Kk COS y = ("2 Gag ue uP 
or 
(38.7) K COS y = bap dusdul 


Because of (34.1) we can represent the coefficients b,, of the second 
fundamental form in the following manner: 


X, X X, . 
vg |’ 





bap = Xag* 2 = x8"( 
hence 


1 
(38.8) bap = at X2 Xgl. 


While the first fundamental form is positive definite, cf. Section 28, the 
second fundamental form may vanish, cf. the following section. The dis- 


criminant b = b,,b..—bi, of the second fundamental form will be con- 
sidered in Section 40. 


Problem 38.1. Determine the second fundamental form of a surface 
represented in the form x, = F'(2x,, 2), cf. (24.3). 


Problem 38.2. Prove by direct calculation that the coefficients of the 
second fundamental form are the components of a covariant tensor of 
second order with respect to coordinate transformations which preserve 
the sense of the unit normal vector n. 
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39. Arbitrary and normal sections of a surface. Meusnier’s 
theorem. Asymptotic lines. We are going to study the geometric 
shape of a surface S in the neighbourhood of any of its points. For this 
purpose we have considered curves on S passing through a point of S; 
we have obtained the important relation (38.7) 


b,giri? — bapdurduh 
guptiP — g gdueduP? 


where x = «x(s) is the curvature of a curve C: u! = ui(s), u? = u2(s) on a 
surface S: x(u}, u*) and y = »(s) is the angle between the unit principal 
normal vector p(s) to C and the corresponding unit normal vector 
n(u}(s), u?(s)) to S. We will now find a geometrical interpretation of (38.7). 

Obviously, the direction of the unit tangent vector t = x = x,u* to C 
is determined by the ratio w1:u?. If we consider any fixed point P of S 
the values of the coefficients g,, and b, of the fundamental forms are fixed, 
that is, independent of the special choice of the curve C on S passing 
through P. This means that the curvature « of C at P depends only on the 
direction of the unit tangent vector and of the unit principal normal vector 
to C at P. Since these vectors span the osculating plane we have 


Theorem 39.1. All curves of class r>2 on a surface S which pass 
through any fixed point P and have at P the same osculating plane, which does 
not coincide with the tangent plane of S at P, also have the same curvature 
at P. 


The set of these curves includes a plane curve, namely the curve of 
intersection of S and the common osculating plane of the curves at P. 
We may therefore restrict our investigation to plane curves on S. 

We can draw further conclusions from (38.7). For this purpose we con- 
sider all curves whose tangents at P have the same direction; if this direction 
is fixed the right-hand side of (38.7) is constant, that is, the curvature of 
these curves depends only on the angle y between their unit principal 
normal vector p at P and the corresponding unit normal vector n to S. 
Hence, for those curves which have at P the same direction the following 
relation holds: 


(39.1) KCOSY = kK, 


K COS Y = 


where «,, when a fixed tangent direction has been chosen, is a constant. 
x, can be geometrically interpreted as follows: If y = 0 then «x = «,. If 
y= athenx = —x,. |«,| is therefore the curvature of the curve of inter- 
section of the surface S and a plane passing through both the tangent to 
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the curve at P and the normal to S at P. Curves of this type are called 
normal sections of S. 

The value of «,, depends only on the direction of the tangent to the normal 
section at P. x, is called the normal curvature of S at P corresponding to the 
direction of the tangent under consideration. We introduce the normal 


curvature vector i Seen 
n~ “mane 


From (38.7) and (39.1) we obtain 
bap du*dub 
(39.2) Ky, = Jag du*dur” 
that is, the normal curvature is the quotient of the second and first funda- 
mental forms. 

It should be noticed that the sign of the normal curvature is immaterial: 
We remember that the sense of n depends on the choice of the coordinates 
on the surface S, cf. Section 34. If we introduce coordinates on S so that 
at P the vector n and the unit principal normal vector p to a normal section 
coincide then y = 0, and the curvature x of C at P is equal to the corre- 
sponding normal curvature x,. If we change the sense of n then y = 7 
and x = —x,. Since we will only be interested in comparing the values of 
the normal curvature corresponding to different directions at P we could 
have defined the normal curvature by —x,, as well as by x,,. 

We have already stressed the fact that the normal curvature depends on 
the direction of the tangent to a normal section at P. Directions at P for 
which x, = 0 are called asymptotic directions. A curve, for which, at any of 
its points, the tangent has an asymptotic direction is called an asymptotic 
curve. We will consider these curves later. 

Excluding the case x, = 0 we may set 


Kn = -? (xk, + 0). 


Obviously, |2| is the radius of curvature of the corresponding normal sec- 
tion at the point under consideration. Since « = 1/p we may now write 
(39.1) in the form 

(39.3) p = Reosy. 

In this manner we obtain the following result (cf. Fig. 46): 

Theorem 39.2 (J. B. M. Meusnier [1]). The centre of curvature of all 
curves ona surface S which pass through an arbitrary (fixed) point P and whose 
tangents at P have the same direction, different from an asymptotic direction, 
lie ona circle K of radius 4|R| which lies in the normal plane and has a contact 
of first order (at least) with S at P. 
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The circles of curvature of all plane sections of S with common tangent 
at P whose direction is different from an asymptotic direction lie therefore 
on a sphere. 


In consequence of the theorem of Meusnier we may restrict owr considera- 
tions to the normal sections of S at P. 


We will now study asymptotic directions. In \ 
consequence of (39.2) «,, vanishes exactly for those 
directions for which the second fundamental form , 


vanishes. The differential equation of the asymp- 
totic curves on a surface is therefore 

(39.4) b,gdusdu® = 0. 

The existence of (real) asymptotic curves, that is, 
the existence of real solutions of (39.4), depends on 
the shape of a surface; this will be seen in the following section. The name 


‘asymptotic direction’ will be justified by the consideration of the indica- 
trix of Dupin, cf. Section 42. 


From (39.1) we see that the curvature of a normal section in an asymptotic 
direction vanishes. 


By means of (15.1), (38.1), and (38.7) we obtain from (39.4) 
(39.5) ¥-n=x«pen=0. 
We thus have the following simple 


Fra. 46 


Theorem 39.3. Any straight line on a surface of classr > 21s an asymp- 
totic curve. 

Thus the generating straight lines of a cylinder or a cone are asymptotic 
curves on these surfaces. 

From (39.5) it follows that at each point of an asymptotic curve C, at 
which x > 0, the principal norma] of C lies in the tangent plane of the 
surface. From this we obtain the following important property of asymp- 
totic curves: 


Theorem 39.4. At any point of an asymptotic curve C: x(t), for which 
k> 0, the binormal of C and the normal to the surface coincide; con- 
sequently, at any point of C, the osculating plane of C and the tangent plane 
to the surface then coincide. 

Furthermore, in consequence of (39.4) we obtain 

Theorem 39.5. The coordinate curves of coordinates on a surface are 
asymptotic curves uf and only if with respect to these coordinates 
(39.6) b,=0 and b= 0. 
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Of course, coordinates of this type can be introduced on a surface S if and 
only if at any point of S there are two (different real) asymptotic directions; 
we will point out in the following section that this condition holds if S 
consists of ‘hyperbolic points’ only, that is, points at which the discriminant 
b of the second fundamental form is negative. 

We finally consider two examples (cf. Theorem 39.2): 


Example 1. The normal sections of a sphere S are great circles, any 
other plane section is a small circle. At any point the circles of curvature 
are identical with the normal sections and therefore lie on S. 

Example 2. We consider the cylinder Z: x(u!, u?) = (r cos u?, rsin u’, w) 
and plane sections of Z which pass through any (fixed) point P of Z and 
whose tangents at P are parallel to the z,2,-plane. The normal section 
among those sections is a circle of radius r while the other sections are 
ellipses whose principal axes have the lengths 2a = 2r/cosy and 2b = 2r, 
respectively. Here y is the angle between the plane of the section and the 
2, X_-plane. According to the theorem of Meusnier the radius of curvature 
of those ellipses at P is p = rcosy. From this and the preceding formulae 
we obtain the well-known expression p = 6?/a for the radius of curvature 
of an ellipse at the vertex which lies on the principal axis of length 2a. 


Problem 39.1. Prove that the tangent planes to a cone of revolution 
at the points of any of its generating straight lines coincide. 


Problem 39.2. Given the paraboloid of revolution S: 2, = 23+2}. 
Determine the radius and centre of the circle of curvature of the normal 
section of S at a point P: x, = x) whose tangent at P is parallel to the 
2X, L_-plane. 

Problem 39.3. Determine the asymptotic curves of a cylinder of 
revolution by means of (39.4). 


40. Elliptic, parabolic, and hyperbolic points of a surface. In 
order to determine the shape of a surface S in a neighbourhood of any of its 
points we first considered arbitrary curves on S. We saw that, in con- 
sequence of Theorem 39.1, it suffices to consider plane curves on S. Finally, 
Theorem 39.2 enabled us to restrict our investigation to normal sections 
of S, that is, curves of intersection of S and planes which are orthogonal 
to the tangent plane to S at a point P under consideration. That investiga- 
tion led us to the introduction of the normal curvature (39.2): 


by B du*dub 
kK, = ——7-7 5 9 
Joep du«duf 
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|x,,| is the curvature of the normal section of S at P whose tangent direction 
is du?: du}, 

We will now see that there are three different possible forms of S in a 
neighbourhood of a point at which the second fundamental form does not 
vanish identically. For this purpose we consider 
the behaviour of x, as a function of the direc- 
tion du*: du! of the tangent to the normal sections 
at P. 

As was proved in Section 28 the first funda- 
mental form ds? = g,,du%duF is positive definite, 
that is, its value is always positive. Hence the 
sign of «, depends on the second fundamental 
form only. This form is (positive or negative) 
definite if and only if at P the discriminant 


(40.1) 6 = det(d,g) = = = = by, b2.—(b 42)" 








21 


of this form is positive. In this case x,, has the 
same sign for all possible directions of the normal Fia. 47. Shape of a surface in 
sections at P, that is, the centres of curvature *h® pee an ellip- 
of all normal sections lie on the same side of the . 
surface S. Then P is called an elliptic point of the surface. 
Example. Any point of an ellipsoid 
x(u1, u?) = (acosu?cos u!, bcos u? sin u}, csin u?), 
cf. Problem 25.3, is elliptic. 

If b = 0 at a point P of a surface, x, does not change sign, but there is 
exactly one direction where x,, = 0, that is, exactly one (real) asymptotic 
direction. P is then called a parabolic point of the surface. Cf. Fig. 48. 

Example. Any point of a cylinder or of a cone (with the exception of the 
apex) Is parabolic. 

Ifb < Oata point P ofa surface x, does not maintain the same sign for all 
directions du? : dwt. More precisely: There exist two (real) asymptotic 
directions for which «x, = 0. These directions separate the directions for 
which «x,, is positive from those for which «x, is negative, cf. Fig. 49. P is 
then called a hyperbolic or saddle point of the surface. 

Since the conditions b $ 0 correspond to a geometric property of the sur- 
face they must be invariant with respect to any allowable coordinate 
transformation u* = u%(d}, 7%?) (x = 1, 2). Indeed, the coefficients b,¢ 
of the second fundamental form are the components of a covariant tensor 
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(cf. Section 38), so they have the same transformation behaviour as the 
components g,g of the metric tensor. The discriminant b of the second 


Fra. 48. Shape of a surface in the neighbourhood of a 
parabolic point 





Fia. 49. Shape of a surface in the neighbourhood of a hyperbolic point. 
(The figure shows also the tangent plane at that point.) 


fundamental form thus has the same transformation law as the discriminant 
g of the first fundamental form, that is, 

> [a(u, u)]? 
(40.2) c= | aa =a | b, 
cf. (28.4). Since in (40.2) the square of the Jacobian appears, this holds 
for all allowable transformations of class r > 2, and also for those which 
reverse the sense of the normal vector n. From this we see that if b > 0, 
b = 0, or b < 0 we have also 6 > 0, b = 0, orb < 0, respectively. 
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We sum up our results: 










Discriminant b 









Number of real 









of the second asymptotic 
fundamental form directions 
b>0 Elliptic point 47 
b= 0 Parabolic point 
b<0 Hyperbolic point 





Depending on the type of a point P on a surface S, S passes through the 
tangent plane H(P) to S at P or does not pass through E(P). In order to 
obtain a clear picture of this important fact we first prove the following 


Theorem 40.1. Let a surface S be given by a representation x(u1, u*) of 
classr > 2. If ata point P: x(u!, u*) of S the second fundamental form does 
not vanish identically then tt is equal to twice the directed distance of a point 
Q: x(ul+dul, u?+-du?) of S from the tangent plane E(P) to S at P, neglecting 
terms of third and higher order in |\du1|-+-|du?|. Cf. Fig. 50. 






4 
&, 






b 
ane > eee 


G 


Fre. 50 


Proof. We consider a point Q*: x(u!-+-h}, u?-+-h?) of S. According to 
Taylor’s formula we have 


(40.8) x(ut-+AH, u?- he) = x (ut, ud) hex, + = bePx,g + of ht] +14?) 


where the vector 0 is defined as in Section 11 and the values of the deriva- 
tives at the point P: x(u, u?) must be taken. The distance of Q* from the 
tangent plane E(P) to S at P is therefore 


(40.4) A(Q*) = [x(ut-+-H, u?+h?)—x(ul, u2)] +n 
= $h*hPx, 9+ m+o[(|h#|+ |h?|)?1, 
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where n is the unit normal vector to S at P. Setting h* = du*%, in con- 
sequence of (38.2) we obtain 


A(Q) = hb,gdutduF + of (|du2|+ |du?|)?]. 
From this theorem we obtain immediately 


Theorem 40.2. At any elliptic or parabolic point P the surface S, con- 
sidered in a sufficiently small neighbourhood of P, lies entirely on one side of the 
corresponding tangent plane E(P). At a hyperbolic point it passes through 
the tangent plane E(P). 


Problem 40.1. Find the differential equation of the asymptotic curves 
of a surface of revolution x(u}, u?) = (u? cos wu}, u? sin w}, h(u?)) and deter- 
mine the location of elliptic, parabolic, and hyperbolic points on this 
surface. 


41. Principal curvature. Lines of curvature. Gaussian and mean 
curvature. In the preceding section we considered the normal curvature 
x, at an arbitrary (fixed) point P of a surface as a function of the direction 
of the tangent to the normal sections at P. We have obtained the following 
result: If P is an elliptic or parabolic point the sign of «,, is the same for all 
directions; if P is a hyperbolic point there are directions for which x, > 0 
as well as directions for which x,, < 0; these directions are separated by the 
two real asymptotic directions (for which «, = 0). 

It is natural to ask for directions for which «, has an extreme value. 

This question does not make sense at points for which «, is constant, 
that is, is independent of the direction of the normal sections. Obviously, 
this property holds if and only if 6, is proportional to 9,g, 

big = A(u’, u*)gag, (a = 1,2; B = 1,2). 
A point of this type is called a navel point or umbilic. In this case 6 = A’g. 
Nowg > 0. Hence ifA + 0 we have b > 0, and the point is called an elliptic 
umbilic. If A = 0, also 6. = 0; such a point is called a parabolic umbilic, flat 
point, or planar point. For details see Sections 44 and 48. 

Let us assume that the point P under consideration is not an umbilic. 
We first determine those directions (that is, those values of du*: du") for 
which «, has an extreme value (which value we shall obtain later). Obviously 
(39.2) can be written in the form 


(41.1) (byp—Kn Jap ol? = 0, 
where lY = du”. We set 
Aap = Oup—Kn Jap: 
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If we differentiate (41.1) with respect tol”, treating x, as a constant (because 
dx, = 0 is the necessary condition for «,, to be a minimum) we obtain 


aly ay ap) = Op (pete | 
= Ayp(5," P—I8,P) = a,g IP tay 1% = (Ayqg+Aqy)l*. 
Since g,g and bg are symmetric we have a,, = d@,, and ei 
(41.2) (bay —Kn Jay) = 0, (y = 1,2). 


If we eliminate «, we find 
Jin dux by gduP 





41,2’ = 0 
Jog, du ae] 
or 
(du?)? —duwidu? (du)? 
(41.2”) 911 Ji2 Joo | = 0. 
by bye bee 








The roots of the quadratic equation (41.2’) determine those directions for 
which the normal curvature x, becomes extreme, as will be seen in the 
following section. Those directions are called the principal directions of 
normal curvature (or curvature directions) at the point P under considera- 
tion; the corresponding values of «, are called the principal normal curva- 
tures of the surface S at P; we denote them by «x, and «,. The centres of 
curvature of the corresponding normal sections are called the centres of 
principal curvature of the surface S at P. 

We will now consider the principal directions in more detail. At any 
regular point we have 

Theorem 41.1. The roots of equation (41.2’) are real. At any point 
which 13 not an umbilic the principal directions are orthogonal. 

Proof. The reality of the principal directions is obvious geometrically. 
We prove the orthogonality. Let 14) and 1, denote those directions and 
let x, and x, be the corresponding values of x,. If we insert this in (41.2) 
we have 
(41.3) (Day Ky Joy ly = 9, (vy = 1,2). 
We multiply these respective equations by /?,) and /?,), sum with respect to 
y and subtract the equations thus obtained. This yields 
(41.4) (Ka— 1) Jay EC) Uys) = 0. 

Since x, # x, the principal directions are orthogonal, cf. (35.5). 

A curve on a surface S whose direction at every point is a principal 

direction is known as a line of curvature of S. 
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Any line of curvature is a solution of the differential equation (41.2”) 
which is quadratic in du*. The solutions of (41.2”) are such that through 
any point of asurface of class r > 3, which is not an umbilic there pass 
exactly two curves which, according to Theorem 41.1, intersect ortho- 
gonally. In consequence of Theorem 41.1 we thus obtain 


Theorem 41.2. The lines of curvature on any (real) surface S of class 
r >3 are real curves. If S has no umbilics the lines of curvature form an 
orthogonal net everywhere on S. 


While the existence of (real) asymptotic curves on a surface S depends 
on the geometric shape of S (cf. the preceding section) the lines of curvature 
are always real. 

Consequently we may always choose coordinates w1, u? on S so that the 
lines of curvature are the coordinate curves of this system which is allowable 
at any point of S which is not an umbilic. If we introduce coordinates of 
that type then (41.2”) must be satisfied for du = 0 as well as for du? = 0, 
i.e. in (41.2”) the coefficients of (du+)* and (du*)? must vanish. This leads 
to the following system of linear equations: 


(41.5) 912 522—Go2 Dy. = 9, 911 0y2—Gr2 5, = 9. 
Excluding umbilics the determinant b5.9,;—0 1922 of the coefficients of 


the system (41.5) is different from zero, and (41.5) has therefore only the 
trivial solutions g,, = b,, = 0. We thus obtain the important 


Theorem 41.3. The coordinate curves of any allowable coordinate 


system on a surface S coincide with the lines of curvature of and only af for this 
system 


(41.6) Jio=—0 and b= 
at any point where those coordinates are allowable. 


We will now derive an analytic expression for the principal curvatures x, 
and «,. If we multiply (41.2) by g°v and sum with respect to y we find 


(41.7) bPdu*—x, du® = 0, (8 = 1,2), 
whence x2 —b, “x, —det(b,F) = 0 
or, since det(b,F) = 7 
° b 
(41.8) Kn— Op geen to = 0. 


Hence the principal curvatures are the roots of this equation. 
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In (41.1) to every value of du?:du! there corresponds exactly one value 
of x, while, conversely, to every value of x, between «x, and x, there corre- 
spond two values of du?:du} as can be seen, for instance, from (41.2’). 
Now (41.8) is the discriminant of (41.2’), that is, the principal curvatures 
kK, and x, correspond to a double root of (41.2’) and therefore to just one 
direction. 

We are now able to introduce the following two fundamental concepts: 


Definition 41.1. The product 


(41.9) K = Ky Ko — ; 


of the two principal curvatures is called the Gaussian curvature (sometimes 
total curvature) of the surface at the point under consideration. 


Definition 41.2. The arithmetic mean of the principal curvatures, 
(41.10) H = 3(sey+H,) = bag g%h = $b." 


is called the mean curvature of the surface at the point under consideration. 


The quantities K and |H| are invariant with respect to allowable co- 
ordinate transformations; the sign of «,, and therefore also the sign of H, 
depends on the orientation of the surface. This is an immediate con- 
sequence of the geometric meaning of K and H, but can also easily be 
verified in a formal manner: According to (28.4) and (40.2) the discriminants 
g and b are multiplied by the same factor if a coordinate transformation is 
imposed; hence K is invariant. The inner product b,g 9° is an invariant, but 
the sign of b,, and therefore also the sign of H depends on the orientation 
of the surface, that is, on the choice of the coordinates, cf. Section 34. 

As was shown in Section 28 we always haveg > 0. In consequence of the 
considerations in Section 40 we thus obtain from (41.9) 


Theorem 41.4. At elliptic points the Gaussian curvature 1s positive, at 
parabolic ones it vanishes, and at hyperbolic ones it 1s negative. 


In Section 46 we shall see that the Gaussian curvature K depends only 
on the coefficients of the first fundamental form (and their derivatives) but 
not on the second fundamental form. 

When the coordinate curves on a surface S are lines of curvature, Equa- 
tion (41.7) holds with « = «,, du? = 0 and again with x = ky, du} = 0. 
Therefore 

K, = 5,}, 6,2 = 0, Ke =05, b,1 = 0. 
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We thus obtain in this case 


b b b,, 6 1/b b 
“41; oe, ee OK Oe H = 3(2 +22), 
( : 911 . Joo 911 J2e 2\911 Ge 
We finally mention 


Theorem 41.5. The meridians and parallels of any surface of revolution 
of class r > 2 are lines of curvature. 

Further theorems on lines of curvature will occur in Sections 68 and 88. 

Problem 41.1. Prove Theorem 41.5. 


Problem 41.2. Determine the discriminant 6 of the second funda- 
mental form for a sphere. 


42. Euler’s theorem. Dupin’s indicatrix. The normal curvature 
x, corresponding to any direction can be simply represented in terms of the 
principal curvatures x, and x,: 

Theorem 42.1 (L. Euler ([3]). Let « be the angle between a direction at a 
point P and the principal direction at P corresponding to x,. Then 


(42.1) Ky = K,COS7a-+- K, Sina, 
Proof. We assume that P is not an umbilic. We choose coordinates on a 


surface S so that the coordinate curves are lines of curvature on S. Then, in 
consequence of (41.6), (39.2) takes the form 


b a 1\2 b a 2\2 
(42.2) jes 2 n(du rt 22(du) 
and Kk) = On Ke = ban 

911 J22 
cf. (41.11). We can therefore write (42.2) in the form 
(42.3) Kn = Ky Gy(t")? + 2 Joo(tt*)?. 


Now the direction du?/du? under consideration is determined by the vector 
x = x, u%, and the direction corresponding to «, is given by the vector X,. 
Since the lines of curvature are orthogonal (cf. Theorem 41.2) and |x| = 1, 
the angle a between the vectors x, and x and the angle 8B = 47—« between 
the vectors x, and x are determined by the expressions 


a “1 
Xy°X Jy tl 





cos a = — = SH — vg,, uw, 
PX on 
a X,°X Joo u* Fi 
sina = cosB = —* —_ = “8% = vg,, ui. 
B= Rl ge 


If we insert these expressions into (42.3) we obtain (42.1). 
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The theorem of Euler and the theorem of Meusnier (Theorem 39.2) give 
complete information on the curvature of any curve on a surface. 





Fia. 51. Dupin indicatrix (a) at an elliptic point, 
(6) at @ parabolic point, (c) at a hyperbolic point 


We may illustrate Euler’s theorem in the following simple manner: Let 
P be any point on a surface S such that «, = 1/R #0 at P. For all 
directions for which x, + 0 we set 


(42.4) V|R| cosa = 2, V|R| sina = 2, 


that is, we consider a plane with Cartesian coordinates x,, 2, and lay off from 
the origin of those coordinates segments of the lengths ,/{|R(«)|} in the 
direction whose angle with the z,-direction is «; the directions of the co- 
ordinate axes thus correspond to the principal directions on the surface at 
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the point P under consideration. In this manner we obtain the so-called 
Dupin indicatriz, cf. C. Dupin [1]. An analytic representation of this 
indicatrix can be simply derived as follows. If we multiply both sides of 
(42.1) by 1/|x,|, k, 0, then in consequence of (42.4) we find 


(42.5) K, +n, 23 = +1. 


If the point P under consideration is elliptic, x, and «x, have the same 
sign and the indicatrix is therefore an ellipse. If P is hyperbolic, «, and x, 
have different signs; then the indicatrix consists of two hyperbolas which 
have the same asymptotes. This is the reason for the names ‘elliptic’ and 
‘hyperbolic’ point and it also justifies the name ‘asymptotic directions’, 
since these directions are the directions of the asymptotes of the indicatrix. 

As an immediate consequence of the above consideration we have 


Theorem 42.2. The principal directions bisect the angles between 
directions corresponding to the same normal curvature, in particular the angles 
between the asymptotic directions. 


If x, = 0 and «x, ~ 0 the point P is parabolic. In this case we obtain 
from (42.5) r= +R,, (Ry = 1/K9); 
that is, the indicatrix consists of a pair of straight lines parallel to the 
2,-axis through the points + v|R,| of the x,-axis. 

The Dupin indicatrix at a point P of a surface S is closely related to the 
intersection of S with planes parallel to the tangent plane E(P) to S at P. 
Indeed, when we choose two such planes which lie on both sides of E(P) 


at a (small) distance « then, according to Theorem 40.1, the intersection of S 
and those planes is given by 


(42.6) tb,gdudu8 = +e, 


neglecting terms of third and higher order in |du4|+ |du?|. If in particular 
the coordinates are chosen so that the coordinate curves are lines of curva- 
ture on S (42.6) takes the form 


(42.7) b,,(du)?+-b,.(du?)? = +2. 
Because of (41.11), equation (42.7) is equivalent to 

ty Jy, (Cut)? + Ke Joo(du)? = + 2¢. 
Hence we have 


Theorem 42.3. The intersection of a surface S of class r > 2 and a 
plane which 1s parallel to the tangent plane E(P) to S ata point P and near 
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to E(P), is approximately a conic section which is similar and similarly placed 
to the Dupin indicatrix at P, or, if P 1s a hyperbolic point, to one of the two 
hyperbolas constituting the Dupin indicatrix. 


In the case of a hyperbolic point S intersects both planes while in the 
case of an elliptic or parabolic point S intersects only one of the two planes. 

We see that at an elliptic, hyperbolic, or parabolic point a surface looks 
approximately the same as a portion of an elliptic or hyperbolic paraboloid 
or a cylinder, respectively. 


43. Torus. A surface obtained by rotating a circle about a coplanar 
line outside of the circle is called a torus. We may illustrate all types of 
points, elliptic, parabolic, as well as hyperbolic ones, on this surface. 

We rotate a circle C of radius r, lying in the 2, z,-plane with centre at 
(x,,2%3) = (7,0), about the x,-axis. We denote by w? the directed angle 
from the positive direction of the z,-axis to a point P on C. We may then 
represent the torus S in the form 
(43.1) x(w},u?) = [(r9+7 cos u?)cos wu}, (79-7 cos u*)sin wu}, rsin u*), 
ef. Fig. 52, p. 136. The coefficients of the first fundamental form are 

Jur = (79 +7 C08 u*)?, Ji2 = 9, Joo = 1°. 
Therefore g = r(ro+r cos u?). 
The coefficients of the second fundamental form are 
by, = —(ro+7 cos u*)cos u*, bie = 0, boo = —?. 


Since g,>. = 04. = 0 the coordinate curves are lines of curvature on 8, cf. 
(41.6). Hence, by (41.11), 


by cos u? boo 1 
oS a k= = 
911 ro +7 COs u Jee r 
Consequently 
b cos 1? 
43.2 K=-= Se en ee 
vee g ace r(ro-+r cos u?) 


If u? = +47 then K = 0, that is, the circles of radius ry on the torus S 
consist of parabolic points only. Points on S whose distance from the 2,- 
axis is greater than r, are elliptic while points whose distance from the 
z,-axis is smaller than 7, are hyperbolic. 
We finally mention that the torus has the total area 
27 27 
A= i (ro +r cos u*)r duldu® = 4n°ror. 


0 vo 
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This result can be obtained more simply by the theorem of Pappus: the 
area of a surface of revolution is equal to the product of the arc length s of a 
meridian M (in our case s = 2zr) and the length L of the path of the centre 





Fic. 52. Torus 


of gravity of M when J is rotated through the angle 27 (in our case 
Dd = 27). 


44. Flat points. Saddle points of higher type. A point P of a surface 
S is called a flat point, planar point, or parabolic wmbilic if at P all co- 
efficients b,. of the second fundamental form vanish. Clearly, this property 
of P is independent of the choice of the coordinates on S as follows immedi- 
ately from the fact that the quantities b,, are the components of a tensor. 

When classifying the points of a surface (cf. Sections 40 and 41) we 
excluded planar points. We will now consider two simple characteristic 
examples of these points. 

Example 1. If we rotate the curve 2, = 24 (cf. Fig. 53) in the z, x,-plane 
about the z,-axis of the Cartesian coordinates in space we obtain a surface 
of revolution which has a planar point at x = (0,0,0). We may represent 
this surface in the form (22-+-22)?—2, = 0 
or in parametric form 


(44.1) x(u}, wu?) = (u}, u?, A?) 
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where A= (u3)®+(u2)?. 
We find g = 1+16A8 
and, according to (38.8), 
= I a\2 = — Sulu? 
Ban — a ) iF (x — I, 2), By. = Ng ° 


At the point P: (u!,u?) = (0,0), which corresponds to x = (0,0,90), all 
coefficients 6g vanish, that is, P is a planar point. At P also K — 0 while 
at any other point 6 > 0 and therefore also K > 0. 


X3 % 
X39) 


Fie. 53 


In that case the surface lies entirely on one side of the tangent plane at P. 
Let us now consider a planar point at which the tangent plane intersects 
the surface; we may call such a point a saddle point of higher type. 


Example 2. While a surface in the neighbourhood of any ordinary saddle 
point (which is not a planar point, cf. Section 40) has two ‘upward’ and two 
‘downward’ slopes, a so-called monkey-saddle has three upward and three 
downward slopes, two of the latter for the legs of the monkey and one for 
his tail, cf. Fig. 54. Obviously, at such a saddle point P the corresponding 
tangent plane intersects the surface along three curves passing through P. 
The surface 


Wy = X3— 32x, = x,(%,—V3 x,)(%_+ V3 2) 
or, in parametric form, 
(44.2) x(w?, 0?) = (a1, w, (14?)S—3(u?)2a?) 
has a monkey saddle in the neighbourhood of the saddle point x = (0, 0, 0). 
We find 
Ixy = 1436(u?)?(u?)?, Qua = 18 wv*[(u?)?—(u?)?], 
Joo = 14 9[(u?)?—(u?)?P, 
and therefore g(u}, uw?) = 1+ O[ (wu)? (u?)?]*; 
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hence g(0,0) = 1. Furthermore, according to (38.8), 


— 6u? —6u} 6u2 36 
= —— >» = —_—, 0.5. = —;, = —— 1)2 2)2], 
by vg bye Ng 22 Ng b g [(u*)?+ (u?)?] 
At P: (wu, u?) = (0, 0) these coefficients vanish; at this point therefore also 
K = 0 and the normal sections have a point of inflexion. 





Fia. 54. Monkey saddle Fie. 55 


Similarly we may obtain saddle points of higher kind for which the 
corresponding tangent plane intersects the surface along four or more 
curves. For instance, the surface 


Ly = 2, X,(x}—23) 
has at x = (0,0,0) a saddle point such that the corresponding tangent 
plane intersects the surface along four curves, cf. Fig. 55. 
Problem 44.1. Give an example of a surface which has a planar point 


P and lies entirely on one side of the tangent plane H(P) at P, but has a 
curve in common with £(P). 


45. Formulae of Weingarten and Gauss. We first recall the follow- 
ing fact from the theory of curves: To any point P of a curve of class 
r > 2at which « + 0, we have associated the three orthogonal unit vectors 
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t, p, and b. Any vector bound at P can be represented as a linear com- 
bination of those vectors. In particular, if the derivatives t, p, and b exist 
they permit such a representation; the corresponding formulae are called 
the formulae of Frenet. | 

In the theory of surfaces the situation is similar. At any regular point of 
a surface S: x(u, u?) of class r > 2 we have the vectors 


ox 


= oy? t= Oye 


and nn, 


ef. Section 34. The partial derivatives of those vectors with respect to the 
coordinates w! and wu? can be represented as a linear combination of those 
vectors. The corresponding representations are called the formulae of 
Weingarten and Gauss. Let us derive these basic formulae. 


A 


b 
. fe “he 





Fia. 56 


From n-n=1 we have n,-n=0 (a = 1, 2), where n, = dn/du*. 
Hence the vectors n, and n, le in the tangent plane to the surface S. 
Since this plane is spanned by the vectors x, and x, we may set 

n, = Cyt X,, (cx =— I, 2); 
we have to determine the coefficients c,”. If we take the scalar product of 
both sides and x, we find 


n,°*X, = Cy” X, "xX, = Cy Gyo: 


Using (38.4): n,°X, = —)b,, 

and (32.7): Iyo97” = 6,7 

we find Ny X97 = — Ogg G™ = —byT = CyMag GF” = Cy, 
that is, Cc,” = —b,’. 


We thus obtain the formulae of Weingarten 


(45.1) n, = a = —b,Pxe, (x = I, 2), 


where 
(45.2) bP = g°Fb. 4. 
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If in particular the coordinates are chosen so that the coordinate curves 
are lines of curvature on the surface S then g,, = 6,, = 0, ef. (41.6), and 
therefore, in consequence of (32.6) and (41.11), 


(45.1’) gia Ca, (a = 1,2) 
aa 
(do not sum with respect to a) 
or xX, tk, n, = 9, (R, = Ye; « = 1,2). 
(Since both «’s are subscripts, R,n, is not summed.) These relations 


are known as the formulae of O. Rodrigues [1]; they are characteristic for 
the lines of curvature. We have thus obtained the following result: 


Theorem 45.1. For displacement in a principal direction, 
x, dx+dn = 0. 
We now consider the partial derivatives 
og = OX 
0B auzauk 
of the vectors x, and x,. These derivatives are linear combinations of all 
three vectors X,, X,, and n since, in general, x, and x, are not unit vectors. 
We set 
(45.3) Xog = Typ’ X+4ag n 
and determine first the coefficients a,, and then the coefficients Ig’. 
We take the scalar product of n and both sides of (45.3); since x,-n = 0 
and X,g°N = b,g we obtain 
Bap = b ap: 
In order to determine the coefficients [’,g” we take the scalar product of x) 
and both sides of (45.3); since x,*n = 0 we find 


(45.4) Xap? X) = Dag’X,* Xy = Vyg’9,r. 

Since x,°x* = 6," (where x* = g*x,, cf. Section 32) multiplication of 
(45.3) by x* yields 

(45.5) Typ” = Xqg* X* = Xyg° Kg. 

So far we have determined all coefficients occurring in (45.3). We will now 
represent the coefficients I',,* in terms of the components of the metric 
tensor and their derivatives. Since the scalar products X,9* X), cf. (45.4), 
will occur later it is advantageous to introduce a special notation. We set 
(45.6) Vupr = Xap? X)- 

These quantities are called Christoffel symbols of the first kind. Since each 
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of the indices may have the value | or 2 we have 23 = 8 such symbols (in 
the theory of surfaces), namely Jj,,, Tie, The), etc., (45.4) now takes the 
form 


(45.7) Vypa = Iya Tag” 
and (45.5) takes the form 
(45.8) rg" = g™T, aBA- 


The quantities I,,", which occur as coefficients in (45.3), are called Christof- 
fel symbols of the second kind, cf. K. B. Christoffel [1]. The symbols I,” 
are of fundamental importance in the theory of surfaces as we shall see 
later. The transition from one kind of the symbols to the other can be 
effected by means of (45.7) and (45.8). 

Since X,g = Xg, the Christoffel symbols are symmetric with respect to 
the first two indices, 
(45.9) Ppa = Tea rg. = Tea” 

If we differentiate g,, = X,°X), cf. (27.1), with respect to wu? we obtain 


OG ar 
om = Xo : X,+X, . XB 


and therefore, in consequence of (45.6), the important relations 


‘4 
(45.10) oe = Popat Dig 
which we will often use. From this we have 
29ng 
(45.11) a = ThoptTpaa 
and 
45.12 pa 47 
(45.12) ou Brat aABs 


If we add (45.10) and (45.11) and from this sum subtract (45.12), taking 
into account (45.9) we find the following representation of the Christoffel 
symbols of the first kind in terms of the first partial derivatives of the 
components of the metric tensor: 
9p, , Gra Wap | 

(45.13) rp = 2 — ah aul gut | 
We mention that the Christoffel symbols do not form a tensor; their trans- 
formation behaviour and further properties will be considered in Section 47. 

We sum up the results obtained: 

The second partial derivatives of the vector function x(w1, u*) by which a 
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surface can be represented, are linear combinations of the vectors 
X, = 0x/du*, (a = 1, 2), and n, 


o?x 
(45.14) Xap — Bu%dub = Dg’ X,+ba8 Nn, (cx — I, 2, B = I, 2). 


These important relations are called the formulae of Gauss. The coefficients 
T,g’, defined by (45.8), are called Christoffel symbols of the second kind. 
The Christoffel symbols I',, involved in (45.8) are functions of the com- 
ponents of the metric tensor, cf. (45.13). 

We may write the formulae of Gauss in a different manner, as will be 
seen in Section 72. 


Problem 45.1. Prove that a surface for which at every point all co- 
efficients 6, of the second fundamental form vanish is a plane. 


46. Integrability conditions of the formulae of Weingarten and 
Gauss. Curvature tensors. Theorema egregium. We have noticed 
that the formulae of Weingarten and Gauss are the analogue of the formulae 
of Frenet. It was pointed out in Section 20 that if (continuous) functions 
x = k(s)( > 0), and 7 = 7(s) are given there exists a curve whose arc length 
is s and whose curvature and torsion are determined by the functions «(s) 
and z(s). Now the analogous question arises whether, if functions g,.g(2", wu?) 
and 6,¢(u!, u*) (of a sufficiently high class) are given, there always exists a 
surface such that the given functions are the coefficients of the correspond- 
ing fundamental forms. That is, we ask whether for any given functions 
Jap(u*, u*) and b,.g(w!, wu) (and corresponding Christoffel symbols) the partial 
differential equations (45.1) and (45.14) always have solutions. In the case 
of functions of the class r > 3 the answer to this problem is negative unless 
certain integrability conditions are satisfied which we will now derive. We 
will start from (45.14) and shall obtain the formulae of Mainardi—Codazzi, 
(46.3), and the relations (46.4) from which the Theorema egregium will 
follow. Formulae (45.1) lead also to the integrability conditions (46.3); 
that is, (46.3) and (46.4) constitute all integrability conditions of the 
formulae of Weingarten and Gauss. As is shown by means of the theory of 
partial differential equations, those conditions are also sufficient for the 
existence of solutions of (45.1) and (45.14) in the small, that is, in a suitable 
neighbourhood of any point of the domain under consideration. 

Let S: x(u}, u®) be a surface of class r > 3. We must have 


OX.g _ 9X) 


a Dub? (x,8,A = 1, 2), 
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which relations may be written in the form 


X apr = XQAB- 
We determine X,¢,. From (45.14) we obtain 








ole. 
XARA = = 5k Xx, +Tyg* x ats Pas n+6 ap 11, 
and from this, in consequence of (45.1) and pan 
ole pes oe oe ab 
Xp. = ae x, tTog"(Da Xo +54 2) — bag by7X, + mi n. 


If we interchange some terms and change some summation indices we 
obtain 


alg: ies: 3g ab 
(46.1) Xap = =oh +Tyg 1 —bapby?| Xo+ [Tapa 4 n. 


If we interchange f and A we find 


46.1’) Xyg= Sat +TuT ip barbs | xe+[Tavs p+ GF |B 

The vectors X,, X,, and m are linearly independent. In order that (46.1) 
be equal to (46.1’), that is, 

(46.2) XaB\— Xorg = 0 


in this difference the coefficient of each of those three vectors must vanish. 
This means in the case of n that 





8b,8 9b 
(46.3) Tyg} px—Tyy°b op -+ — sak fo = 0 
must hold. These relations are called the formulae of Mainardi—Codazzi. 
They already occur implicitly in the famous ‘Disquisitiones’ of Gauss [1]. 
G. Mainardi [1] published relations from which follow the formulae (46.3) 
which are due to D. Codazzi [1]. 
(46.3) means 


ab 0b 
Pu r Bul —f, 128+ (y'— Ty2")be+ Yr, 11D ee = 0, 
(46.3’) 


Dat Dyk tae Oat (Lia? — Le" )bie + Tin" 22 = 


Another form of (46.3) will occur in Section 72. 
Equating to zero the coefficient of x, in (46.2) (cf. 46.1), we obtain 


(46.4) Rng = bag b,7—b, 5g° 
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where 

of B oD.” Ol nr 
(46.5) Rg = 7 a ue 
As can be seen from (46.4) the quantities R°,)g are the components of a 
tensor of fourth order, contravariant of first order and covariant of third 
order. This tensor is called the mixed Riemann curvature tensor. 


The inner product of this tensor and the metric tensor, 
(46.6) Rag = Jor Rag 
is called the covariant Riemann curvature tensor; it is a covariant tensor of 
fourth order. (The components R°,)g and F, yg are also known as Riemann 


symbols of the first and second kind, respectively.) 
From (46.6) we obtain 


97 Reap = I%Gor Rag = 5o”R arg, 





+Tye"T n° — Tua g"- 


that is, 
(46.6’) RY vg = 97 Rvp 

The covariant curvature tensor can be represented in a form similar 
to (46.5): We have 





Oe 0 9 o 9G 
Jor 5 x Lap — )—Ta’ A soy Pape Mag (0 ode t 150) 


and Jor ae 3 Ty” = alu wre — Laan (loge t Ti pc)- 
Consequently, if we insert (46.5) into (46.6) we obtain 


" Y Q @ 
(46.6”) Brag = 5 Vape— 5,9 Tare t Van" Tepo— lap Tre 
From (46.4) and (46.6) follows 


RecdB = Ior(Oap by? —bar 58”); 
hence 


(46.7) Rag = bap 9.2—F ar Op, 

As follows from this the first pair of indices and the second pair can be 
interchanged without altering the value of the components: 

(46.8) Rag = Ragra: 

Furthermore, the covariant curvature tensor is skew-symmetric with 
respect to the last two indices, 

(46.9) Rag = —Ragr 

as well as with respect to the first two indices, 

(46.10) Rag = — Rang 
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as follows from (46.7). The curvature tensor has n* components (where, 
in the case of two-dimensional Riemannian spaces, that is, in the case 
of surfaces, » = 2). In consequence of the skew symmetry (46.9) and 
(46.10) only those components are different from zero for which A + B 
and 7 ~ a. Hence in the case of surfaces only four components are differ- 
ent from zero, namely 


(46.11) Ryere = Reoy21 = bob, — (042)? = 4, 
Roryg = Ryo = (042)? F224, = —4, 
ef. (46.7). 

The relations (46.11) are of fundamental importance: Since the Christof- 
fel symbols depend only on the coefficients g,, of the first fundamental 
form, the same holds for the components of the curvature tensor and, in 
consequence of (46.11) also for the discriminant b of the second fundamental 
form. In consequence of Definition 41.1 we thus obtain the fundamental 


Theorem 46.1 (Theorema egregium, Gauss [1]). The Gaussian 
curvature K of a surface 1s independent of the second fundamental form but 
depends only on the coefficients gyg of the first fundamental form (and their 
first and second derivatives): 

R 


(46.12) Ke ad 


The meaning of this important fact will be explained in Section 57, in 
connexion with the concepts of bending and isometric mapping. 

By means of (46.6’) and (46.11) we obtain the following expressions for 
the components of the mixed curvature tensor: 


Bye = 9 Ry2t 9 Ree = —9"b, 
etc., hence, in consequence of (32.6), 


b b 

Bye = —Pyy = M20 Bie = — Bion = 922° 

(46.11’) : d 
— Ry = By = 9119) — Rp = By = fiz 0° 


all other components vanish. If, in particular, the coordinates wu}, u? are 
orthogonal (g,. = 0) then 
(46.11”) Rass <7 — Bo, = ae — Ris i Ry) = Lm 

911 Jee 
that is, in this case only four components of the mixed curvature tensor are 
different from zero. 
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The meaning of the curvature tensors will be explained in Chapter VII, 
in connexion with parallel displacement and absolute differentiation. 
From (46.8)-(46.12) we see that in the case of surfaces of vanishing 


curvature (for example, planes, cones, cylinders) all components of the 
curvature tensor are zero. 


We will now derive a representation of the Gaussian curvature K in 


terms of the coefficients of the first fundamental form and Christoffel 
symbols. 


Using (38.4) and (5.11) we find 
6 = (m,*X,)(M2* X2)—(M, “X_)(Mg* X,) = (X, X X_)*(M, X My). 
Noting (34.1) and (41.9) we thus obtain 
b 
vg kK = Ar = n-(n, Xn). 
We introduce the unit vector 
m = txn, 


where t is a unit vector in the tangent plane of the surface. Then 
vg K = (mx t)-+(n, X 0.) = (m-n,)(t+ n,)—(m>n,)(t* nm). 
If we differentiate m:n = 0, t-n = 0, and m-m = 1 we have 
mn, = —m,°n, ten, = —t,°n, m-m,=0, («=1,2). 
We may thus write 
vg K = (m,°n)(t,*n)—(m,°n)(t,*n) 
= m,° [(t.°n)n-+(t,°m)m]—m,°[(t,*n)n+(t,*m)m] 
= m,°t.—m,°f,. 








Hence 
1 
We now take the particular unit vector 
_ xX 
N91 
Then m, = Xi +x] (x = 1,2). 
N914 N91) a 
Since t=nxXm=nx—t 
VOu1 


we thus obtain 


wo £ = alt Sia) (eal 
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Taking the scalar product of (45.14) and n x x, and noting (34.1) we have 


[n X, Xegl = | X, Xe| Tag? = m- avy Tyg? 
Hence 
(46.15) jm X, Xagl = vg Tyg”. 
Since t = 2Xm we thus obtain from (46.14) the following representation 
1{ 2a V9 
es as ~sglom(Ge ‘}- mag ; ; 
By interchanging wu! and u? in the above proof we can show that 
vg vg 

an —— Tioa a = )- ale = } 

If we start from (41.9) and use (38.8) we have 


56 ] 
=m gill Xe Xqy] |X, X_ Xyel—|Xy XQ Xyo/*}. 


Carrying out the multiplication and expressing the elements of the resulting 
determinants in terms of the g,g and their first and second derivatives we 
obtain another representation of the Gaussian curvature: 








(46.17) O9;2__ 1 OGe0 
911 Jie Dut 3 dub 
1 1 8900 
K = g Jr2 Joo 3 Out — 
109 (212 18n\ (_1 Oo, Gre 1 B70 
2 dul oul 2 Ou? 2 (Au?)? © dutldu? 2 (du)? 
1 091, 
911 I12 3 Du 
l 1 dg 
 g Jx0 Joo 9 aa 


This representation is sometimes called the equation of Gauss. 
If the coordinates are orthogonal we obtain from (46.16) or (46.17) 


l @ (1 évg @f[1 avg 
win) —aeaals e ake 
| (911 922) eu} N91 dul ou* NGo0 ou? 





148 SECOND FUNDAMENTAL FORM. GAUSSIAN AND ($ 46 


Problem 46.1. Determine the components of the curvature tensors (1) 
of a surface of revolution x(u}, u?) = (u*cos wu}, u?sin wu}, h(u?)), (2) of a 
right conoid x(u1, wu?) = (u? cos u}, u?sin uw, h(u1)), cf. Section 28, (3) of a 
surface represented in the form x, = F(x,, 2), (4) of the torus (43.1). 

Problem 46.2. Prove (46.17). 


47. Properties of the Christoffel symbols. The Christoffel symbols 
were introduced in Section 45, in connexion with the formulae of Gauss. 
Since these symbols will be frequently used we present a short collection 
of their most important properties. 

The Christoffel symbols of the first kind are given by the expressions 

__ Ogg, og ox og aR | 
(47.1) Dapy = Xap? Xy = 5| e+ oe oa 
ef. (45.6) and (45.13). From (47.1) we obtain the Christoffel symbols of 
the second kind, 
(47.2) Tug" = 97D By» 
cf. (45.8). Using (47.1) and x° = g°7x, (cf. Section 32) we have 

rug = Xap ee, gh 
From (47.2) it follows that 


Iya Vag” = Jyo 9 Vag, = 5,T, = ’ 
thatds: yo“ ap y B af. apy 


(47.2’) Yapy a Iy0 Pup’ 
cf. (45.7). 
Since X,g = Xg, the Christoffel symbols are symmetric with respect 
to the first two indices, 
(47.3) ogy = Tpays Pup” = Tp.” 


cf. (45.9). Consequently in the case of two-dimensional Riemannian 
spaces, that is, in the case of surfaces, there are six symbols of the first kind 
which are different from each other, namely 


Dar Nie» Tyo I, 122) ae Dee 


and the same holds with respect to the symbols of the second kind. 

The first partial derivatives of the coefficients 9,2 of the first fundamental 
form can be represented as a sum of two Christoffel symbols of the first 
kind, 

a 
(47.4) aoe = Deep t Tpce = 9p Var +9aa Tbe, 
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cf. (45.10). We will now obtain similar formulae for the components g*? of 
the contravariant metric tensor. If we differentiate (32.7): 


: Jap er = 5,7 
with respect to w* we have 





29 wp o og? = 
our PT Iap Cuk e 


Taking the inner product of this expression and g’” we obtain 


“ae guoghe 4. F te = 0. 








du 
Hence, by means of (47.4), 
age Q 
_ = wae gX7ge = —(T ge Dcal9*79°? 
and therefore, in consequence of (47.2), 
oqre 
(47.5) = - = —gT, Ag, 


For the derivatives of the discriminant g of the first fundamental form 
similar relations can be obtained. We have 


rs) rs) og a 
=z = yy 911 J22—(912)") = ou JotIu sy a —29;0 wt. 


Using (32.6) we obtain from this 
og ll og “J11 22 og 22 12 cos _ B og ap 
oo, = alo aay ape = 9F* Dur 
or, in consequence of (47.4) and (47 ie 


20. = gg? Pg + Upya) = 9(loy"+ Tp, 


Replacing the summation index f by « we find 


OG a 
or 
ie og 
4 = = og vq). 


We will now give explicit formulae for — Christoffel symbols (in the 
case of surfaces). From (47.1) we obtain 


1 2g — 2912 __ 1 Goa _p, =1%9 
(47.1) Tone = 3 Gye? Ton = Gye 3 dub? ‘abe — “Bam = 3 Sup 


(« # B). 
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From (47.2) and (47.7) we obtain 
a Jere Oo 2912 
na = sa | 988 BB aux +9 oa 2)) 


(47.8) Tf = 5a eal 2 9 9r2 — ss) — 9, pa (x  B, do not sum). 








du= dub Oux 
p__ 1 og og 
Tig ar Dba — 5,| 9aa Jr2 vs 
(Since in the case of surfaces any index can only take the value 1 or 2 it is 
clear what is meant by ‘a + f’ in the first line of (47.8).) In the particular 
case of orthogonal coordinates we have g,, = 0 and g = 9,,92,- Con- 
sequently in this case 


, l Our 1 Oar 1a 
(47.7) Toaa = 3 aa, Loop = 9 a=. Tifa = Ppa = 3 oat y 
F (« # 8) 
an 
a 1 Gun  _O 
Te aa 29 sn ou 2 ~;(log VGoux) 
, 1 og 
(47.8’) Tf? = ——— 2 (« + B, do not sum). 
Tg? = Tha? = eed © (log ‘9 pp) 


29e¢ Bp ux duX 


We have already stressed that the Christoffel symbols are not components 
of a tensor. We may obtain the transformation law of these symbols by 
means of (45.14); we have 


47.9 ae "X,+6 
ey) of = Syaouh — 'o8 Xy tsp m 
and 

_ 0?x Teo b a 
(47.10) Xi. = Om One = h°x5;+0).0 


where [}.° are the Christoffel symbols of the second kind with respect to the 
coordinates z#!, z?. Since, on the other hand, 


__ _ am 
Ba 7 Bua 
and, by differentiation with respect to wu, 


x =— x ou" ous +x Oe 
ab Sh Bye dub |? Buxdub’ 
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we obtain from (47.10) 

au aue 7" 
47.11 = [T).°x;+6 
( ) Xp [ Ae a+ Ae n)a a a o outduB’ 
Since x,, X,, and n are linearly independent vectors for each of them the 
coefficient on the right-hand sides of (47.9) and (47.11) must be the same. 


We thus find 2a oak age 
Typ", = Tye°x 5 3am Sut t *8 dyaoub® 
Si heal 
ince xX, = X55-- 
ouy 


we finally obtain the transformation law of the Christoffel symbols of the 
second kind: 
y OU o OU BUF | 0%? 
47.12 — = 
ira TB" ue — Te ous uP Suro 


In consequence of (29.3) these formulae are equivalent to 
g OU Bue | BT | duY 
47,12’ = 
( ) Tag” [Fi du dub saps laae one” 
Relations (47.12) are sometimes called the formulae of Christoffel. 
By taking the inner product of both sides of (47.12’) and 
gba Oa 
Typ = Ive Buy BP 





we obtain 
r ry T° g OU Bue | OP Our Ou” Out 
ofp = Iyp*ap = ine T Ae Gut ub * durdub lau? aur aur’ 
that is, the transformation law of the Christoffel symbols of the first kind 
is of the form 


(47.13) r 


a 


 aurdue , _ di? ]du7 
Pp Le But dub | Ser ah oar 
In the plane there exist coordinate systems with respect to which the 
Christoffel symbols vanish everywhere. On an arbitrary surface we may 
introduce coordinate systems with respect to which, at an arbitrary 
fixed point P,, the Christoffel symbols vanish. Indeed, if ug (a = 1, 2) are 
the coordinates of P, with respect to an arbitrary allowable coordinate 
system and if (Ip,*), are the values of the Christoffel symbols at F, then the 
coordinates u*!, w*2 defined by 


(47.14) ux = ut@4+ut—F(Tp)ou*Puty, (a = 1,2), 
have the desired property: P, is the origin of the «**-coordinate system, 
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and by differentiation we see that at F 





speapgt = —(netley (utt = ut? = 0), 
As follows from (47.15a), the coordinate transformation (47.14) is allow- 
able in a neighbourhood of P,. By means of (47.15b) and (47.12) we find 
that at P, ; 
ouXx du 
* a noe a *1 — 4,%*2 
rep 2 = KA Buk? Ou*t (T,, Jo» (u U 0), 
hence, by (47.15a), 
Vor = (Vas*)o— (aro = 9. 
Problem 47.1. Determine the Christoffel symbols corresponding to 
polar coordinates in a plane. 


Problem 47.2. Determine the Christoffel symbols of a surface of 
revolution represented in the form x(u?, u?) = (u*cos wu}, u*sin wu}, h(w*)). 

Problem 47.3. Determine the Christoffel symbols of a surface repre- 
sented in the form (24.3): 2, = F'(2,, 2). 


48. Umbilics. A point P of a surface S is called a navel point or um- 
bilic if all normal sections of S at P have the same curvature at P. The 
point P is an umbilic if and only if at this point 
(48.1) bop = A(ut, Ugo, (x = 1,2, B = 1,2), 
where the factor A is independent of the direction of the normal section, 
cf. Section 41. 

For example, if we rotate the curve 7, = x?, x, = 0 about the x,-axis we 
obtain a paraboloid of revolution which has an umbilic at x = (0,0, 0). 
In the case of an ellipsoid of revolution the points of intersection of this 
surface and the axis of revolution are umbilics. 

We will now consider surfaces whose points are all umbilics. 


Theorem 48.1. If every point of a surface S which has a representation 
of class r > 31s an umbilic, S 1s a plane or a sphere. 


Proof. In order that every point of S be an umbilic (48.1) must hold at 
every point of S. (a) If A = 0 the coefficients of the second fundamental 
form vanish identically, that is, S is a plane, cf. Problem 45.1. (6) Suppose 
now A ~ 0. Since any point of S is assumed to be an umbilic, any curve 
on S is a line of curvature; hence from (45.1’) and (48.1) we obtain 


(48.2) n, = — va X, = —AX, (a = 1,2 (do not sum)). 


aX 
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From (48.2) it follows that 
or 
Nag = —AgXa—AXag, Ag = pub” 


Analogously Nga = —Aq Xg—AXga- 

By subtraction we find Ay Xg—A, X, = 0. 

Since, at regular points of a surface, x, and x, are linearly independent 

vectors, A, = A, = 0 must hold, that is, A = const. Hence, by integrating 

(48.2) we obtain n= —Ax-+c, 

where c is a constant vector. Scalar multiplication yields 
n-n = (—Ax-+c)*(—Ax-++c). 

If we set 1 = —I1/r and c = —x,/r then since n-n = I, 

(X—Xp)*(X—Xp) = 12. 
This is a representation of a sphere of radius r with centre at Xo. 


V 
GEODESIC CURVATURE AND GEODESICS 


49. Geodesic curvature. We now will ask for a shortest arc on a surface 
S joining two arbitrary (fixed) points P, and P,. Of course there exist 
infinitely many arcs on S with endpoints PF, and P,. The question is whether 
this set of arcs includes an arc C of minimum length and what conditions 
C must satisfy in order to be the shortest of all those arcs. Obviously 
this is a problem of calculus of variation. It was first considered by 
Johann Bernoulli (1697). 

The problem becomes very simple if S is a plane. In this case a uniquely 
determined shortest arc joining £, and FP, exists, namely, the segment of a 
straight line which has the endpoints P, and P,. On an arbitrary surface 
the curves of minimal length will play a role similar to that of straight lines 
in a plane. 

Straight lines can be characterized by the property that their curvature 
vanishes identically. We first introduce the fundamental concept of 
geodesic curvature «, of acurve on a surface. In the following section we will 
study curves whose geodesic curvature vanishes identically; these curves 
are called geodesics. In Section 51 we shall prove that an arc of minimum 
length must necessarily be an are of a geodesic. Finally we shall obtain 
sufficient conditions which must be satisfied in order that an arc C be the 
shortest of all arcs which join two given points P, and FP, on a surface and 
lie in a neighbourhood of C. 

We will now define the concept of geodesic curvature «, of a curve C ona 
surface S: x(u!, wu?) of class r > 2. We assume that C is given by a para- 
metric representation u! = u}(s), wu? = u?(s), where s is the arc length of C. 
Let P bean arbitrary point of C. We denote by C’” the orthogonal projection 
of C on the tangent plane E(P) to S at P, cf. Fig. 57. The geodesic curva- 
ture x, of C at P is defined as the curvature of the projected curve C” at 
P, taken with a suitable sign. The sign of «, is defined as follows: Suppose 
that the curvature of C’ at P is not zero. Then «x, has a positive sign if the 
centre of curvature of C’ at P lies in the direction of the unit vector 


(49.1) e= nxt, 


where n is the unit normal vector to S at P and t is the unit tangent vector 
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to C at P; «, has a negative sign if that centre of curvature lies in the 
direction opposite to the vector e. The sign of «, thus depends on the 
orientations of S and C. (In Fig. 57, «, is negative.) 
The name ‘geodesic curvature’ was introduced by Liouville (1850). 
According to (39.1) the normal curvature «x, of S at P in the direction of 


C is given by Ky = KO08y, 
where y is the angle between the unit normal vector n to S and the unit 


principal normal vector p to C at P. We now consider the cylinder Z 
which projects the curve C orthogonally on H(P). The generating lines of 





Fic. 57 


Z have the direction of n. The normal to Z at P has the direction of e. 
Z intersects E(P) orthogonally along C’. Hence the curvature of C’ at P 
which, by definition, is |«,| is the normal curvature of Z at P in the direction 
of the unit tangent vector t to C. In consequence of (39.1) we therefore have 
(49.2) |x,| = «siny. 
We may represent the curvature vector k = «xp of C at P as a sum of the 
normal curvature vector k, = x,n (cf. Section 39) and of the geodesic 
curvature vector 
(49.3) k, = «,e, 
(49.4) k= k,+k, = «,n+,e. 
If we take the scalar product of (49.4) and e, in consequence of (49.1) we find 
e-k=e-t=(nxt)-t= |tt nl=«, 

or 
(49.5) Ky = |x X DI. 

Clearly, in general, the geodesic curvature x, depends not only on the 
curve C but also on the surface S on which C lies, except for the case 
when t = X = 0, and therefore «x, = 0. Thus a circle C of radius r, 


g 
when considered as a great circle on a sphere, has x, = 0, since in this 
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case the vectors t, t, and n lie in a plane (through the centre of the sphere). 
If, however, C lies in a plane, then |«,| = « = I/r. 

There is a fundamental contrast between the normal curvature «x, and 
the geodesic curvature «,. While «, depends on both fundamental forms, 
x, depends on the first one only. 


Theorem 49.1. The geodesic curvature x, of a curve C on a surface S 
depends on the first fundamental form of S only (and also, of course, on C). 


Proof. We have to find a representation of «, in terms of functions of the 
coefficients g,, of the first fundamental form (of course, quantities which 
depend on the curve C will also occur in this representation). If we differ- 


entiate x = x, a" 


with respect to the ars length s of C we obtain 
i= Xg, way +x, HE. 
From this, by (45.14) we find 


(49.6) XXX = x, u*x [(Ip, “aa a*)x, +p, n wai). 
We have X,XX,=Vgn, xX,XX,= —vgn, 


ef. (34.1). Furthermore, since x, x Xx, = 0, nxn = 0, and n-n = 1, we 
finally obtain 
Kg = (XX X)om = vo(Tp, Peay + oii? Tp eeaiPaiy— iii) 
or 
(49.7) Ko = Vg{ Ty 1?(et*)8+ (21.2 — Th 17)()*t?— 
— (20 yq'— Ty2?)ei* (ut?) — Tag (?)3 + ha? — 10]. 

This completes the proof of Theorem 49.1. 

In (49.7) we may easily replace the arc length s by any allowable para- 
meter ¢. Denoting by primes the derivatives with respect to ¢ we have 

Wu? — Oi? = (ul'u?” —al"u2 YB, 


Analogously, all terms of (49.7) are multiplied by /3; we therefore have a 
common factor /° on the right-hand side of (49.7) and have just to replace 
the dots by primes. 
We apply (49.7) to the coordinate curves. On the curves u! = const 
we have ui! = 0 and ui? = 1/Vg,.. We thus obtain 
(49.8 a) (*g)u1 =const poe = oe 
Joo 


Analogously the geodesic curvature of the curves u? = const is given by 
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the expression 





Py 
(49.8 b) (Xg)ut const aon eet 
1i 
If, in particular, the coordinates u!, u? are orthogonal, by (47.8’): 
l ag 1 ag 
To} = ——— 2922, Bie ca 
. 291, Out "n 2920 Gu? 
and therefore in this case 
— 1 oe 1 9 aon 
(a) (X,) wi eonst as 2900911 oul ia N01 Fal | og Joo), _ 
(49.9) : % — (912 = 0). 
Sn ia eee a i CONN SS, a Gy, 
(6) (Ho) = const 9 Iu Gon Buz Von Fue | og N11) 


50. Geodesics. A curve C on a surface S is called a geodesic curve or 
geodesic if its geodesic curvature x, vanishes identically. 


Theorem 50.1. Straight lines on any surface are geodesics. A curve C of 
class r > 2, nota straight line, is a geodesic on a surface S uf and only if at each 
point of C at which the curvature x of C 1s not zero the unit normal vector n 
to S les in the osculating plane O of C. 


Proof. We use (49.2). At points of C at which « = 0, also x, = 0. At 
any other point we have: if n lies in O then n and p le in the same line 
and therefore x, vanishes, cf. (49.2). Conversely, if «, = 0 then, in conse- 
quence of (49.2), either « must vanish or y must have the values 0 or 27, 
that is, n must lie in the osculating plane O of C. 

Along an asymptotic curve A on a surface S the osculating planes of A 
and the tangent planes to S coincide, while at any point of a geodesic on S 
those planes are orthogonal to each other. Furthermore, at any point of an 
asymptotic curve A the normal curvature x, of the surface (in the direction 
of A) vanishes, while at any point of a geodesic its geodesic curvature x, 
is zero. In the case of an asymptotic curve we have |x,| = x, cf. (49.4). 

Let us now consider the differential equation of the geodesics, 

(50.1) k, = 0 
somewhat more in detail. Introducing in (49.7) u1 as parameter we have 
1 aye ou 
wn?—wu? — (duty? 
and (50.1) therefore takes the form 
au? du?\8 du?\? 
(50.2) Gat Ty" (=) = (Ta! —Tn (Fa) ais 


du? 
+(21).2—T},7) sit T;? = 0. 


(i) 
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This differential equation of second order is of the form 


d?u? du? 
ah? = aw, u, al 
If we assume that the representations of the surface S and of the curve on 


S under consideration are of class r > 3 then h is a function of class 
r—2 > 1, and (50.2) has exactly one solution satisfying certain given 
du? 


initial conditions 
_ (a 
dU haw  \dw fo 


This means that at any point P on a surface S there is exactly one geodesic 
passing through FP in a given direction. Furthermore, as will be seen in 
Section 53, there is exactly one geodesic through two given points of a 
(sufficiently small) portion of a surface. 

In the large the latter property is true for the plane, but not in general. 
Thus on a sphere there are infinitely many great circles through two dia- 
metrically opposite points. On a cylinder of revolution the generating 
straight lines, circles, and circular helices are geodesics. Consequently, for 
two given points P and Q, not on the same circle, there are infinitely many 
helices through P and Q. 

From (49.8) we immediately obtain 

Theorem 50.2. The coordinate curves u} = const and u? = const on a 
portion of a surface S: x(u}, u?) of class r > 2 are geodesics if and only if 

T= 0 and J,,?=9, 


u?(up) = UG, 





respectively. 

Example. In the representation (25.2) of the sphere 

X(u1, u?) = (rcosu*cos uw}, r cos u? sin u!, r sin u?) 
the coordinates wu}, u? are orthogonal. We have g,, = 1r?cos?u?, goo = 71, 
29oo/0u = 0; therefore I, = 0, cf. (47.8), that is, the curves «! = const 
are geodesics. Furthermore 
(50.3) 9 __ — 2r? cos u? sin u?. 
Ou? 

This expression vanishes if u2 = 0, that is, ,2 = 0 along the equator which 
is the only geodesic of the curves u? = const. (At the poles u? = +47 
and also I}, = 0 but (25.2) is not valid at these points.) 

Furthermore we see from (49.9) that the coordinate curves of orthogonal 


coordinates are geodesics if and only if g,, does not depend on wu? and go. 
does not depend on w?. 
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Finally we mention an important application of Theorem 50.1. Let us 
determine the torsion 7(s) of a geodesic G: x(s) (not a straight line) on a 
surface S: x(w},u?) in Euclidean space R,, where s denotes the arc length 
of G. According to Theorem 50.1 the principal normal of G and the normal 
of S coincide. If we choose a suitable orientation of the unit normal vector 
n of S we thus have p=n 


where p is the unit principal normal vector of G. Hence G has the unit 


binormal vector b=xxp=xxn 


By (15.1) we thus obtain 
(50.4) b = —rp = —mn = ¥X04XXN. 


Since X and n are parallel vectors the first of the two vector products 
vanishes. Hence 


(50.5) m= nxx. 
If we take the scalar product of (50.5) and n we thus find 
(50.6) += (|n h xj. 


Obviously this expression for the torsion of a geodesic G at a point P of S 
depends only on P and on the direction of the tangent to G at P. We may 
thus define: The geodesic torsion of a curve C on the surface S at a point P 
is the torsion of the geodesic through P which touches C at P. The geodesic 
torsion is thus given by (50.6) and will be denoted by 7,. 

From (50.6) and Theorem 45.1 we obtain 


Theorem 50.3. The geodesic torsion of a line of curvature vanishes 
wentically. 
Furthermore we have 


Theorem 50.4. If a geodesic G on a surface S is a line of curvature on 


S then Gisa plane curve. Every plane geodesic on a surface S is a line of curva- 
ture on S. 


A relation between the geodesic torsion 7, and the torsion 7 of a curve 
on a surface will be derived in Section 88. 


Problem 50.1. Determine the geodesics of the plane by means of 
(50.2). 


Problem 50.2. Prove that any circular helix C on a cylinder of revolu- 
tion S is a geodesic on S. 
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51. Arcs of minimum length. Let P, and P, be any two (fixed) points 
on a surface S: x(u!,u*) of class r > 2. We assume that there exists an 


arcofclass?>2 6. yw PY), ut = FAY), (, <t <t,) 
with endpoints P, and FP, such that C has minimum length among all arcs 
Ct: wl = F'r*(t), u? = F?*(t), (, <t <b) 


on S which join FP, and PB, and lie in a neighbourhood of C. We will prove 
that C must be an arc of a geodesic. We set 


(51.1) F*(t) = Fit)tevit), v(t) = (4) = 0, (= 1,2), 
where |e| is sufficiently small. Furthermore we assume that any function 
of ¢ occurring is of class r* > 2. According to (35.1) C has the length 
ty 
3(C) = | h(F}, F2, FY, F*’) dt, 
3) 


where 
(51.2) h = \(Gag Fo’ FP’); 


primes denote derivatives with respect to ¢. C'* has the length 
ta 
s(C*) = s(e) = f h( Fl, F2*, Pe P2*'y de. 
ty 


We have s(0) = s(C). In order that s(e) have an extreme value for « = 0 


we must necessarily have g = 0. Now 
€le=0 


& — oh cin oh oF’ dt 
OFt* Ge + ope de 


and therefore, in consequence of (51.1), 

oh of 
E - | (Ge +o vt) de. 
Integration by parts yields 


ah oh u - 
. ore” a arr” 


ds 
de 





ts 
d [ oh 
- afer) a 





th 


§ SI) GEODESIC CURVATURE AND GEODESICS 161 


Since v*(t,) = v(t.) = 0 the first term on the right-hand side vanishes. 


We thus obtain bs 
= i oh ad oh_ vy dt 
cop LORY ator” 


Since Cis assumed to have minimum length compared with all neighbouring 
arcs, that is, since the preceding integral must vanish for any pair of func- 
tions v' which vanish at ¢, and t,, we must have 
oh d[ oh : 

(51.3) ar aAer) — 0, (i = 1,2) 
where his defined by (51.2). Equations (51.3) are called the Huler-Lagrange 
equations of the variational problem under consideration. These equations 
must necessarily be satisfied in order that C: ut = F\(t), u* = F(t), com- 
pared with any above arc C* in a neighbourhood of C, has minimum 
length. 

We will now insert the function / into (51.3); instead of F"(¢) we may 
simply write u*(¢). We have 


ds 
de 





oh 1 Gye y’,,0! I ve PTT 
eee = —— uu 
out 2 gaguub’) Guz Ss” Ou 
oh 29.» I 


= Bu! = 2 gag wu) — 3 %e 


d oh 8” yp? ] og y , , ” 
Therefore iter) = — 73 Iuv ¥ +5(38 wrUr +9yy ee” ) 


(51.3) thus takes the form 


1 2g, v4n,0! 
2 Out 


Using (47.3), (47.4) and 


s” rs) 
Inve — ae wu?’ — guy ur” = 0. 


ou 
we obtain from this 


og ',,0° I og, tot 0g, t..af 
Pru” ue = 5(seru un’ oe uw 


s” py t..q¢ pr __ 
; uy U —Tyg, ur’ur’—g,, ur” = 0. 
Taking the inner product of this expression and g#7 we have 


(51.4) <u" — Tyg"? u — ur” = 0. 
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If we introduce the arc length s of C as parameter then, since § = 1 and 
§ = 0, the Euler-Lagrange equations (51.3) take the form 
(51.5) w+ ui? = 0, (r = 1,2). 
We will prove that (51.5) is equivalent to 
ky = |k X n| = 0, 

cf. (49.5). We have 
(51.6) x= X,W’, X= x [I w?+ a7] + nb, wu’, 
cf. (49.6). Because of (51.5) the expression in brackets [...] vanishes, that is, 
X and n are collinear. Consequently, |x X n| = 0. We prove the con- 
verse, starting from the assumption |x X n| = 0. Since X and X as well as 
x and n are linearly independent that determinant vanishes if and only if 
X and n are linearly dependent, that is, in (51.6) the expression in brackets 
[...] must vanish. Consequently (51.5) must hold. 

We sum up our result: 


Theorem 51.1. In order that an arc C of class r>2 on a surface 
S: x(ul, u?) with end points P, and P, have minimum length among all 
neighbouring arcs on S which join P, and P,, C must necessarily satisfy the 
Euler-Lagrange equations (51.5). These equations are satisfied af and only rf 
C 2 an arc of a geodesic on S. 

In the case of a plane the condition that C be an arc of a geodesic is also 
sufficient; indeed, in this case straight lines are the only geodesics, and any 
segment FP, PF, is the arc of minimum length joining its end points P, and P,. 

The fact that the above condition cannot be sufficient in the case of any 
surface may be illustrated, for instance, on a sphere S. There is exactly one 
great circle G on S passing through two given points, P, and P, not dia- 
metrically opposite. But at most one of the two arcs of G with end points 
P, and P, can be an arc of minimum length joining P, and P,. A sufficient 
condition for an arc C to be an arc of minimum length will be stated in the 
following section. 


Problem 51.1. Determine the solution of the first of the differential 
equations (51.5) in the case of a surface of revolution S and prove that the 
meridians of S are always geodesics. 


52. Geodesic parallel coordinates. A one-parameter family of 
geodesics on a surface S is said to be a field of geodesics in a portion S’ of S 
if through every point of S’ there passes (just once) exactly one of those 
geodesics. The name ‘field of geodesics’ was introduced by Weierstrass. 
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For example, a family of parallel straight lines is a field of geodesics in a 
plane. A pencil of straight lines through a point P of a plane £ is a field of 
geodesics in any portion of EF which does not contain P. There does not 
exist a field of geodesics on the whole sphere since any two geodesics (great 
circles) intersect each other. The generating straight lines of a cylinder Z 
constitute a field of geodesics on Z. 

We may introduce coordinates u1*, w?* on a sufficiently small portion S 
of a surface in the following manner: We choose a field of geodesics on S as 
coordinate curves u?* = const. and their orthogonal trajectories as co- 
ordinate curves u!* = const. These orthogonal coordinates are called 
geodesic parallel coordinates. (That we obtain an allowable coordinate system 
on S by the above procedure will be seen in connexion with Theorem 52.1.) 

Since the coordinates u1*, u2* are orthogonal we have gf, = 0. Since 
the curves u?* = const. are geodesics (x, = 0), in consequence of (49.9 b) 
we have dg7,/du2* = 0, that is, gj, depends on w!* only. We set 


wie 


ui = | N(97;) du*, uw? = u?*. 
0 


This transformation leaves the curves u?* = const. unchanged and there- 
fore also their orthogonal trajectories; of course the corresponding values 
ui* = const. will be transformed into other values u! = const. The first 
fundamental form corresponding to the coordinates u!, u? is given by the 
expression 


(52.1) ds? = (du!)?+-g,.(w1, w?)(du?)?, 

which is characteristic for geodesic coordinates. Since in this case g,.. = g, 
we may write simply 

(52.1’) ds? = (du!)?+ g(du?)?. 


If the first fundamental form is given by (52.1) the formula for the 
Gaussian curvature becomes very simple; we then obtain from (46.17) 


1 avg l rey ) 1 ag 
52.2 K = —-—_ = 7 (5) -5- oan 
(52.2) ~ NGag (204)? 4(9a0)*\ Ou? 29o2 (But)? 


Or, SINCE Joo = J, ' 
1 d°Ng 
(52.2’) K=— Jo (ean) 
(52.2) is advantageous, for instance, for the study of surfaces of constant 
Gaussian curvature, cf. Section 90, and other purposes. 
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From (52.1) we obtain the following 


Theorem 52.1 (Gauss). Let C be any curve on a surface S of class 
r > 3. When (sufficiently small) equal lengths are measured from C along the 
geodesics which intersect C orthogonally the locus of their end points is an ortho- 
gonal trajectory C* of those geodesics. 


Proof. The condition ‘sufficiently small’ means that we consider the 
above geodesics only in a neighbourhood U of C where they form a field. 
The existence of such a neighbourhood is an immediate consequence of the 
fact that the geodesics satisfy the differential equation occurring in the 
preceding two sections. If we take on S coordinates wu}, u? so that the above 
geodesics are the curves wu? = const. and their orthogonal trajectories, 
one of which is C, are the curves wu! = const. then, in consequence of (52.1), 
the geodesic arcs between any two trajectories, say u} = c, and wu! = ¢,, 
have the length 


Ca 
C1 


Since this length is independent of u? the arcs of all those geodesics between 
any two of their orthogonal trajectories have the same length. This com- 
pletes the proof. 

The curves C* defined in Theorem 52.1 are called geodesic parallels of C. 

In consequence of Theorem 52.1 we may introduce geodesic parallel 
coordinates u1*, u?* on a surface S as follows. We choose an arbitrary 
simple curve C on S to be the coordinate curve u!* = 0; we take the geo- 
desics orthogonal to C as coordinate curves u?* = const, and finally the 
geodesic parallels to C as curves u!* = const. The coordinates thus 
obtained are allowable in the neighbourhood U of C mentioned in the 
proof of Theorem 52.1. 

We are now able to state a sufficient condition which a geodesic arc G 
must satisfy in order that G be the arc of minimum length between two 
given points on a surface. 


Theorem 52.2. Let G be a geodesic arc ona surface S with end points P, 
and P,. If we can choose a geodesic field F on S so that G becomes an arc of 
this field, and 18 the only geodesic arc in F joining P, and P,, then G is the arc 
of minimum length joining P, and P,, compared with any other arc which lies 
entirely in the field F and joins P, and P,. 

Proof. We assume that geodesic parallel coordinates u1, u? have been 
introduced on S so that @ is given by wu? = uz = const. An arbitrary 
arc x(w'(t), u2(t)) (ty < ¢ < t,) which joins A and FP, and lies entirely in the 
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ts tl 
$= | ur’)? + goo(u?’)} dt > [ oY dt = why —uby; 
ty dt, 
in this expression the equality sign holds if and only if g,.(u?’)? = 0, that is, 


SINCE Joo > 0, if du? = 0. Then u? = const., and the joining arc is a portion 
G. Cf. Fig. 58. 


—— 
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Example. Two points P, and P, on a sphere, not diametrically opposite, 
determine a great circle G and divide G into two arcs. The shorter of these 
arcs can be embedded in a geodesic field and is therefore the arc of minimum 
length between P, and P, while the longer of those arcs of G cannot be 
embedded in a geodesic field, cf. Fig. 59. 


53. Geodesic polar coordinates. In the preceding section we con- 
sidered geodesic parallel coordinates which are a generalization of ortho- 
gonal parallel coordinates in a plane. We will now define geodesic polar 
coordinates which are a generalization of plane polar coordinates. 

Through an arbitrary point P of a surface S of class r > 3 there passes 
exactly one geodesic in every direction. We will prove that those geodesics 
constitute a geodesic field in U—P, where U is a sufficiently small neigh- 
bourhood of P. For this purpose we introduce on S coordinates t#!, a? with 
origin at P so that §,g = 5,g at P. Let 

a* = h%(s; c4, c?), (x = 1,2), 
be the solution of the differential equations (51.5) which satisfies the con- 
ouon (0) =0, (0) = c%, (a = 1,2). 
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Depending on the choice of c!, c? we obtain one of the geodesics through P, 
and P always corresponds to s = 0. If we set c! = coswu?, c? = sin uv? then 
u? is the angle between that geodesic and the curve uz? = 0 at P, we have 
(c1)?-+- (c?)? = 1, and s is the arc length of that geodesic. We will prove that 
for any values of c! and c* the solution h%(s; c!,c?) of (51.5) can be repre- 
sented in the form ¢%(sc', sc”) (a = 1, 2). The transformation s = kt leaves 
the form of (51.5) unaffected. Hence if h%(s; c!, c?) is a solution of (51.5), 
h*(t; €1, €?) is also a solution of (51.5). Since 


ay 
ot Os 
97 OL 
or OU) oz aceap. (k + 0, « = 1,2), 
ot 
t=0 
we have h*(s; cl, c?) = h(t; clk, c?k). 


In particular for t = 1 we have 
h«(k; c}, c?) = h%(1; ck, c?k) 
or, if we replace k by s, 
h*(s; cl,c?) = h%(1; cls, c2s). 
We set h*(1; cls, c?s) = d%(v!, v?), (x = 1,2) 
where v* = c%s. By means of the transformation 
UX = $%(v!, v?), (ae=1;-2) 


we now introduce v!, v? as coordinates on S. This transformation is allow- 
able in a (sufficiently small) neighbourhood U of P. Indeed, we have 


ce = u*(0) = (| 
as s=0 
and, on the other hand, 


oh = OG* Ovr = Og* oy ; 
ds 8=0 GuY as vi=vnI=0 dvY vi=r*=0 


hence, by comparison, oP = 6%, 

dvy vi=yi=0 : 
Therefore at P the Jacobian J of the transformation has the value 1 and 
since J is continuous it cannot vanish in a certain neighbourhood U of P. 
Furthermore the coefficients gig and 9, of the first fundamental forms 
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corresponding to v!, v2 and i, %, respectively, have at P the same values, 
gap(0, 0) = dug. 

vi, v2 are called Riemann normal coordinates. The geodesics through P 
have the representation v* = c%s; we now assume that (c1)?+-(c?)? = 
then s is the arc length of those geodesics. The values of s, c}, and c* corre- 
sponding to a given point Q: (v!, v?) + (0, 0) of U are uniquely determined, 
that is, there exists exactly one geodesic joining Q and P. Hence the geo- 
desics under consideration constitute a geodesic field in U—P. 

If we write (51.5) using the coordinates v!, v? and insert v* = c%s then, 

since o* = c* and i* = 0, we obtain 

Fy eve? = 0, (r = I, 2). 
Since at P these equations must be satisfied for all values of c* all Christoffel 
symbols Ty," vanish at P; hence all partial derivatives @g¢,/0u” vanish 
also at P. 

We set vi = ul cos u?, vo? = usin u?. 

The coordinates wu}, u? thus defined are called 
geodesic polar coordinates on S with centre at P, 
cf. Fig. 60. Since v!, v? are allowable in U and 
the preceding transformation is allowable in 
U—P the coordinates wu}, u? are allowable in 
U—P. 

The coordinate curves u* = const. are the 
geodesics through P. The corresponding first 
fundamental form is given by (52.1), and the curves u! = const. are the 
orthogonal trajectories to the curves u* = const.; this can be seen in a 
similar manner as in the case of geodesic parallel] coordinates. The curves 
au = const. are called geodesic circles; the corresponding value of «is called 
the radius of such a circle. 

In consequence of (52.1) we have g,, = 1 and g,, = 0. For later pur- 
poses it is necessary to investigate the behaviour of g,, at P. We have 
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dv! = cos u* du!—w! sin u? du?, dv* = sin u? du}+-u} cos u2 du?. 
If we insert these expressions into the first fundamental form g%, du* du? 
we find that (dw?)* has the coefficient 
Joo = (u1)?(g7, sin?2u?— 297, sin u? cos u?-+-g3. cos?u*). 
Since the first partial derivatives of g%g vanish at P, cf. above, we obtain 
from this 


(53.1) lim gop = 0, lim OND op 
uO 


= |], 
19 Cul 
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: 02g 
From (52.2): Guly? = — KNgo0 
PF VGo ONGe, OK 
we have Gulp = —K GPa 
. 
and therefore iim ot — — lim K = —K,. 
Since 
1\2 /A2 
N{Jo2(w4, u?)} = /{922(0, uz) 4 yl (O28) 7 ete) +... 
we thus obtain =~ ue 
1\3 
(53.2) N9oo = Aol. 
or 
1\4 
(53.3) don = (uryp— AO 


where dots denote functions of w!, x? which vanish at P of higher than third 
or fourth order, respectively. 

Because of (52.2) the length S of a geodesic circle is thus given by the 
expression on 


S = | ee du? = nrg — 99 (08)?4 0. 
0 


From this the formula of Puiseux and Bertrand (1848) for the Gaussian 
curvature K, at the centre P of the geodesic polar coordinate system, 


. 3(2ud2r—S) 
53.4 = poh ans Mae 
— woe me Cae 
follows. 
In consequence of (52.1) and (53.3) the Christoffel symbols with respect 


to geodesic polar coordinates vanish at the centre P, cf. (47.7) and (47.8). 


Problem 53.1. Find a representation x(u!, u*) of the sphere where 
ui, u? are geodesic polar coordinates. 


54. Theorem of Gauss—Bonnet. Integral curvature. The Gauss- 
Bonnet theorem is one of the most important theorems of the theory of 
surfaces. It was first published by O. Bonnet (1819-92) in 1848, cf. Bonnet 
[1], but it was probably already known to Gauss. This theorem is an 
example of differential geometry in the large, cf. Section 2. Moreover, it is 
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analogous to Green’s theorem and can be obtained from this theorem, cf. 
for example, G. Darboux [1, vol. 3]. 


The integral f KdA 
Ss 


occurring in the Gauss—Bonnet theorem is called the integral curvature of the 
portion S of a surface under consideration. 


Theorem 54.1 (Gauss—Bonnet). Let S bea simply connected portion of a 
surface for which a representation x(u}, u*) of class r > 3 exists and whose 
boundary C is a simple closed curve which has a representation x(u}(s), u?(s)) 
of class r* > 2, where s is the arc length of C. Let x, be the geodesic curvature 
of C and let K be the Gaussian curvature of S. Then 


(54.1) J« ds-+ ie = 2n, 


where dA is the element of area of S; the integration along C has to be carried 
out in such a sense that S stays on the left side. 


Proof. We introduce on S allowable orthogonal coordinates uw}, wu? in 
the following way: Let P be an arbitrary point of S, and let C, be a suffi- 
ciently small geodesic circle with centre at P. Then we assume: w!, w? are 
geodesic polar coordinates in the interior of C, (cf. Section 53); the curve C 
is given by wu = 1, and on C the coordinate wu? is equal to the arc length s. 

The existence of such a coordinate system may be proved as follows. In 
Section 62 we shall see that under the above assumptions S can be mapped 
conformally into a plane HZ. Let S*, C*, and C% be the images of S, C, and 
Cy, respectively, in #. As is known from the theory of complex analytic 
functions, the portion of S* bounded by C* and Co can be mapped 
conformally onto a plane ring bounded by two concentric circles. The 
circles concentric to these bounding circles correspond to a family of closed 
curves in S* which cover S* schlicht. The inverse images of these curves 
and their orthogonal trajectories on S, together with the geodesic circles 
in the interior of C, and their orthogonal geodesics through P, form the 
coordinate curves of the coordinates w!, u*. According to (49.9a) the 
geodesic curvature x, of C is then given by the expression 


ee a 
(911922) Out 
Since u? = s on C we have g,.. = 1 on C. We thus obtain from (54.2) 


= 1 agen 1 5 
(54.3) [ xoae— | [Sle aw. 
Cc Cc 


(54.2) K,(C) 
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Let S, be the domain bounded by Cy. From (46.17’) we find 


a i sal 2) 1772 
{| Kad = || Kvgautiw = ff E ee pt) | aur 
S-So S—So S-So 


= 9 1 OvG1 Idy2 = J. 
{| Fates Fat \]a du? = J+J. 
Ss, 


The integration with respect to u* has to be carried out along closed curves ; 
hence J, = 0, and we therefore have 


_ 1 8Vgoo 7» 1 ONGoo re 
[| *e4- oe du} wt | oe 


S—So 











hence, in consequence of (54.3), 


(54.4) [nods | [ Kaa = ii = <9 = : 258 cy 2, 
- Co+P gy, Ou 


Cc 





Since the integrals on the left-hand side of (54.4) exist the limit on the right- 
hand side also exists. In C, according to (52.1) g,, = 1 and according to 


(53.1) Jinn 2VOos 3 “es _ 
u>0 
and (54.4) therefore becomes identical with (54.1). 

The Gauss-Bonnet theorem can also be formulated for a simply- 
connected portion of a surface which is bounded by finitely many arcs so 
that at the end points the tangents to those arcs have different directions, 
that is, the boundary C may have cusps. In a neighbourhood of any cusp 
E we replace C by an arc C, of a geodesic circle of radius r (cf. Section 53) 
whose tangents at the end points A, B coincide with that of C, cf. Fig. 61, 
p. 171. We then let r-> 0. We have 


= l, 


e e ] 
lim | k, do = lim | -rdf6 = « 
r0 r—0 r 

¢ Cr 


where do is the linear element of C, and C, is an arc of a circle of radius r; 
the angle « (—7 < a < 7) is the directed angle of rotation of the tangent 
to Cat EH. Nowif C has the cusps £,, F,,..., EZ, with corresponding interior 
angles 8, = 7—a,(v = 1, 2,..., n), cf. Fig. 62, then instead of (54.1) we have 


(54.5) | ky ds+ > a,+ f {Kdd = 2n 
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or, replacing a, by 7—B,, 
(54.6) (n—2)r+ [ Ky ds+ f {Kaa= > By 
Cc S Ore 
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A portion of a surface bounded by a simple connected broken line C of 
geodesic arcs is called a geodesic polygon. In this case we obtain from (54.6) 


(54.7) > B, = (n—2)r+ i [ Kaa, 


where 7 is the number of cusps of C. 
If in particular the Gaussian curvature K (+ 0) is constant, the area of 
the geodesic polygon S becomes 


(54.8) A(S) = z( 2,Pe—(n—2)2). 


If K = 0 we obtain from (54.7) the well-known formula for the sum of the 
angles of an n-sided polygon in a plane. In the case n = 3 we find from 
(54.7): If at every point of a geodesic triangle the Gaussian curvature is 
positive the sum of the angles of that triangle is greater than 7. (Example: 
geodesic triangles on a sphere.) If at every point of a geodesic triangle 
K < 0 the sum of the angles is less than 7. (Hzample: geodesic triangles 
on a pseudosphere, cf. Section 93.) The deviation of the sum of the angles 
of a geodesic triangle from the value 7z is called its excess. According to 
(54.7) the excess is equal to the integral curvature of the triangle. 

If we set n = 0 we obtain from (54.7) 


Theorem 54.2. On a surface S of class r >3 for which the Gaussian 
curvature K < 0 everywhere there do not exist closed geodesics such that just 
one of them constitutes the entire boundary of a bounded portion of S. 


Example. A plané gives the simplest illustration of Theorem 54.2. 
Another example is the cylinder of revolution: The parallels are closed 
geodesics (circles) on the cylinder, but a single one of those geodesicsis not 
the entire boundary of a bounded portion of the cylinder. 
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Since multiply connected pieces of surfaces can be cut so that they be- 
come simply connected, cf. Fig. 63, we may easily formulate the Gauss— 
Bonnet theorem for such pieces. The path of integration of the integral 
f x, ds has to be chosen as shown by the arrows (Fig. 63). Every section 


C3 
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S,, S,,... 18 passed twice, once in each of the two directions. Hence the 
integrals along those sections do not contribute to the above integral, but at 
the end points of each of those sections the tangent makes four rotations 
through an angle 47; from each section we thus have the contribution 27. 


Problem 54.1. Apply the Gauss-Bonnet theorem to a plane circular 
ring. 


55. Application of the Gauss—Bonnet theorem to closed surfaces. 
An important result of topology of surfaces is the theorem that any closed 
orientable surface (cf. Section 34) is homeomorphic (cf. Section 3) to one of 
the oo! ‘normal types’ of closed orientable surfaces; these types can be 
obtained from a sphere by attaching 0, 1.,..., p,... ‘handles’, respectively, 
cf. Fig. 66. The number 7 is called the genus of the surface. Any closed 
surface of genus 0 or 1 is homeomorphic to a sphere or a torus (cf. Section 43), 
respectively. 

It is most remarkable that the integral curvature of a closed orientable 
surface of class r > 3 is completely independent of its particular shape but 
depends on its genus only. We have 


Theorem 55.1. <Any closed orientable surface S of genus p for which a 
representation of class r > 3 exists has the integral curvature 


(55.1) {f K dA = 4n(1—?). 
S 


In particular the integral curvature of the torus vanishes. 
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p=s 
Fia. 67 


Fias. 64-67. Normal types of closed orientable surfaces of genus p = 0 (Fig. 64), 
p = | (Fig. 65), p = 2 (Fig. 66), and p = 3 (Fig. 67). 


Proof. (a) p = 0: We cut S into two pieces S, and S, in such a manner 
that the section C is a curve of the type indicated in Theorem 54.1. Then 


(55.2) [ xodst+ [[ KdA = 2z, (¢ = 1,2). 
C St 
Obviously the sense of integration along C in the case of S, is opposite to 
that in the case of S,. By adding the two equations (55.2) we thus obtain 
[{ Ka4 = 4z. 
Ss 
(b) p > 1: We choose any point P on the surface and cut the surface by 


means of 2p cuts starting from P and returning to P in such a manner that 
we obtain a simply connected surface and that at P the angle between 
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neighbouring cuts is equal to 27/4. Since each cut serves twice as path of 
integration, once in each direction, the integrals f K, a8 along the cuts do 
not contribute, but we have contributions from each of the 4p rotations 
of the tangent which takes place if at P we proceed from one cut to the next; 
on each of these occasions the tangent is rotated through an angle 
2a ( l 
r—— = nll — e 
4p 2p 
Therefore, according to the Gauss—Bonnet theorem, 


] 
aes = 
tpn| alt ff K dA = 2n 
s 
This completes the proof. 


Problem 55.1. Determine the integral curvature of a sphere and of a 
torus by direct computation. 





VI 
MAPPINGS 


56. Preliminaries. The concept of a mapping was introduced in Section 3. 
Let us now consider a one-to-one mapping 


(56.1) “* = h*(u}, u?), (x = 1, 2), 


of a portion S of a surface with coordinates w}, w? onto a portion S* of a 
surface with coordinates #1, i?. The mapping (56.1) is said to be an allowable 
mapping if the functions h* are of class r (> 1) and if the corresponding 
Jacobian does not vanish. 

We may introduce on S* new coordinates w!*, u?* by using the mapping 
functions h* for a coordinate transformation 


(56.2) a = hi(ul*, u2*), a? = h?(u'*, u*). 


Then the mapping of S onto S* takes the simple form 

ult = yl}, u2* = y?, 
that is, the values of the coordinates of any image point are the same as those 
of the corresponding inverse image point. We may briefly say that ‘the 
coordinate systems on S and S* are the same’. In other words, the transforma- 
tion (56.2) introduces the coordinate system on S as coordinate system 
on S*. 

Mappings of surfaces were first considered a long time ago, particularly in 
connexion with the problem of constructing maps of the globe for nautical 
or other purposes. Problems of that kind provided the impetus for much of 
the development of differential geometry. Several mapping problems were 
first solved empirically and the mathematical foundation for them was not 
developed until much later, cf. the remarks on the Mercator projection in 
Section 65. The whole development started with the investigation of special 
mapping problems by Jakob Bernoulli (1654-1705), Johann Bernoulli 
(1667-1748), Euler (1707-83), Lagrange (1736-1813), Monge (1746-1818), 
and others. But the development of a systematic theory of mapping is 
generally considered to have started with the publication of Gauss’s paper 
on conformal mapping. 

Of particular theoretical (and practical) interest are mappings which 
preserve certain geometric properties. The most important type is the 
isometric or length-preserving mapping which preserves the lengths of 
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every arc on a surface to be mapped. Further types which we will consider 
are the conformal or angle-preserving mappings which preserve the angle 
between every pair of intersecting curves on a surface, and the equiareal 
mappings which preserve the area of any portion of the surface to be 
mapped. 


57. Isometric mapping. Bending. Concept of intrinsic geometry 
of a surface. An allowable mapping of a portion S of a surface onto a 
portion S* of a surface is said to be tsometric or length-preserving if the 
length of any arc on S* is the same as that of its inverse image on S. 


Necessary and sufficient conditions for a mapping to be isometric are as 
follows: 


Theorem 57.1. An allowable mapping of a portion S of a surface onto 
a portion S* of a surface is isometric if and only if at corresponding points of 
‘S and S*, when referred to the same coordinate systems on S and S* (ef. 
Section 56), the coefficients of the first fundamental forms on S and S* are the 
same, Jug = 92g (a = 1, 2,8 = 1, 2). 

Proof. Let u}, u? and u1*, u?* be the coordinates on S and S*, respectively. 


Since those coordinate systems are assumed to be the same the mapping is 
given by u** = uw*,a4=— 1, 2. If 


ut = h(t), O<t<h, (a = 1,2), 
is an arbitrary arc C on S then its image C* can be represented in the form 
uxt = At), O<t<h, (« = 1,2), 


where h%(t) are the same functions as before. An are OC: u* = hit), 
0 <t <4, of C has the length 


to 
8(f) = | Vag he’hP’) dt, (0<t <4) 
0 


and the corresponding image has the length 
to 
$* (to) = { V(ghghe’hP’) dt, 
0 


where primes indicate derivatives with respect to ¢. If for every point P 
of S and its image P* of S* we always have 9,3 = gag (« = 1, 2, B = 1, 2), 
then s(t) = 8*(t)). Conversely, in order that s(t,) = 8*(é)) hold for every 
value of tj, 0 < ty) < 2,, the integrands of the above integrals must be equal. 
In order that any arc on S* have the same length as that of its inverse image 
on S the integrands must be equal for any pair of functions h(é), h(é) 
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whatsoever. Consequently 9.3 = gag (a = 1, 2, 8 = 1, 2) must hold. This 
completes the proof. 

Two surfaces (or portions of surfaces) which can be mapped isometrically 
onto each other are said to be tsometric. 


Example. The cylinder S: x(u}, u?) = (cos wu}, sin wu}, u?) can be mapped 
isometrically onto a strip of the plane x(u}*, u2*) = (u!*, w?*,0); the 
mapping is given by 

u* = y}, ur* = 42, (0< ul < 27). 
Since 9,, = 97, = 1, 912 = Jie = 9; Goo = Jaq = 1 the mapping is isometric. 
It may be visually accomplished by cutting the cylinder along the gene- 
rating line u1 = 0 and then bending it until it covers the strip 0 < ul < 27 
of the plane. 

We now state the following important 


Theorem 57.2. Isometric surfaces have the same Gaussian curvature at 
corresponding points. Corresponding curves on those surfaces have the same 
geodesic curvature at corresponding points. 


Proof. According to the theorema egregium (‘Theorem 46.1) the Gaussian 
curvature depends on the coefficients of the first fundamental form only; 
those coefficients are invariant under an isometric mapping, cf. Theorem 
57.1. The statement on the geodesic curvature follows similarly from 
Theorem 49.1. 

In consequence of Theorem 57.2 isometric surfaces must necessarily have 
the same Gaussian curvature at corresponding points. But this condition 
is, in general, not sufficient. It is sufficient in the case of surfaces of constant 
Gaussian curvature; for details see Section 91. 

Furthermore we note 


Theorem 57.3. Let C be an arc of minimum length joining any two 
points P, and P, ona surface S. If Sis mapped isometrically onto a surface 
S* the image C* of Cis an arc of minimum length joining the umage points 
Py and Pi of P, and P,. 

Proof. If C* were not an arc of minimum length between Pf and PZ then 
in a neighbourhood of C* there would be an arc shorter than C*; the inverse 
image of that arc would lie in a neighbourhood of C and would be shorter 
than C since the mapping is isometric. This contradicts our assumption 
on C. 

We will now explain the fundamental geometric significance of isometric 
mappings and introduce some concepts related to our previous considera- 
tions. 
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A continuous deformation of a surface (or of a portion of it) is called a 
bending if this deformation preserves the length of every arc on the surface. 
Surfaces which cannot be bent are said to be rigid. An example of a bending 
is illustrated by drawings in Section 81. 

Surfaces which can be transformed into each other by bending are also 
called applicable. Of course, applicable surfaces are also isometric, since 
bending is length-preserving, by definition. 

The concepts ‘applicable’ and ‘isometric’ are normally used in the same 
sense. But applicability is not an immediate consequence of isometry; we 
mention some results concerning local considerations without proof. In the 
case of surfaces of vanishing Gaussian curvature the two concepts are 
identical. Isometric surfaces of negative Gaussian curvature are applicable 
provided certain conditions of differentiability are satisfied. Analytical 
isometric surfaces of positive Gaussian curvature either are applicable to 
each other or one of them is applicable to the image of the other obtained by 
a reflection in a point or a plane. 

Properties which remain unchanged under a bending are called bending 
invariants. Obviously a property is a bending invariant if it depends on 
the first fundamental form only, since this form remains unchanged under 
bending. Examples of bending invariants are the Gaussian and the geodesic 
curvature; counter-examples are the mean curvature and the normal 
curvature, since the latter two quantities also depend on the second funda- 
mental form of a surface. 

It is of basic importance that there is no difference in the measurement of 
lengths, angles, and areas on isometric surfaces, although the surfaces, when 
considered from the embedding space, may have an entirely different 
geometric shape. 

In order to characterize this fact more precisely we call entrinsic or 
absolute properties of a surface all those which depend on the first funda- 
mental form only but are independent of the second fundamental form. 
The totality of the intrinsic properties is said to constitute the intrinsic 
geometry of a surface. 

Isometric surfaces have the same intrinsic geometry. Examples were 
considered in the preceding chapter, further ones will follow. 

Plane and cylinder furnish a simple particular example. Portions of the 
latter are applicable to the plane. Consequently those surfaces have locally 
the same intrinsic properties and therefore the same local intrinsic geometry. 
But the global intrinsic geometries of those surfaces differ essentially from 
each other. For instance, there is exactly one geodesic (a straight line) 
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through two given points of the plane, but there are, in general, infinitely 
many geodesics through two points of a cylinder, cf. Section 50. 

We recall that we have obtained the first fundamental form of a surface 
by means of the metric of the embedding Euclidean space. In this sense the 
metric of the space ‘induces’ a metric on a surface. But if the analytic 
formulae of the length, angle, and area in terms of the coefficients 9, of the 
first fundamental form have been derived (cf. Sections 35 and 36) then, a 
metric tensor being given, one may use these formulae without considering 
the surface to be embedded in a space; the embedding becomes unessential. 

The problem of finding all surfaces applicable to a given one was first 
investigated by Gauss and then later by Bour [1], and is known as the 
problem of Bour. Cf. also the important contributions to this problem by 
Bonnet [3] and Codazzi [2]. In the following we will consider the problem 
of Bour for the special case of surfaces of vanishing Gaussian curvature, 
that is, we will determine all surfaces applicable to a plane. 

We finally mention 


Theorem 57.4 (Bour). For every right helicoid S there exist surfaces of 
revolution which can be mapped isometrically onto S. 


The following problem is called after Minding [1]. Given two surfaces 
with given first fundamental forms, to find whether there exists an iso- 
metric mapping of the one surface onto the other. 


Problem 57.1. Prove Theorem 57.4. 


58. Ruled surfaces, developable surfaces. The problem of finding 
surfaces isometric to a plane is of special importance. We will prove in 
Section 59 that a surface can be brought into isometric correspondence 
with a plane if and only if it is a developable surface. As a preparation for 
this we now introduce the concept of a ruled surface and of a developable 
surface. 

A surface is called a ruled surface if it contains (at least) one one-parameter 
family of straight lines which can be chosen as coordinate curves on the 
surface. These straight lines are called generators of the ruled surface. 

Consequently a ruled surface may be generated by a continuous motion 
of a straight line in space. Such a motion is completely determined if the 
path y(s) (with arc length s) of a point of the moving line is given and also 
the direction of the line for every value of s, for example, by a unit vector 
z(s). A ruled surface may therefore be represented in the form 


(58.1) X(s,t) = y(s)+#2z(s), (yxz #0). 


180 MAPPINGS (§ 58 


Obviously the coordinate ¢ is the (directed) distance of the points of this 
surface from the curve y(s), measured along the corresponding generator. 

Remark: In order that (58.1) represent a surface the vectors x, = @x/ds 
and x, = 0x/et must be linearly independent for every value of s. The 
curve y(s) is known as the directrix of the ruled surface. Clearly one may 
choose as directrix any curve on the surface which intersects every gene- 
rator exactly once and at an angle different from zero; s may also be 
replaced by any other allowable parameter of the directrix. If the unit 
vector z undergoes a translation and becomes bound at the origin O of the 
Cartesian coordinate system in space then it generates a curve on the unit 
sphere with centre O. This curve is called the spherical indicatriz of the 
ruled surface. Obviously the spherical indicatrix depends on the geometric 
shape of the ruled surface only but is independent of the special choice of 
the directrix. It may therefore sometimes be advantageous to choose 
the arc length of the spherical indicatrix as one of the coordinates on the 
ruled surface. But in doing so we exclude cylinders since for these surfaces 
the vector z is constant and the spherical indicatrix therefore degenerates 
into a point. 

Depending on the choice of the vectors y and z one may obtain different 
types of ruled surfaces; let us mention some examples: 

If z = Z, is a constant vector we have a cylinder. If 

_. “oY 
lCo—y| 

then the ruled surface (58.1) is a cone with apex at the point c,. To every 
twisted curve of class r > 2 with positive curvature we can associate three 
ruled surfaces by taking for z the unit tangent vector t, the unit principal 
normal vector p, and the unit binormal vector b, respectively. In this 
manner we obtain the ‘tangent surface’ 





(58.1') x(s,t) = y(s)+#t(s), 
the ‘principal normal surface’ 

(58.1) x(s,t) = y(s)+tp(s), 
and the ‘binormal surface’ 

(58.1) x(s,¢) = y(s)+tb(s) 


respectively, of the curve y(s). 

Other ruled surfaces are the right conoid (cf. Problem 28.2), the hyper- 
bolic paraboloid at 22 - 
a BS 
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Fic. 68. Portion of a ruled surface Fia. 69. Cone 


Fic. 70. Hyperbolic paraboloid Fic. 71. Hyperboloid of one sheet 





and the hyperboloid of one sheet 
7 a oP 
ote a 
the last two surfaces are such that through every point there pass two 
straight lines which lie on the surface. 
A developable surface is a special ruled surface with the property that it 


has the same tangent plane at all points on one and the same generator. 
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Theorem 58.1. A ruled surface x(s, t) = y(s)+tz(s) is a developable 
surface uf and only rf 
(58.2) ly zz| = 0, 
where a dot denotes the derivative with respect to the arc length s of the curve y(s). 


Proof. Let F, and P, be two points of an arbitrary (fixed) generator corre- 
sponding to s = S,, and let P, and P, correspond to the respective values 
t, and ¢,. If the ruled surface is a developable surface then, by definition, 
its tangent planes at P, and FP, coincide. Those planes are spanned by the 
vectors 


(58.3) — X4(So, 41) = (Sp) +4 2(8); X5(Sq, t2) = Y(S9) +t, Z(so), 
Xj(Sq, 1) = X4(S9, 42) = Z(So). 

Hence those three vectors must be linearly dependent, 
(58.4) I(y+42Z) (y+#,Z) z| = 9, 
cf. Theorem 5.3. Applying to (58.4) the elementary rules of calculus of 
determinants we obtain (58.2). Conversely, starting from (58.2) we find 
(58.4) from which relation the coincidence of the tangent planes at the 
arbitrary points P, and P, on the same generator follows. 

We next consider the three special ruled surfaces (58.1’)-(58.1) associ- 
ated to a given curve y(s) with positive curvature. 


Theorem 58.2. The tangent surface is always a developable surface. 
The principal normal surface and the binormal surface are developable sur- 
faces if and only if the corresponding curve is plane. 

Proof. In the case of the tangent surface we have z = t = j, cf. (58.1’); 
the determinant (58.2) vanishes since two columns are equal. In the case 
of the principal normal surface we have from (58.1”) and (58.2) 

lyzzj=ly p pi=|ly Pp (—«y+7b)| = ly p bi, 
cf. (15.1). Since the three vectors y, p, and b of the trihedron of the curve 
are linearly independent this determinant is zero if and only if + = 0, 
that is, if and only if y(s) is a plane curve. If conversely y(s) is a plane curve 
the principal normal lies in the plane of the curve; the principal normal 
surface therefore is a plane. In the case of the binormal surface we have 
lyz2z|=|y bb|=|y b —zp); 
this determinant is zero if and only if r = 0, that is, if and only if y(s) is a 
plane curve. Conversely, if y(s) is a plane curve b is constant, hence 


b = 0 and therefore also |y b b| = 0; b generates a cylinder which 
intersects the plane of y(s) along this curve. 
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In order that the tangents to a curve y(s) generate a surface 7 the vectors 
X,=ytly and x,—y 


must be linearly independent. Now |¥| = «, ef. (12.3). Hence those 
vectors are linearly independent if and only if « 4 0, but only at points 
for which ¢ #0. Along the curve y(s) (¢ = 0) (58.1’) is never allowable. 
The curve y(s) is called the edge of regression of its tangent surface 7’. The 
tangent surface consists of two sheets corresponding to values ¢ > 0 and 
t < 0, respectively, which have the curve y(s) in common. The fact that 
(58.1’) is not allowable at the points of y(s) is therefore a consequence of the 
geometric shape of 7’ and does not result from the special choice of the 
representation. Fig. 28 shows the tangent surface of the circular helix. 

If the curve is plane the two sheets of the corresponding tangent surface 
coincide and lie in the plane of the curve. 

In order to prove all those facts we choose an arbitrary point P, of y(s) 
(at which x, > 0, 7) 4 0) and take as z,-, 2,-, and 2,-axes of a Cartesian 
coordinate system the tangent, principal normal, and binormal, respec- 
tively, of y(s) at F,. Then, in consequence of the canonical representation 


(18.4), the components y,, 7, and y3 of the position vector y(s) take the 
form 


2 e 
y= s— BPH. = Sot HOs84 yg = OSB... 


where the index 0 denotes the value of the corresponding quantity at PF, 
and the value s = 0 corresponds to P,. If we differentiate this representa- 
tion with respect to s we obtain the components of the tangent vector y(s). 
In consequence of (58.1’) we thus have 


x,(s,t) = o— "9584 sis +¢{1— Mot +) 


(58.5) wy(et) = Sart P+. 4H{nge + ott.) 


X5(s, t) = “ors... +270. |. 
We now determine the curve of intersection of 7’ and the normal plane 
N of the curve y(s) at P,. N is given by the equation x, = 0. Hence, from 
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the first of the three expressions (58.5), we obtain 


(58.6) ae as iat Lie ce LS 





C 


Fia..72 


If we insert this into the other two expressions of (58.5) we find the follow- 
ing representation of the curve of intersection of 7’ and N: 


(58.7) t= Pattee i= ——y ete : 


If we neglect the terms indicated by dots we have a semicubical parabola 
with a cusp at P,, cf. Fig. 72. The tangent surface 7' thus consists of two 
‘sheets’ which have the curve y(s) in common, and y(s) is the edge of re- 
gression, as was stated above. 

Any developable surface may be characterized as follows: 
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Theorem 58.3. Hvery developable surface x(s,t), ¢f. (58.1), can be 
subdivided into sufficiently small suitable s-intervals so that the portion of the 
surface corresponding to any of these intervals 1s a portion of erther a plane, 
a cylinder, a cone, or a tangent surface. 


Proof. If (58.1) is a developable surface (58.2) holds, that is, there are 
three functions c(s), d(s), and e(s), not all zero for any value of s, such that 


(58.8) cyt+dz+ez = 0; 
we may assume the functions c, d, and e to be of class r if y and Z are of 


that class. 
Case 1. Ifc(s) = 0 for all values of s in an interval I: 389 < s < a, thenin I 


(58.9) dz+ez = 0, 


where at every point of J at least one of the functions d and e is different 
from zero. Since z is a unit vector, Z*z = 1 and therefore z°Z = 0; (58.9) 
can be satisfied if and only if z = 0, that is, z is constant. Hence, in this 
case we have a portion of a plane or of a cylinder. 

Case 2. If c(s) 4 0 in an interval I’: 8s, <5 < 8, then (58.8) can be 
written in the form 


(58.10) y=ot+pz, a= = p= —<. 
We set 
(58.11) y = y*+£z, i.e. y* = y—£z. 


Differentiating this expression with respect to s and taking into account 
(58.10) we find 
(58.12) y* = y—fpz—fz = Az, A =a-FB. 

Case 2a. If A = 0 in I’ then y* = 0, hence y* = y{ = const. Con- 
sequently (58.1) is then of the form 


x = yot(t+A)z; 
this is a portion of a cone or of a plane. 
Case 2b. If, however, A ~ O0inasub-interval J” of J‘ then, in consequence 
of (58.12), in I” oe 
z=2 
A 
and therefore, by means of (58.11), 
x= ytiz = y*+vy*, v= (t-+A)/A. 


Thus in this case x(s, ¢) is a portion of the tangent surface of the curve y*(s). 
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Developable surfaces are of particular importance because they are the 
only surfaces which can be mapped isometrically into a plane, as will be 
seen in the following section. 


Problem 58.1. Find an analytic expression of the Gaussian curvature 
of a ruled surface and prove that a ruled surface is a developable surface 
if and only if its Gaussian curvature vanishes. 


59. Spherical image of a surface. Third fundamental form. 
Isometric mapping of developable surfaces. In the theory of curves 
the spherical image enabled us to draw some conclusions on the geometric 
properties of a curve. Analogous possibilities exist also in the theory of 
surfaces. 

We impose a parallel displacement to the unit normal vector n(w!, wu?) 
to a surface S: x(u!, wu?) and bind it at the origin O of the Cartesian co- 
ordinate system in space. Then the terminal point of the vector n lies on the 
unit sphere S* with centre O, and to every point of S there corresponds a 
certain point of S*. The position vector of the image of a point of S is the 
corresponding unit normal vector n bound at O. The mapping thus defined 
is called the Gaussian spherical mapping of S. The set of all image points 
is called the spherical image of S. 

Let S be of class r > 2. Obviously the first fundamental form of the 
spherical image of S is given by the expression 


(59.1) ds** — Cop duXduB, Cop = n,° ng 


and is sometimes called the third fundamental form of the surface S. 
Hence we now have three fundamental forms altogether, 


(59.2) J =ds*=dx-dx, If = —dx-dn, III = ds** = dn-dn, 


ef. (38.5) and (38.6). 


By means of the formulae of Weingarten (45.1) we may represent the 
coefficients 


(59.3) Cog = n,° Ne 
of the third fundamental form in terms of the coefficients of the other ones, 


hence 


(59.4) Cop = Bax Opy g. 


In consequence of this representation c,, is a covariant tensor of second 
order which is symmetric, ¢,g = Cg, a8 follows from (59.3). For the 
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discriminant c of the third fundamental form we find 




















a Cy C12 = By Oy 9% 54, 5a, 97 — b2 gi g® 
Cor Coe DDG! doy bo, 9°” gt g” 
hence, in consequence of (32.8), 
(59.5) pee 
Furthermore ° 
(59.6) KI—-2HII+III = 0, 


where K and H are the Gaussian and mean curvature, respectively. In 
order to prove (59.6) it suffices to give the proof with respect to a special 
coordinate system on a surface S under consideration, because K, H and 
the three fundamental forms are independent of the coordinates (more 
precisely: H may change its sign under a coordinate transformation, but 
in this case also JJ changes its sign, and the product HII is therefore 
invariant). We choose coordinates on S so that the coordinate curves are 
lines of curvature on S. Then g,, = 6). = 0, cf. (41.6) and K and H are 
given by (41.11). By means of the formulae (45.1’) we find 

2 2 2 

ey = my my = (22 x1x, = Cu", C2 = 0, ean = 

By means of (41.11), (59.6) follows from those expressions. 

Comparing in (59.6) the terms which contain (du")*, duldu* and (du*)?, 
respectively, we immediately obtain the relations 
(59.7) Cog = 2Hb.g—Kgag; (a = 1,2, 8 = 1,2). 

From (59.5) we find the following geometrical interpretation of the 
Gaussian curvature: 

Theorem 59.1 (O. Rodrigues [2]). At any point of a surface S, the 
absolute value of the Gaussian curvature K of S 1s equal to the quotient of the 
element of area, dA*, of the spherical image of S and of the corresponding 
element of area, dA, of S. 

Proof. By means of (36.8) and (41.9) we have 


dA* vc |b[ 1 _ 


Remark. If we use the concept of an oriented element of area we may 
formulate Theorem 59.1 as follows: If the spherical tmage S* of a portion S 
of a surface is oriented so that the normal vectors to S and S* have the same 
sense then at any point P of S the quotient dA*/dA of the corresponding 
oriented elements of area equals the Gaussian curvature K of S at P. 
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Theorem 59.1 is due to O. Rodrigues [2] and occurs later in the general 
theory of Gauss [1]. This theorem states a fact which is analogous to the 
one given by the relation (17.2). 

The spherical image of a portion of a surface is, in general, a portion of 
a surface. However, in the case of a plane the unit normal vector is constant 
and the spherical image therefore degenerates into a point. If S is a develop- 
able surface then the unit normal vector n is the same for all points on any 
generating straight line, hence the spherical image of a developable surface 
degenerates into a curve. Therefore, by Theorem 59.1, K = 0 must hold 
in this case. We can prove the following 


Theorem 59.2. A portion S of a surface of class r > 2 18 a portion of a 
developable surface uf and only if tts Gaussian curvature K is zero everywhere. 


Proof. (a) The spherical image of a developable surface is a curve (see 
above), hence, in consequence of Theorem 59.1 K = 0 at any point. 
(b) If K = 0 then by means of (41.9) alsob=0. If b,g = 0 (a = 1, 2, 
B = 1, 2) the surface is a plane, cf. Problem 45.1. If 6 = 0, that is, 


(59.8) bi boo 2 (5,2)? 


but 5, are not all zero then, by (59.8), the differential equation (39.4) of 
the asymptotic curves can be written in the form 


(59.9) (Vb, dut+-Vbo, du2)? = 0. 


That is, we have only one family of asymptotic curves as is the case for 
parabolic points. The coordinates on the portion S of the surface under 
consideration may be chosen so that the curves u? = const. coincide with 
the asymptotic curves. Then on these curves du? = 0; hence, in con- 
sequence of (59.9), 6,, = 0 and, in consequence of (59.8), also b,, = 0. 
By means of the formulae of Weingarten, (45.1) we obtain from this 


n= —b Px, = —(by gP+-by.97F) xg = 0, 


that is, the unit normal vector n is independent of u! and consequently n 
does not vary along any asymptotic curve. If the asymptotic curves are 
straight lines then S is a portion of a developable surface which has those 
lines as generators. This is indeed true. Since },, = b,. = 0, bg. + 0 we 
obtain from the first of the equations (46.3’) that I,” = 0, therefore (45.14) 
takes the form x,, = Jj,'x,, that is, the asymptotic curves are straight 
lines, cf. Problem 11.1. If ali bag are Zero along a straight line, S has flat 
points on that line; for developable surfaces this may happen and does 
not contradict Theorem 58.3. 
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Developable surfaces are important because of the following property. 


Theorem 59.3. A (sufficvently small) portion of a surface of class r > 3 
can be mapped isometrically into a plane if and only if tt 1s a portion of a 
developable surface. 


Proof. (a) The Gaussian curvature K is invariant with respect to iso- 
metric mappings, cf. Theorem 57.2. In the case of a plane we have K = 0. 
Hence in order that a portion S of a surface can be mapped isometrically 
into a plane we must necessarily have K = 0, that is, in consequence of 
Theorem 59.2, S must be a portion of a developable surface. (b) We will 
now prove that a (sufficiently small) portion S of a developable surface can 
be mapped isometrically into a plane. We introduce on S geodesic parallel 
coordinates wu, u* so that the curve wu! = 0 is a geodesic G, the curves 
u* = const. are geodesics which intersect G at right angles, and the curves 
ui = const. are geodesic parallels of G. As was pointed out in Section 
52, by means of a suitable choice of w! the first fundamental form is then 
given by the expression (52.1): 


ds* = (du*)?+-go(du*)?. 
Moreover, if we take the arc length of G as coordinate u? then ds = du? on 
G, and therefore 
(59.10) Joo(0, U2) = 1. 


Since G is a geodesic, we have from (49.9 a) 





3a 
(59.11) wn aan 0. 
In consequence of Theorem 59.2, K = 0on S. Hence (52.2) takes the form 
BN G09 = 
(u*)? 


Integrating this relation we find 

Noo = C,(u*)u-+-c,(u?). 
It follows from (59.10) that c, = 1 and from (59.11) that c, = 0. Hence 
9 = 1,912 = 9, Gog = 1. If u!*, u?* are Cartesian coordinates in the image 
plane the mapping u“* = w~ (« = 1, 2) is isometric, in consequence of 
Theorem 57.1. 

We mention the following result of the preceding investigation: The 
orthogonal trajectories of geodesics on a developable surface are also geo- 
desics on this surface if at least one of them is a geodesic. This property 
holds on developable surfaces only, since otherwise also surfaces other than 
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developable ones could be isometrically mapped into a plane, in contra- 
diction to Theorems 57.2 and 59.2. 

It was already known to L. Euler [4] and G. Monge [2] that there are 
developable surfaces other than cones or cylinders. 


60. Conjugate directions. Conjugate families of curves. Develop- 
able surfaces contacting a surface. Following Dupin we call two 
directions at a point of a surface conjugate directions if the corresponding 
diameters of the indicatrix (42.5) are conjugate. Two families of curves 
which form a net are called conjugate families if at every point the directions 
of the tangents to those curves are conjugate. 

We remember the definition of conjugate diameters of a conic section. 

In the case of a circle every diameter can be defined as the locus of the 
midpoints of suitably directed parallel chords. The analogous locus is also 
called a diameter in the case of another (arbitrary) conic section. The dia- 
meters of an ellipse or of a hyperbola are segments or whole straight lines 
through the centres of these conic sections. (The diameters of a parabola 
are not segments but rays which are parallel to the axis of symmetry; we 
will exclude parabolas from the following considerations.) If a diameter d, 
bisects the chords parallel to a diameter d, then d, bisects the chords 
parallel to d,, and d, and d, are called conjugate diameters of the conic section 
under consideration. Let 


(60.1) atky,x, = p = const. 


be the equation of a conic section in the z,2,-plane. Let x = (2,72) bea 


point on a diameter d, and y = (y,,y,.) a 

point on another diameter d,, cf. Fig. 73. d, 

Ris: and d, are conjugate if and only if y is the mid- 
\ point of a chord parallel to d,, that is, if and 
a only if for a suitably chosen constant c + 0 
the points (y,+cz,, y.+cz,) and (y,—cz,, 

Fie. 73 Y2—C%_) lie on the conic section; hence we 


eee atk(y,--ox,)(y,-bear,) = p 


By subtracting one of these two equations from the other, since c + 0, 
we find 


(60.2) atky.y, = 0. 


Two diameters are conjugate if this relation is satisfied for any point 
(x,, 22) on one of them and any point (y;, y,) on the other one. 
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The intersection of a surface S and two planes parallel to the tangent 
plane at a point of S is given by the expression 
bap dutduk — 4-2€, 

up to terms of third and higher order in |du1|-+ |du?|; here « is the distance 


of those planes from the tangent plane, cf. (42.6). We therefore obtain 
immediately from (60.2) the folowing 


Theorem 60.1. At an elliptic or hyperbolic point P of a surface two 
directions du*: du) and 5u*: du! are conjugate tf and only rf at P 
(60.3) bag du*Se8 — 0, 


that is, 
b,, duldu)+b,,(dw'du?+-du7du!)+6,, du7du2 = 0 


or, by means of (38.6), 


(60.3’) dx-5n = 0 
or 
(60.3”) 6x-dn = 0. 


From this theorem we obtain 


Theorem 60.2. The coordinate curves of a system of coordinates u1, u* on 
a surface of class r > 3 are conjugate uf and only if with respect to that system 
(60.4) b. = 0. 

Proof. If the coordinate curves are conjugate then (60.3) holds for 
dui = 0 as well as for du? = 0, that is, (60.4) must be true. Conversely, 
if b,. = 0 then (60.3) is satisfied for the coordinate curves. 

From this theorem, by means of (41.3), we have 


Theorem 60.3. Apart from umbilics the families of the lines of curvature 
of a surface of class r > 3 are orthogonal and conjugate. 

In other words: Two conjugate families of curves constitute an orthogonal 
net if and only if the curves coincide with the lines of curvature on the 
surface under consideration. 

Since the asymptotic curves are solutions of the differential equation 
b,, du*du® = 0, cf. (39.4), that is, dx-dn = 0, ef. (38.6), according to 
(60.3) they are ‘self-conjugate’. This agrees with the fact that the asymp- 
totes of the indicatrix of Dupin are self-conjugate diameters. 

We will now investigate the properties of a developable surface con- 
tacting a surface S along a given curve of S. We shall use developable 
surfaces of that type as a tool in connexion with the consideration of dis- 
placement, cf. Section 77. 
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Theorem 60.4. Let D: x(s, t) be a developable surface contacting a 
surface S: y(u}, u?) along a curve C: y(s) on S. Then at every point of C the 
generator of D and the tangent to C are conjugate. 


Proof. D can be represented in the form 
(60.5) x(s,t) = y(s)-+12(8) 


where Z(s) is a unit vector which has the direction of the generators of D. 
We differentiate (60.5) with respect to the arc length s of C, 


ox : ; 
_ — {Z. 
as y+ 


If we take the scalar product of both sides of this relation and n we find 
n-y+in-z = 0 

because 0x/ds-n = 0. Now n-y = 0. Hence, for ¢ 4 0, we have 

(60.6) n-z = 0. 

Differentiating n-z = 0 with respect to s we obtain 
n-zitn:z=0; 

hence, by means of (60.6) n-z = 0, 

or z°dn = 0. 


Denoting by dy the direction of z this becomes dn: dy = 0; the directions 
dy and 3y are conjugate. : 

We may also formulate this theorem in the following manner: If a point 
P of a surface S moves in a certain direction the tangent plane 7 to S at 
P revolves so that the direction of the motion of P and the direction of 
the axis of that revolution of 7 are conjugate. 

From the proof of Theorem 60.4 it follows that if there exists a developable 
surface D contacting S along C then D is uniquely determined, since the 
direction of the vector z is uniquely determined by the above relation 
n-z = 0. We prove that if the curvature of C is positive D exists. We 
choose a unit vector z in the tangent plane to S along C so that n-z = 0 
holds. We have n-z = 0, n°-z+n°Z = 0 and therefore n-Z = 0. Now 
y XZ =cn where cisascalar. Therefore |y z Z! = (y Xz)*Z = cn*z = 0, 
that is, (58.2) is satisfied, and D is a developable surface. (If at a point P 
the direction of C is asymptotic the vectors y and z are linearly dependent; 
then the tangent plane to D at P is undetermined. In this case the tangent 
plane to S at P coincides with the tangent plane to D at the points of the 
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generator through P. If C is an asymptotic curve that fact is true for 
any of its points, and D is identical with the tangent surface of C.) 

This completes our present study of developable surfaces; another 
important property of these surfaces will be considered in Section 86. 

We finally include a table of important special coordinate systems on a 
surface, indicating those coefficients of the corresponding first and second 
fundamental forms which are zero. ([sotropic coordinates mentioned in this 
table will be introduced in Section 63.) 










Coordinate curves 


orthogonal . (35.7) 
conjugate (60.4) 
lines of curvature . 


asymptotic curves 
isotropic 


61. Conformal mapping. The angle between two intersecting curves 
is, by definition, the angle between the tangents to these curves at the 
point of intersection, cf. Section 35. 

An allowable mapping of a portion S of a surface onto a portion S* of a 
surface is called angle-preserving or conformal if the angle of intersection 
of every arbitrary pair of intersecting arcs on S* is the same as that of the 
corresponding inverse images on S at the corresponding point. 

The name ‘conformal’ was introduced by Schubert [1]. 

Conformal mappings are important in cartography, cf. Section 65. 
It is therefore not surprising to find that special types of conformal map- 
pings were already known a long time ago. For example, the stereographic 
projection (cf. Section 65) was introduced already by the ancient Greeks. 
A systematic theory of conformal mapping was developed by Euler, 
Lagrange, and especially Gauss [2]. 

Necessary and sufficient conditions for a mapping to be conformal are 
as follows: 


Theorem 61.1. An allowable mapping of a portion S of a surface onto 
a portion S* of a surface is conformal if and only if, when on S and S* the same 
coordinate systems have been introduced, the coefficients g.g and gag of the 
first fundamental forms of S and S*, respectively, are proportional, 


9x8 = 7(u’, U”) Japs n > 0, (x = 1,2, 8 = 1,2). 
Proof. That this condition is sufficient follows immediately from (35.5) 
since the proportionality factor 7 occurs in the numerator of (35.5) as well 
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as in the denominator. We will now prove that the above condition is also 
necessary. Let a conformal mapping of S onto S* be given which, in con- 
sequence of the special choice of the coordinates wu}, u? on S and u'*, u?* 
on S*, takes the form u“* = u* (« = 1, 2), cf. Section 56. Let P be an 
arbitrary point of an arc C, on S and let du®:du} be the direction of the 
tangent to C, at P. The image point P* of P has the same values of the 
coordinates as P. The equations by which C, is represented on S represent 
also the image CT of C, on S*. The direction of the tangent to Cj at P* is 
therefore given by the above value du*:du!. Consider now on S another 
are C, intersecting C, at P and let 5u7:du! be the direction of the tangent 
to C, at P. Then the angle « of intersection of those two arcs at P can be 
obtained from 

- __ (duldu?—du*su}| 
(61.1) sma = vg 3 


where ds and ds are the linear elements of C, and C,, respectively, cf. (35.8). 
We denote by C7 the image of C, on S*. The direction of the tangent to 
Cx at P* is given by the above value 5u?:5u. The angle a* between Cf 
and CZ at P* can be obtained from 


7 |dutdu?—du?du1| 


where ds* and 5s* denote the linear elements of C*¥ and C7#, respectively. 
Since the mapping is assumed to be conformal, « = «*. Hence, from 
(61.1) and (61.2), 
vg _ _vg* 
she) ds8s_ ds*5s*" 
Taking as arc C, the (directed) coordinate curve u? = const. through P, and 
as Cx, the coordinate curve u2* = const. through P* then 6s = vg,, du} 
and ds* = vg*, dul* = vot, du!. Consequently, by (61.3), 

ds* %g*vg 
61.4 —_— = 11 — 1 x2 
( ) as vgvgr, V{a(u ,u?)} 


or ds* = ,/{n(u, u?)} ds. 


In this relation 7 depends on P only but is independent of the tangent 
direction under consideration. Since (61.4) is supposed to be true for any 
curve passing through P, that is, for every value of du?: du we must have 
zp = n(ui,u*)g.g (w= 1, 2, 8B = 1, 2) at P. Now, since the mapping is 
assumed to be conformal at every point of S these relations hold everywhere 
on 8S, 
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From this theorem and Theorem 57.1 we immediately obtain the follow- 
ing 
Theorem 61.2. Every isometric mapping is conformal. 


Problem 61.1. Determine all the surfaces of revolution which can be 


mapped isometrically onto a given surface of revolution of variable 
Gaussian curvature. 


62. Conformal mapping of surfaces into a plane. We consider 
an allowable mapping 7' of a portion S of a surface into a plane E and denote 
by wu, wu? Cartesian coordinates in Z. We may introduce wu, wu? as coordinates 
on S. Ifin particular T is a conformal mapping then the first fundamental 
form on S with respect to w!, u? is given by the expression 


(62.1) ds? = y(u3,u®)[(dutP+(d2)], > 0; 


this follows immediately from Theorem 61.1. 


Definition 62.1. Allowable coordinates u1, u? on a surface S for which 
the corresponding first fundamental form is of the type (62.1) are called 
wsothermic coordinates on S. 


As was seen in Section 59 the set of all surfaces which can be mapped 
isometrically into a plane is relatively small. The requirement of con- 
formality is much less restrictive than isometry; we may consequently 
expect that the set of surfaces which can be mapped conformally into a 
plane will be much larger than the above set. 

Let each of two surfaces S, and S, be mapped conformally onto a surface 
S,. If we associate each point of S, with that point of S, which has the same 
image point in S, we obtain a conformal mapping of S, onto S,. Let us 
assume that S, can be mapped conformally into a plane, say £,, and that 
S, can be mapped conformally into a plane, say H#,. Then, if HZ, is mapped 
conformally onto H, in a general way, by composing the mappings we 
obtain the most general conformal mapping of S, onto 8,. 

Let wu, u? and u1*, u2* be Cartesian coordinates in EH, and F,, respectively. 
If h(w), u = ul+<¢u?, is a function regular in a domain D, of the E,-plane and 
if D, denotes the range of values of h in the £,-plane, then 


we ul¥tivt* = hu), u= w+’, «= (-1), a + 0, 


is a conformal mapping of D, onto D,. This is a well-known result of the 
theory of analytic functions of a complex variable. 
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h(u) satisfies the Cauchy—Riemann differential equations 
Cul* ou2* eul* ou2* 
dul dy2’ ours sh 
By differentiating these equations and equating the mixed second partial 
derivatives we obtain the integrability conditions 
O2ya* O2yx* 
A ak = —_ ; 
"(Bul (Gu? 
The problem of determining a conformal mapping of a portion of a surface 
into a plane will lead to a more general form of the equation of Laplace. 
In order to solve this problem we have to prove that isothermic coordinates 
can be introduced on that portion. If we take these coordinates as Cartesian 
coordinates in the image plane we obtain the desired conformal mapping. 





(x = I, 2). 


Theorem 62.1. Any simply-connected portion S of a surface which has a 
representation of class r > 3 can be conformally mapped into a plane. 


Sketch of proof. It is sufficient to prove that S admits isothermic-co- 
ordinates u!, u?. Then, by introducing these coordinates as Cartesian 
coordinates in the image plane, we obtain the desired mapping. Let i}, ai? 
be the originally given allowable coordinates on S. We will prove the 
existence of an allowable transformation (cf. Section 24) 


(62.2) u* = u% (i, a), (a = 1,2), 
by which the isothermic coordinates wu}, u* are represented as functions of 
the originally given ones; if (62.2) is allowable its inverse exists, cf. Section 
24. With respect to the isothermic coordinates, according to (62.1) we must 
have 9.g = 75,g and g = 7. Consequently (62.2) must be of such a type 


that ie Ss 
aux aa8 ~ 9 Out Ou” 





Setting » = 1 and v = 2 we find from this 
ut Gut 4 
au* onB 
Setting » = vy = land p = v = 2, respectively, and eliminating 7 we have 
dui dul Ou? du? 

aaa Gap ee ee 

ou oiP Ou? OUT 

If the functions (62.2) to be obtained satisfy the relations 
oul __ ~ mK ou? 

gas — Gane aap 


(62.3) gx 


(62.4) go 


(62.5) (« = 1, 2) 
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(cf. Section 33) they also satisfy (62.3) and (62.4) as can be seen by inserting 
and by using the answer to Problem 33.2. The integrability condition of 





ome amo — 
which may also be written in the form 
1 
Ng eB 2S scapah = 0. 


Since vg 8 is constant (0 or +1), by (62.5) we obtain from the preceding 
relation 


os ed 2 Re I 
(62.6) NG exB sia ax 0) = sa Fou ErP Ee oa) 


= ~ ~py, OU 
= sgl "99 p a) = — 0, 
where the last expression is a consequence of the representation of the 
contravariant metric tensor given in Problem 33.2. Equation (62.6) is a 
linear partial differential equation with coefficients of (at least) class one. 
In every sufficiently small domain S, of S there exist solutions of that 
equation, which are not constant, as can be proved by successive approxi- 
mation, cf. A. Korn [1]. The same thus holds for (62.5). A similar differ- 
ential equation can be obtained from (62.5) by solving for du?/a#. For 
this purpose we have to take the inner product of (62.5) and gg, eB. The 
right-hand side of (62.5) then takes the form 


eur Bo enBgnh — Exo Ena = 6,4. 


Since ¢*8 — —¢f= we thus obtain 
ou? ok Le 
(62.7) ago = ~~ Ipoe eBa oat (o = 1, 2). 


Equations (62.5) and (62.7) are scale aiias of the Cauchy—Riemann 
differential equations. From (62.1) we obtain 
yh 472\\2 
mom Wears) 
ef. (28.4). We will now prove that the Jacobian of the transformation 
(62.2) is different from zero. From (62.5) we find 
O(ut,u2)  ~ 2, Our Ou?) Ou? Ou? 
aa, @) 9°" oa ow Gane 5 Be 


O(ut,u?) 1. (our\? _9o@ Ou? du? Ou?\2 
°* aa, a) ~ WGl9*\omi) — 2 aa Dae 94 \aa9) | 
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This quadratic form is positive definite; consequently it vanishes only if 
both of the partial derivatives du?/du* (« = 1, 2) are zero. But this cannot 
be true for a regular solution of (62.6). We may thus introduce isothermic 
coordinates in the domain S, of S and obtain a conformal mapping of S, 
into the plane. Local conformal mappings of other sufficiently small parts 
of S can be similarly obtained. A conformal mapping of S into the plane 
must be finally composed of all these 
different local mappings. The situation is 
as follows. Consider two parts of S, say 
S, and S,, which have a non-empty inter- 
section D and which are mapped into the 
plane by two different local conformal 
mappings. D has two different images 
Fic. 74 which are connected by a one-to-one con- 
formal mapping 7’, cf. Fig. 74. The com- 
position of the two local mappings consists in mapping the images of 8, 
and S, onto a circular disk in such a manner that corresponding points of 
both images of D always coincide. The solution of this composition problem 
can be obtained by means of function theory. In this manner we gain 
(stepwise) a uniform conformal mapping of S into the plane. If the above 
procedure has led to infinitely many local mappings then difficulties arise 
which can be overcome by the theory of uniformization. 





Problem 62.1. A surface S is called a surface of Inouville if isothermic 
coordinates on S can be introduced so that the corresponding first funda- 
mental form is of the type 


ds? = (A+ B)[(dut)?+ (du?) 


where A depends on uw! only while B depends on u* only. Prove that in 
the case of such a surface the differential equation of the geodesics can be 
completely integrated. 


63. Isotropic curves and isothermic coordinates. We confine 
ourselves to real geometric objects and consequently, in general, also to 
real functions of real variables. Nevertheless, it is sometimes advantageous 
to introduce complex variables as a tool for the investigation of real sur- 
faces, that is, to regard the real Euclidean space as being embedded in a 
complex Euclidean space in which the Cartesian coordinates x; are complex 
numbers. This can be seen from this section; cf. also Section 83. 
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A real vector function x(¢) where ¢ is a real variable represents a real curve 
in space , provided certain conditions (stated in Section 6) are satisfied. 
We now assume that the components 7,(¢) of x(¢) are complex analytic func- 
tions of a complex variable ¢ = t,-+2é,, defined in a certain domain D of 
the complex ¢-plane; D is assumed to be the same for all three of those 
functions. Since ¢ now depends on two real variables ¢, and ¢, the vector 
function x(¢) represents a geometric configuration of oo? points; this con- 
figuration is called a complex curve (or wmaginary curve). 

A curve is said to be an isotropic curve (or minimal curve) if the length of 
the arc between any two different points of the curve is zero. Hence a 
curve is isotropic if and only if 


(63.1) ds? = 0, (x’ < 0). 


Because of Theorem 28.1 Equation (63.1) cannot have real solutions but 
has two conjugate complex ones; isotropic curves are therefore always 
complex curves. 

Isotropic curves were first considered by V. Poncelet [1], and later 
especially by S. Lie [1]. 

The first fundamental form can be represented as a product of two con- 
jugate complex factors, 


(63.2) 
ds? = [vou du>+- + -(gyo-+ing) duc| | on dul + (912-19) ane]. 
Qu V911 


For the expressions in brackets [...] integrating factors can be found. 
If a,(u}, u?) and a,(w}, wu”) are real functions of wu, u? and if a,-+7a, is an inte- 
grating factor for the first bracket in (63.2) then a,—ia, is an integrating 
factor for the second one since the two expressions are conjugate. Hence 
there exist two functions (uw, wu?) and a u?) such that 


dit} = (+742) | vu du? Te — (iat Ng ) aue| 2 
(63.3) 


dit? = (a,—102) | von du} Tae Fp oni ) dui, 
and the two families of isotropic curves on the surface S under considera- 
tion are the curves i} = const. and #2 = const. Consequently by means 


of the transformation a = Hu}, x2), (x = 1, 2), 


the isotropic curves can be introduced as coordinate curves on S. By 
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comparing (63.2) and (63.3) we find that the first fundamental form then 
becomes 


(63.4) ds? = didi, 





at-+a3 


We can now find isothermic coordinates on S in the following simple 
manner. From (63.3) we see that i! and i? are conjugate, that is, a! and 7? 


are of the form as : = : 
“= vit iy?, u? = yl—iv%, 


where v! and v? are real functions of u and u?. Consequently, 

di} = dy'+i dv?, di? = dvi—i dv’, 
and the corresponding first fundamental form is given by the expression 
] 





ds? = 1)2 2)27_ 
sr gglldet+ (dot) 
That is, by means of the transformation 
vw = v%(ul, u’), (x = 1, 2), 


isothermic coordinates are introduced on S. Since v! and v? are real func- 
tions of w! and u?, the curves v* = const (a = 1, 2) are real curves. 


Problem 63.1. Determine the isotropic curves of the unit sphere. 


64. The Bergman metric. Conformal mapping plays an important 
role in function theory. The following basic theorem holds: Every analytic 
function w = u+i = f(z) of a complex variable z = x+iy maps the 
domain D of the z-plane where f(z) is defined onto the domain of the values 
of f(z) in the w-plane, and this mapping is conformal at any point of D at 
which df/dz + 0. 

We now ask whether and in what manner it is possible to introduce in a 
domain of the complex plane a metric which is invariant with respect to 
conformal mappings. This problem yields an example of the relations 
between differential geometry and function theory. We will use the method 
of the Bergman kernel function as an essential tool in our investigation. 
This method has the advantage that it can be extended also to mappings 
which are defined by analytic functions of several complex variables. For 
details of the whole theory see the book of S. Bergman, Kernel Function 
and Conformal Mapping, New York 1950; in what follows this book will be 
referred to as Be. We denote by @ the kernel function which is denoted by 
K in Bergman’s book. 

We must first introduce some concepts which will enter into our investi- 
gation. 
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A sequence [®,(z)] of complex, single-valued regular functions ®,(z) of a 
complex variable z = x+y is called an orthonormal system with respect to 
a domain B of the complex plane if 


(64.1) J(®,,Bg) = [ [ ©,(2)Og(®) do = By = e . if 7 
B 


where dw = dady is the element of area and ®, is the conjugate complex 
function of ®g. In the following we will always assume that the domain B 
is bounded. Instead of J(®,, ®,) we write simply J(®,). For a general 
theory of orthogonal systems see also R. Courant and D. Hilbert [1, vol. 1] 
and G. Szeg6 [1]. 

The set of all functions which are regular and single-valued in B and for 
which the (Lebesgue) integral 


(64.2) [J fe)? de 
B 


exists will be denoted as the class £7(B). If f(z) is of this class and if [®,] 
is an orthonormal system with respect to B the numbers 


(64.3) a, = I(f,P,) = { { f2)0,@) dw 
B 


are called the Fourier coefficients of f(z) with respect to [®,]. It can be 
proved that 


(64.4) > ce Pa(2) (n fixed), 


is the optimal approximation of f(z) in the mean if and only if c, = a, 
(x = 1, 2,..., n). That is, if and only if c, = a,, the integral 


(64.5) I(f— > ca) 
a=] 
becomes minimum. 
An orthonormal system is called complete if the Parseval formula 


(64.6) 3 laal* = JU) 


holds. Hence by means of a complete orthonormal system the value of the 
integral (64.5) can be made arbitrarily small by increasing n, that is, by 
such a system f(z) can be approximated in the mean to any degree of 
accuracy. 

The function 


(64.7) Qx(22) = ¥ O,(2)0.0 
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of the two complex variables z and ¢ is called the kernel of the complete 
orthonormal system [®,]. The series on the right-hand side of (64.7) con- 
verges in every closed subdomain B’ of B; the convergence is absolute and 
uniform in z for fixed ¢ and is uniform in ¢ for fixed z (Be 9). It can be 
proved that Q(z, ¢) is independent of the special choice of the orthonormal 
system but depends on Bonly. Q,(z,t) is called the Bergman kernel function 
of the domain B. 


Example. The functions 
a zx-} 
®.(z) = > (oa 152k.) 
constitute a complete orthonormal system of the circular disk |z| < r. 
The corresponding kernel function is of the form 


fo.) 


(64.8) Q(z,2) = S C (zé)*-1 _ r2 


7 a send ar(r?@— zt)? 





a=) 

The Bergman kernel function is related to the following minimum 
problem (Be 21): Determine a function f(t) regular in a bounded domain B 
which at a fixed point ¢ = z of B has the value 1 and for which the integral 





(64.9) [J WO? deo 
B 
is a minimum. The only function with those properties is 
Qz(t, Z) 
64.10 t) = = 5 
(64.10) fit) = Bos 


the corresponding value of the integral (64.9) is 1/Q,(z, 2). 

The Bergman metric which is invariant with respect to conformal 
mapping is given by the first fundamental form 
(64.11) dse = Qp(2,2) |dz?| = Qp(z,z)(dx?+dy”). 
Since Q,(z,Z) > 0 this form is positive definite. 

In order to prove the invariance property of that metric we consider an 
arbitrary regular function 


C= €+tn = F(z) 
which maps the domain B conformally and one-to-one onto a domain B’ 
of the £-plane. The Bergman metric in B’ is determined by the first funda- 
ee ds = Qp(b,£) [de ?, 


where Q,(¢,7) denotes the Bergman kernel function of B’. We have to 


prove that dst. = dst. 
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Let z = (2) be the inverse of the mapping ¢ = F(z). If f(z) is a function 
of class L*(B) then f(‘"'(¢)) d¥’/dZ is a function of class L?(B’), since we have 


[fscCP OPE OP do 
B 


= Jf ve molars orgs Ae) de, = [fu fe)? dw, 


where dw, and dw, are the elements of area of B’ and B, respectively. If 
[®,(z)] is a complete orthonormal system in B then [¥,], where 


Te == @(¥(6))¥'(S), (ox = I, 2520+); 


is a complete orthonormal system in B’. Furthermore 
Onl) = > YOK) = ¥ OL OWL OY OPO 
= FOV) ¥ O.@)P0 = Ont F (F = (@) ) 


Hence 


dsz(f) = Qn, £)|d|? = Qalz,2)| 





"de? = dsh(2). 





Zi 


Theorem 64.1. If B’ 1s a subdomain of a simply-connected schlicht 
domain B then, at every point of B’, 


(64.12) dsp > dsp. 
Proof. 1/Q,(z,2) is the minimal value which the integral f f | f(t) |? dw 


can assume if all functions f(t) which are of class L?(B) and have the value 
1 at a fixed point ¢ = z of B are admitted. Hence 




















1 Q x(t, z) |? Qalt,2)|? 1 
Qe (z, z) = IJ Q(z, z) = o<fj Q(z, z) ~ Oplz, Z) 
and consequently Qp(z,z) < Qp(z, Z). 


From this we obtain (64.12) by means of (64.11). 


If, for instance, B is the interior of the unit circle then, according to 
(64.8), 
|dz| 
64.1 ee ae need 
a 8 = Tel P 
In consequence of the Riemann mapping theorem B can be mapped con- 
formally onto any simply-connected subdomain B’ of the unit disk of the 
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complex w-plane. From Theorem 64.1 we thus obtain the well-known 
classical result Id} \dz| 
(64.14) ier ioe 
From (64.11) we have in the case of the unit disk 
<< == 1 — 0: 
911 = Jo. = n(1— 2? —y?)2” Ji2 — V; 


since the coordinates u} = x and u? = y are orthogonal we may use (46.17’) 
and obtain 


| 1 a __ 2(1-+a%—y?) =| l “a _ (1—a*+y?) 





@x\Vg,, ax } (1—a®—y?)®? Ay \Vgon y J (1—a®—y?)?? 
hence 
(64.15) K = —4r, 


that is, with respect to the Bergman metric the Gaussian curvature of that 
disk has a constant negative value. Since the Bergman metric is invariant 
with respect to conformal mapping the above property of the Gaussian 
curvature holds for all simply-connected schlicht domains. In the case of 
multiply connected domains the Gaussian curvature with respect to the 
Bergman metric is not constant. 

By using the above and further minimal properties of the Bergman kernel 
function we are able to find bounds for the value of the Gaussian curvature 
K at a point z of an arbitrary domain B. Let S, and S, be circular disks with 
radii R and r, respectively, with centres at the point z of B under considera- 
tion and let S, contain B and B contain S, then 

R\4 r 4 
(64.16) —4n(2) <K< —4n(5) 
where K denotes the Gaussian curvature at the point z. The proof of 
(64.16) and further interesting properties of the invariant Bergman metric 
can be found in Bergman’s book and in the original literature quoted therein. 


65. Conformal mapping of a sphere into a plane. Stereographic 
and Mercator projection. Mappings of a sphere into a plane are of basic 
interest especially because of their application to the practical problem of 
constructing maps of the globe. Problems of that type were considered by 
Lambert [1] in 1772, Euler [5], [6], Lagrange [2], Gauss [3], and others. 

It is known that the globe may be considered as a sphere of radius 
6371 km. Since the Gaussian curvature of the plane is zero while a sphere 
of radius 7 has the Gaussian curvature K = 1/r? it is clear that no portion 
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of the sphere can be mapped isometrically into a plane, cf. Theorem 57.2. 
Hence there cannot exist a map of a portion of the globe which is (exactly) 
isometric. This fact can be proved in an elementary manner, without 
using Theorem 57.2; cf. Kreyszig [1]. But we can find conformal and 
equiareal mappings of a sphere into a plane ; some of them possess additional 
properties which are important for practical reasons. Clearly the choice of 
the mapping depends on the purpose of the map to be constructed and also 
on the location and size of the portion of the globe to be mapped. 


p* r* N 


$s 
Fia. 75. Stereographic projection 


We mention that the globe can be approximated more exactly by an 
ellipsoid of revolution with radius 6378 km at the equator and with 
distance of the poles from the centre of 6357 km. 

A first important example of a conformal mapping of a sphere into a plane 
is the stereographic projection. This mapping was most likely discovered by 
Hipparch (160 8.c.); the name ‘stereographic projection’ was introduced 
by d’Aguillon [1] in 1613. 

The stereographic projection is obtained by projecting the points of the 
sphere from a point S on the sphere, called the centre of projection, on the 
tangent plane to the sphere at the point diametrically opposite to S. By 
this projection the whole sphere (with the exception of the point S) is 
mapped one-to-one onto the (open) plane. In Fig. 76 the south pole of the 
globe has been chosen as centre of projection. The images of the circles 
parallel to the equator are concentric circles with centre at the North pole 
N* = N; the images of the meridians are straight lines through V*. The 
inverse image of an arbitrary straight line G* is a circle on the sphere 
passing through S since the projecting straight lines corresponding to G* 
lie in a plane which intersects the sphere along a circle. 

Stereographic projection 1s conformal 

We may prove this as follows. Let C,, and C, be any two curves on the 
sphere F' intersecting at a point P. Let 7, and 7%, respectively, be the 
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tangents to C, and C, at P. We denote by Cf, CZ, and P* respectively, the 
images of C,, C,, and P, and by S% the tangents to Cf (a = 1, 2) at P*. 
The inverse images S, and S, of those tangents are circles which intersect 
at P and S, the angle of intersection being the same at both points. The 
tangents to S, and S, at S are parallel to ST and Sj, respectively. The 
angle of intersection of these tangents at S is therefore equal to that of 





Fia. 76. Stereographic projection 


ST and S%; hence the same holds for the tangents to S, and S, at P which 
coincide with the tangents J, and J, to C, and C, at P. This completes the 
proof. 

Stereographic projection has the following interesting property. It maps 
every circle on the sphere F' onto a circle (or a straight line) in the plane. 
This fact can be proved as follows. We choose Cartesian coordinates 
21, La, 23 in space such that the point N of F becomes the origin and the 
positive rays of the z,- and z,-axis coincide with those of the Cartesian 
a*, x3-coordinate system in the image plane. For the sake of simplicity we 
choose the diameter of the sphere F' to be 1; then S coincides with the unit 
point on the z-axis. If P (~ S) is an arbitrary point of F and P* its image 
then (cf. Fig. 75) 


re? — +282, hay, 8 egirertsl,  or:(l—2s) = r*:1; 
r* r*2 


hence r= 1-r*?? X3 = Tr" 
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Setting 


xi=r*cosa, 2, =rcosa, 
2* = r¥ sin a, XY, = rsina, 
we have = it Se = oy Lt, = e+ ey 
a a a 
where @ = lp ate+ 22, 
and conversely 
gt = 71, ak = 72, xe — 78 
c c c 
where c= 1—2. 


By inserting these expressions into the equation of a circle in the image 
ae A(xk?-+24)-+ Bat-+Cx¥+D = 0, 

we see that the corresponding inverse image is represented by the linear 
equation Az,+ Bx, + Cr,+ Di1l—zx,) = 0. 


Hence this inverse image is a plane curve on the sphere, that is, a circle. 

We mention, without giving the proof, that the stereographic projection 
is the only conformal mapping of a sphere onto a plane which maps circles 
onto circles; this result was first obtained by Lagrange [2]. 

The Mercator projection is another important conformal mapping of 
the sphere onto the plane. This mapping was introduced in 1569 by 
G. Mercator, latinized for Kremer (1512-94), who did not indicate a mathe- 
matical procedure of construction; this was not communicated until much 
later by Halley (1695). 

Using the representation (25.2) of the sphere we have 


ds? = r*[cos?u?(du1)?-+ (du?)?] = r? cos?u?[(du!)?-+-sec?u?(du?)*]. 


We set dat = du}, dx} = secu? du? (\u?| < $7) 
or 

ue ot 
(65.1) r=, 2 log tan (+ 7} (|u?| < 47) 


and introduce zt, zz as Cartesian coordinates in the image plane F*. 
Then the Mercator projection of the sphere represented by (25.2) onto the 
plane F* is accomplished by (65.1). Since the coefficients of the first funda- 
mental form of the sphere and of the plane are proportional, the mapping 1s 
conformal. 
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The images of the meridians wu! = c, = const. are the straight lines 
2* = c, = const. The circles u? = c, = const. parallel to the ‘equator’ 
u* = 0 are mapped onto straight lines 


x2 = logtan (3 +7} ; 


The mapping is satisfactory near the equator but gives an exaggerated 
impression of the dimensions of Arctic regions, cf. Fig. 77. 





180 90 West 0 East 90 


Fie. 77. Mercator projection 


Curves of constant direction (for instance, continually north-east) on the 
globe are called loxodromes. Special cases of these curves are the meridians 
and parallels; the general type of a loxodrome is a curve which winds around 
the poles an infinity of times and approaches them more and more. 

The images of loxodromes are straight lines; this fact can be proved as 
follows. By-definition, any loxodrome intersects every meridian at the 
same angle. Since the Mercator projection is conformal, the image of the 
loxodrome intersects the images of the meridians also at a constant angle. 
Now those images are parallel straight lines; this completes the proof. 


66. Equiareal mapping. An allowable mapping of a portion S of a 
surface onto a portion S* of a surface is called equiareal if every part of S 
is mapped onto a part of S* which has the same area. 
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The necessary and sufficient conditions for a mapping to be equiareal are 
as follows: 


Theorem 66.1. An allowable mapping of a portion S of a surface onto 
a portion S* of a surface 1s equiareal if and only if at corresponding points 
the discriminants g and g* of the first fundamental form of S and S*, when 
referred to the same coordinate systems on S and S*, are equal. 

Proof. The proof is analogous to that of Theorem 57.1; instead of the 
integral of the arc length one has to consider the integral (36.7) by which 
the area is defined. 

Furthermore we have 

Theorem 66.2. (1) Every isometric mapping 1s equiareal. (2) Every 
equiareal and conformal mapping 18 rsometric. 

Proof. (1) follows immediately from the preceding theorem in combina- 
tion with Theorem 57.1. (2) If the mapping under consideration is con- 
formal then by Theorem 61.1 at corresponding points, when referred to the 
same coordinate systems on both surfaces, 


gap = n(u*, u*)g,g. 
From this we have g* = 7g. In consequence of Theorem 66.1 g* = g 
hence 7? = 1. Now since g,, > 0 as well as gj, > 0, 7 = +1 and con- 
sequently gig — g.g, that is, the mapping is isometric, cf. Theorem 57.1. 

We will now study equiareal mappings of surfaces of revolution into a 
plane. We obtain a surface of revolution by rotating a curve C about a 
straight line in space; that line is called the axis of revolution of that 
surface. 

Werotateacurve C':2, = p(u?) (> 0),2, = 0,7, = q(u?) about the 2,-axis 
of the Cartesian coordinate system in space. The surface of revolution S 
thus obtained can be represented in the form 
(66.1) x(ul, u?) = (p(u*)cos u}, p(u*)sin ut, g(u*)). 

The curves u! = const. are called meridians and the curves u? = const. 
parallels of S. 

Theorem 66.3. A mapping 
(66.2) at = xi(ui,u?), ay = 23 (ut, u?) 
of the surface S, represented by (66.1), into a plane S* with Cartesian co- 
ordinates x*, x* is equiareal if and only if the corresponding Jacobian D 
satisfies Dt = p*(p"+q"), 


where primes denote derivatives with respect to u*. 
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Proof. On S we have g,; = p’, J,. = 0, and go. = p’*+q’* and therefore 

(66.3) g = p(p?+q"). 

The discriminant of the first fundamental form of the image plane S* 

has the value 1. By means of (66.2) we introduce in S* the coordinates 

wu, ut of 8. Then that discriminant is multiplied by D?, cf. (28.4). Hence 

afterwards g = g*, that is, the mapping is equiareal; cf. Theorem 66.1. 


Important applications of this theorem will be considered in the following 
section. 


67. Equiareal mapping of spheres into planes. Mappings of 
Lambert, Sanson, and Bonne. The practical importance of mappings 
of the sphere into the plane has already been discussed in Section 65. We 
willnow apply Theorem 66.3 to some interesting types of equiareal mappings 
of a sphere S into a plane S* with Cartesian coordinates zf, 2x7. 

Setting in (66.1) 


(67.1) p(u?) = rcos wu’, q(u*) = rsinw*, 


we obtain the representation (25.2) of the sphere S of radius r with centre 
at the origin of the Cartesian coordinates in space. In consequence of 
Theorem 66.3 the Jacobian D of an equiareal mapping of S into the plane 
S* must now be equal to --r?cos x. 

Lambert [1] made the first general investigations of mathematical 
cartography; the so-called Lambert projection, however, was already 
known much earlier. 

In terms of the coordinates just introduced [ef. (66.1), (67.1)] the Lambert 
projection is of the form 


(67.2) air, af srsinu®, (—r7<u<2a,—}r <u? < 42). 
Since the corresponding Jacobian is 
D = r* cos u? 


the Lambert projection is equiareal, cf. Theorem 66.3. The image of the 
sphere is a rectangle whose sides have the lengths 27r and 2r. The mapping 
which is one-to-one, with the exception of the ‘poles’ of the sphere, can 
be geometrically obtained by projecting every point of S on a cylinder S* 
in contact with S along the ‘equator’, by means of projecting lines parallel 
to the plane of the equator and passing through the axis of rotation of S*; 
by cutting S* along the line corresponding to u1 = 7 and bending it into 
the plane we obtain the desired image of the sphere S. The images of the 
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parallels and meridians are straight lines; the latter are equidistant, the 
distance between the former decreases with increasing latitude. 

We now consider the mapping of Sanson, which Sanson obtained from 
Lambert and used for construction of maps (1650). This mapping is 
given by 
(67.3) a* = rulcosw’, aru, (—a7<ul <a, —}7 Su? < jn). 
It is equiareal since the corresponding Jacobian D =r*cosu?, The images 
of the parallels u? = const. are parallel straight lines 23 = const. The 





180 East 
Fie. 78. Lambert projection 


distance of those images is the same as the (spherical) distance of the 
corresponding inverse images. The length of any segment of the images 
of the parallels equals the length of the corresponding inverse image. 

We finally consider the mapping of Bonne, introduced by Bonne in the 
eighteenth century and frequently used in cartography. It is defined by 
__ uicos u* 

Aur’ 
where uw}, wu? are the coordinates on the sphere S, defined by (25.2), and 
r*, «* are polar coordinates in the image plane S*. 

The discriminant of the first fundamental form of S* is g = r*¥?. When 
u}, u2 are introduced as coordinates in S*, in consequence of (28.4) ¢ is 
multiplied by the square of the Jacobian 





(67.4) r* = r(4n—u?*), a 


r cos u* 
tn—u? 


D= 





We therefore obtain 
g* = r2(4ia—u?)?D? = 7tegs?y2 — g; 
that is, the mapping of Bonne is equiareal. 


The images of the parallels u* = uz = const. are arcs of the circles 
rt = r(47—uz). The image point of the North pole is the centre of these 
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circles, cf. Fig. 80. The length of an arc of the image of a parallel is equal to 
the length of the corresponding inverse image. 





Fic. 80. Bonne projection 


Problem 67.1. Investigate the mapping of Collignon [1] 


22 7 UU _ [wr wu 
* —— fae 1 i ee —— * _—_ vi: IT 2 per es cheer e 
at mae sin(? ; | ak=—r n| —* sn i =) 


68. Conformal mappin¢ of the Euclidean space. We consider the 
Euclidean space R, and assume that Cartesian coordinates have been 
introduced in this space. Let 


(68.1) Y; a h,(x, Vo, Xs). (2 = 1, 2, 3), 
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be functions of class r (> 1) which are defined in one and the same domain 
B of R, and whose Jacobian is different from zero everywhere in B. By 
means of (68.1) to any point P of B with position vector x = (2, Xe, 2%) 
there is associated a point P* with position vector y = (4, Ye, Ys). B is 
thus mapped onto a certain domain B* of R,. If, in particular, B and B* 
are both identical with the entire space the mapping is called a mapping of 
R, onto itself. 

A one-to-one mapping of class r which maps a domain B of FR, onto a 
domain B* of the same space is called angle-preserving or conformal if, 
for any pair of intersecting curves, the angle of intersection of the images 
is equal to that of the corresponding inverse images at the corresponding 
point. We shall restrict our consideration to conformal mappings for 
which the image of any surface of class r > 3 is of class r* > 3. Such a 
mapping will be called admissible. 

Conformal mapping of Euclidean space differs from that of the plane in 
many aspects. For the plane there does not exist a theorem analogous to 
the Theorem 68.2 of Liouville; the image of a circle in the plane, when 
being mapped conformally, is not a circle in general. While in the plane any 
regular function f(z) gives rise to a conformal mapping (cf. Section 64) we 
shall find that there are very few types of conformal mappings of space. 
It will be proved that any admissible conformal mapping of Euclidean 
space can be decomposed into inversions; cf. Theorem 68.3. 

This means that inversions, that is, mappings of the form 


y=r 





? 
xX°*X 


are the only non-trivial admissible conformal mappings of the space. 
We will first consider some properties of those mappings; without great 
loss of generality we may set r = 1, that is, we consider the mapping 


x 
(68.2) y = x°x? (x f 0), 





A transformation is called involutory if two successive applications of it 
result in the identity transformation. Inversion is involutory since when 
(68.2) and then another inversion z = y/y°y are applied we obtain 

° 2 
pee Oe t e 


ZZ = 
yoy x°x x°x 


Since in (68.2) the denominator x-x is a positive scalar, a point in 
space and its image lie on the same ray of a straight line passing through the 
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origin O of the coordinate system. Furthermore, from (68.2), 


ae. 
vey xx 





that is, the product of the distances from O of an arbitrary point and of its 
image is always equal to 1. 

The fixed points of the transformation (68.2) can be obtained from the 
condition y = x, that is, from 


x=—~ or x-x= |x|? = 1. 

x*X 
Consequently the image point of any point P on the unit sphere with 
centre O coincides with P. The inversion is therefore also known as a 
reflection in a sphere (of radius 7; in our case r = 1). 

The origin O of the coordinate system is called the pole of the inversion; 
it has no image point. But if we close the space at infinity by just one 
point Q, then O and Q correspond to each other, and the inversion becomes 
a one-to-one mapping in the whole space. 

A sphere through O inverts into a plane, its points being transformed 
according to stereographic projection. Other spheres invert into spheres. 
Straight lines and planes may conveniently be regarded as circles and 
spheres through the point at infinity, Q. Indeed, let 


8 
a,x'x+ > a,2,+a, = 0 
i=1 
be a representation of a sphere. Then we obtain from (68.2) 


3 
Ag+ p> a;Y;:+ay°y = Vv. 


Inversion ts conformal 

This can be proved as follows. Let x(s) and X(c) be any two intersecting 
curves and y(s*) and j(c*) the respective images; s, co, s*, and o* denote 
arc lengths. Then the derivatives x,, X,, Y,», and y,. are all unit vectors. 
Hence the angles of intersection of the curves and their images are equal if 


(68.3) MX, Ve" os 
We will prove (68.3). From (68.2) we have 


_ . ds _ x,(x°x)—x(2x-x,) ds 
(68.4) Ya = Yeqge = (x= xj? Cis 
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Since x,° x, = 1 and y,.*y,- = 1 we obtain from (68.4) 


de® = X* X. 
Analogously 


By taking the scalar product of (68.4) and (68.5) and using the fact that 
xX = xX at the point of intersection we obtain (68.3). 

We now explain the concept of curvilinear coordinates in space; these 
coordinates resemble curvilinear coordinates in a plane, such as polar 
coordinates. Curvilinear coordinates wu}, u?, u® can be introduced by a 
transformation of the form 
(68.6) a; = h(t, u®, ud), (i = 1,2, 3); 
we assume that the functions h, are defined in the whole space and are of 
class r (> 1). Furthermore, the Jacobian of (68.6), . 

oly hy hy 
dul du* dui 
_ (%,%2%3) _| Ahg Gh Shy 
~— O(ut, uz, us) | Gut =u? §=ud |’ 
dh, Oh, Ohe 
Gut Out dud 
is assumed to be not identically zero. Then, in a neighbourhood of every 
point at which D + 0, there exists the inverse transformation 


(68.6) ut = u(x, 22,25), UW? = (2p, 2), UW = (44, Lay Xs) 
The surfaces 
ui = u = const, u* = v = const., us’ = w = const., 
are called coordinate surfaces of the uu?u° coordinate-system. These 
surfaces constitute a system of three families of co surfaces. This system 
is called a triply orthogonal system if the three surfaces of the system passing 
through any point are mutually orthogonal. The surfaces under considera- 
tion form a triply orthogonal system if and only if the vectors 
__ [0x OX, Ox, as, 

x= (Fe oul’ fal) (J — 1, 2, 3), 
satisfy the orthogonality conditions 
(68.7) X°X,=0, jk, (fj =1,2,3;k =1,2,3). 
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Examples. The coordinate planes of Cartesian coordinates form a triply 
orthogonal system. The coordinate surfaces of cylindrical coordinates 


x 
wi = arc tan—, u? = +./(2?+23), ui = 2, 
1 


(cf. Fig. 81) form a triply orthogonal system in space with the exception 


of the x;-axis; the same is true for polar coordinates in space, cf. Problem 
68.2. 





Fie. 81 


To a given one-parameter family of (non-intersecting) curves in a plane 
there always exist orthogonal trajectories. In space, however, the analo- 
gous fact with respect to surfaces is not always true. Let an orthogonal 
system F of two families of surfaces be given. Then there exists a family 
G of surfaces whose surfaces intersect every surface of F' orthogonally if 
and only if the curve of intersection of any two surfaces of F is a line of 
curvature on both surfaces. We have in fact the following 


Theorem 68.1 (Dupin, 1813). The curve of intersection of any pair of 
surfaces of class r > 2 of a triply orthogonal system is a line of curvature on 
both surfaces. 

Proof. Let H be a triply orthogonal system of surfaces 

ui = u = const., u* = v = const., u? = w = const., 


cf. (68.6), satisfying (68.7). It suffices to consider one of the three families 
of surfaces, for instance, the surfaces 


W: w= const., 
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since the situation with respect to the other two families U: u = const. and 
V: v = const. is the same. u and v are coordinates on the surfaces of W. 
u = const. and v — const. are the curves of intersection of W with the 
surfaces of U and V, respectively. We have to prove that these curves of 
intersection are lines of curvature of the surfaces of W, that is, 


Jie =X,\°X,=—0 and b,,=x,.-n= 0, 
where the indices denote partial derivatives and n is the unit normal vector 


to a surface of W under consideration. In consequence of the assumed 
orthogonality g,. = 0. Differentiating (68.7) we obtain 


(68.8) X13 ° X_+X)° Xp3 = 0, 
(68.9) Xo) ° Xg-+X_° Xs, = 0, 
(68.10) Xgp - X + Xs 7 Xy0 — 0. 


Subtracting (68.8) from (68.10) we find 
%1g° X_ = Hg° Xjo- 
Inserting this into (68.9) we have 
(68.11) X10° X3 = 0. 
(68.7) means that x, is orthogonal to x, and X,, that is, to the surface under 
consideration. (68.11) is therefore equivalent to b,, = 0. 


A theorem related to Theorem 68.1 will be considered in Section 88. 
Using Theorem 68.1 we can prove the following 


Theorem 68.2 (Liouville). The image of every sphere with respect to 
any admissible conformal mapping of Euclidean space 1s again a sphere. 
(Here planes have to be considered as special cases of spheres, namely spheres 
through Q.) 

Proof. We consider an arbitrary sphere K, with centre M and will prove 
that the image K9@ of K, with respect to any admissible conformal mapping in 
space is a sphere. For this purpose we choose a one-parameter family & 
of concentric spheres with centre MM; obviously Ky is a surface of this 
family. We take a pencil € of planes # with axis G through UY and a one- 
parameter family % of coaxial circular cones A with axis G. &, €, and A 
form a triply orthogonal system %, except on G. We denote by 7(y) 
(0 < y < zm) a continuous rotation of the whole family & such that the axis 
of rotation passes through MM and an arbitrary point P, of K, not on G; 
y is the angle of rotation; the families € and Y are kept fixed. In con- 
sequence of this rotation the curve of intersection of K, and the plane 
E = E, through Pf, assumes every direction in the tangent plane of K, 
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at P,. The rotating family R = RK(y) and the fixed families € and & con- 
stitute a triply orthogonal system § = G(y), except on G. We consider 
now the image §*(y) of §(y) with respect to any admissible conformal 
mapping. In consequence of conformality %*(y) is a triply orthogonal 
system (except for the image of G) for every value of y. The continuous 
rotation 7'(y) of K, corresponds to a continuous motion of the image K@ of 
K, which leaves the image P§ of P, fixed. In consequence of that motion 
the curve of intersection of K* with the image of the plane FE, assumes every 
direction in the tangent plane of Kj at P>. We conclude from Theorem 
68.1 that all those curves of intersection of different directions are lines of 
curvature on K%, that is, P* is a navel point of Kj. Since FP, was arbi- 
trarily chosen the image Kj of K, consists of navel points only ; it is of class 
r* >.3 and thus is a sphere (or a plane), cf. Theorem 48.1. 


Theorem 68.3. Every admissible conformal mapping K of the space is a 
composition of (at most five) inversions. 

Proof. Let P* be the image of an arbitrary point P with respect to any 
admissible conformal mapping K of the space and, at the same time, with 
respect to a suitable translation 7’. Then T-\(K(P)) = P. Let R be an in- 
version with pole P. By & a plane, not passing through P, is transformed 
into a sphere K, passing through P. 7'-1K is an admissible conformal 
mapping; in consequence of Theorem 68.2 it maps K, onto asphere K, passing 
through P. & transforms K, into a plane. Hence by the transformation 
A = RT-"KR the arbitrary above plane is mapped onto a plane so that 
the image point of any point at a finite distance from the origin is a point at 
a finite distance from the origin; as is known A must therefore be an affine 
transformation. Since A is conformal it must be a dilatation. We thus 
obtain K = TRAR. Now, translation is the composition of reflections in 
two parallel planes. Reflection is inversion in a sphere of infinite radius. 
Dilatation is the composition of inversions in two concentric spheres. This 
completes the proof. 


Problem 68.1. Using (9.7) and (68.6) determine the linear element 
corresponding to arbitrary curvilinear coordinates in space. 
Problem 68.2. Let z,, x,, x, be Cartesian coordinates in space. Setting 
x, = usin u* cos u', 2, = wsin uv’ sin wu’, 2, = u'cosu* 
we obtain spherical coordinates u}, u?, u8. Investigate the Jacobian of this 
transformation and the coordinate surfaces of these coordinates. 


Vil 


ABSOLUTE DIFFERENTIATION AND PARALLEL 
DISPLACEMENT 


69. Concept of absolute differentiation. In the present chapter an 
introduction to the concepts of absolute differentiation and parallel displace- 
ment of vectors will be given. We shall see that these two fundamental 
ideas in modern differential geometry are closely related to each other. 
They are important especially in Einstein’s theory of relativity. 

We first consider the problem which leads us to formulate the definition 
of the absolute differentiation and later (in Section 76) the problem which 
leads us to introduce the displacement of Levi-Civita. 

We start from the following 

Fact. The first partial derivatives of a tensor of first or higher order, 
whose components are differentiable functions of the coordinates on a sur- 
face (for example, the metric tensor), do not form a tensor. 

In order to understand this fact we may consider a tensor af of first order 
whose components are differentiable functions of the coordinates u}, w? 
on a surface. Differentiating its law of transformation, 


ouX 
69.1 Ax = af _,, 
(69.1) a ae 
cf. (29.4) with respect to @ we find 
aax — daP dur aux Cru* dur 
ee fe es qk ——___ __.. 
OuP Ou? Ou Oub *  Bukdue Ou 
If the second double sum on the right-hand side of (69.2) were zero, (69.2) 
would be of the form (30.4), that is, we would have a tensor in this case, 
namely a mixed tensor of second order. This holds if 
tT 

duXdur 
that is, if the transformation @%(u}, u?) (a = 1, 2) is linear. Transforma- 
tions of Cartesian coordinates in the plane into Cartesian coordinates are 
of that type. But on surfaces or in Riemannian spaces of higher dimension 
the allowable transformations are not linear, in general, and consequently 
(69.3) will not hold. 

Laws of transformation analogous to (69.2) hold for the first partial 


(69.2) 


(69.3) 


’ (a,x,o = 1,2), 
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derivatives of tensors of higher order; but these laws are even more compli- 
cated than (69.2). 

Since derivatives of tensors figure in many investigations the corre- 
sponding formalism would be very difficult. We thus come to the following 


Problem. A differentiation process must be defined in such a manner 
that the derivative (in the sense of this process) of any tensor is again a 
tensor. 

This requirement means that the new differentiation to be defined 
should be independent of the coordinate system; it will consequently be 
called absolute differentiation. 

We shall, of course, require that in the case of Euclidean spaces, when 
parallel coordinates have been introduced, absolute differentiation shall be 
identical with the usual partial differentiation. 

In the following section we will define the absolute differentiation of 
tensors of first order, that is, of vectors. By generalizing this definition 
in a natural and very simple manner we shall later obtain the definition of 
the absolute differentiation of tensors of arbitrary order. 

We will restrict the dimension n of the Riemannian space to the value 
n = 2, that is, we will consider surfaces only, for the sake of uniformity in 
this book. This restriction is not essential, however; all the investigations 
and results contained in this chapter are also valid for n-dimensional Rie- 
mannian spaces of an arbitrary higher dimension 7; the only difference is 
then that all the summations to be done in consequence of the summation 
convention are carried through from 1 to 7 instead of from 1 to 2 only. Cf. 
also the remarks contained in Sections 27 and 29. 

70. Absolute differentiation of tensors of first order. The reasons 
for generalizing the usual partial differentiation have been outlined in the 
preceding section. We will now define the absolute differentiation of a 
tensor of first order. 

For this purpose we first consider a contravariant vector a whose com- 
ponents are differentiable functions of the coordinates w!, u? on a surface. 
If an allowable transformation u* = w*(@!, a) (a = 1,°2) is carried out, 
a® behaves according to (29.4), that is, 

3 ou 

ax — af Sak 
By taking the partial derivative with respect to «# we obtain the relations 
(69.2): eax aah aur aux _ aa* due 


Du due Ow dub” duKdue Our 
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which were already considered in the preceding section. We can now replace 
the second derivatives occurring in these relations by means of the trans- 
formation formula (47.12) of the Christoffel symbols of the second kind; 
we find 
ut r g0u* a OUT uF 

duraue “7 ub —* Buk Our 
By inserting (70.1) into (69.2) we obtain 

Oa" OOP Ou? Oi | aly, g2H®_ yp adil” Ba*\aue 

cup Ou? Ou duh “7 auB © Buk Gur} auP 


ow OUk Ou? — at 5 P 


(70.1) 


In consequence of 





duk dur owe si? 
aax — (aaP dur ou* 8 
we have is e+ at. ay aa Le 
or J 
oa Tr 6] Our ou 
70.2 — 4 qr. ~ — (—— + a*T_8)— --K5. 
we aa t Oe Fate Teo 50 bub 
Using the notations 
(70.3) ge OO eT 
: On 9 = pgp t oe 
and 
dah 
70.3’ — —+a*l 6 
(70.3') Po = set a'Tno 
we may write (70.2) in the form 
ou due 
70.4’ = —+ —.- 
ae Op = 0 SB Bap 
: : : : Out ouP : 
If we multiply both sides of this relation by aaa a and sum with respect 
to a and p then in consequence of (29.3) we obtain 
Z 7 — 
5 ep ee ah 
? Ou Ou” 7 ub aux OUP du” 
and therefore 
Out OUP 
70.4 = gx —— —__. 
ae) any = Up ou du” 


Hence the quantities a , are the components of a mixed tensor of second 
order with respect to the coordinates u}, u?. This tensor is called the 
covariant derivative of the contravariant vector af with respect to the tensor 9,g. 
The covariant derivative is a tensor which has one more covariant index 
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than the originally given one; this is the reason for the name ‘covariant 
derivative’. The covariant derivative is denoted by a covariant index 
preceded by acomma. By the terminology covariant derivative with respect 
to the tensor Jag we indicate the fact that the coefficients in (70.3), that is, 
the Christoffel symbols, are functions of the metric tensor g,,. (Since only 
the transformation behaviour (47.12) but no other property of the Christof- 
fel symbols entered into our considerations we may replace these functions 
by other functions with the same law of transformation and thus obtain a 
generalized absolute differentiation, cf. Section 78.) 

The covariant derivative differs from the ordinary one only by a sum of 
linear terms, aT B 


In Euclidean spaces, when Cartesian coordinates have been introduced, 
Io? = 0, that is, in this case the covariant derivative becomes identical 
with the usual partial derivative. The above defined absolute differentia- 
tion thus satisfies all the conditions stated in the preceding section. All 
further investigations are more or less repetitions of what we have just 
done; the method of reasoning is essentially the same as that used above. 

We will define the covariant derivative of a covariant vector az. We have 


- ouB 


Ce Boa 
ef. (29.5). By differentiating these relations with respect to wu? we have 


oa Cag dur uP O2uk 
70. iste peat «cir dit esege at: 
(70.5) BaP Dut Dap ou "“aomP 


From (47.12) we obtain 


uk pp rdw py duh our 
oazoup CO’ But PO aga au’ 





which relations enable us to eliminate the second derivatives from (70.5), 


Ody _ Oag du? OuP (ROUX 1 «Gull | 
auP Ou OUP Ou 1 oar PF? Bax aur 
due 
By means of On ar — On 


we obtain from the preceding relations the formulae 


a, ~ 7 da dur dub 
(70.6) = (FE Tp a le 
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which are analogous to (70.2). Using the notations 


(70.7) Ay, = pgp oot Ry 
and 
, Ca 
(70.7') ag. = at — a, Teo" 
we may write (70.6) in the form 
_ OuB bur 
(70.8) Ax.p = "Bo Fa BaP 


That is, the quantities ag, are the components of a covariant tensor of 
second order (with respect to the coordinates u1, u*); this tensor is called 
the covariant derivative of the vector ag with respect to the tensor gua. 

The covariant derivative of a covariant vector differs from the usual 
partial derivative by a sum of linear terms which are preceded by a negative 
sign. (In the case of the covariant derivative of a contravariant vector a 
positive sign appeared in the formulae.) 


71. Absolute differentiation of tensors of arbitrary order. By a 
simple generalization of the investigations carried out in the preceding 
section we shall now obtain the definition of the absolute derivative of a 
tensor of higher order; the different steps of our reasoning will be exactly 
the same as those of that section. 

We have to start from the transformation law of an arbitrary tensor, 
that is, from (30.5). To every index of the tensor there corresponds, in 
every term of the multiple sum on the right-hand side of (30.5), exactly one 
first order partial derivative. For example, the transformation law of a 
mixed tensor of second order is given by 


+ 7 tow ou 
Ga = OB Te oul 


it involves two such partial derivatives in every term of the double sum 
on the right-hand side. The first step consists in differentiating (30.5) once 
with respect to one of the coordinates 7}, %?. When doing so each of 
the aforementioned derivatives yields one second order partial derivative 
in each term on the right-hand side. In our example we thus obtain 





(71.1) 


Sue  \Sanoa dur) bax Ouroue our] 


QG,7 _ dag du2 duP our (Put ut duh GIT due 
ouP Ou? ear OaX dub 
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The second step consists in eliminating each of these second derivatives by 
means of the transformation law (47.12) of the Christoffel symbols, cf. 
(70.1). In this manner we obtain in our example instead of the bracket 
on the right-hand side of (71.1) the expression 


Tout pouh aus Om" 5 7 Oi* udu" du? 
ap Bo a y vo af eA ay ag] aga dap 
OuyY Oa auP a ou Cu” du? | OuX uP 


We have now to order the expression thus obtained. All sums of products 
which involve Christoffel symbols I,” ag corresponding to the coordinates 
ui), a? are transposed to the left-hand side of the expression under considera- 
tion. When doing so all tensor components which occur in those products 
and correspond to the coordinates u1, u? are transformed into tensor com- 
ponents corresponding to di}, 7”; this can be done by means of (30.5) and 
leads to terms which no longer involve first partial derivatives. Con- 
sequently no such partial derivatives appear on the left-hand side after- 
wards. Since oul oar 
Y Day dw 
oie Oi GuH Buy ge sd 


ene Cy oy due oat ou Oe OP? 


we thus obtain in our example 


du? duh ouT 


dag? edie hadll 
OUP Ba dus” 


0a," aoe v 
(71.2) BaP a,7T,.” +a,* = |Fe —4a,'Tpo*+ag let 


Also in the general case to every index of the tensor there corresponds 
exactly one multiple sum of additional terms on each side of the expression 
obtained by the above ordering process; every one of these sums has a 
positive sign if it corresponds to a contravariant index and a negative 
one if it corresponds to a covariant one; we have already come across a 
special case of this fact in the preceding section. In the case of our example 
it follows from (71.2) that the quantities 


t 
(71.3’) ag, = oe —a,2Tygt-tag'T yo! 


are the components of a tensor of third order, covariant of second order 
and contravariant of first order; this tensor is called the covariant derivative 
of the tensor ag’ with respect to the tensor g,g. In the general case of a 
tensor d,, q,°8: of order r+s, covariant of order r and contravariant 
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of order s, we find that the quantities 


da. BB 2 
(7 1. 3) Dens uy Bate = age ~~ me Perny-s Ky +. 100.Oe ABT, ot 


EFS agg g, Bin POrtABOs 1 Bu PB 
s=1 


are the components of a tensor of order r-+-s-+1, covariant of order r+1, 
contravariant of order s; this tensor ie called the covariant derivative of the 
tensor Aq, ,«,Pi"Ps with respect to the tensor Jug. 

In consequence of the covariant differentiation the number of the co- 
variant indices increases by one. 

The covariant derivative of a differentiable tensor of order zero, that. is, 
of a scalar 4(u!, wu”), is defined by 

7} 

(71.4) o. = = 
This covariant vector ¢ , is called the gradient of the scalar ¢, cf. Section 29. 

We finally mention two special cases of (71.3) which occur frequently. 
In the case of a covariant tensor of second order, ag, the covariant deriva- 
tive takes the form 


(71.3”) QB = oes — a, BUG” —Aay Tp”. 


The covariant derivative of a contravariant tensor of second order, aP, is 
given by 


(71.3”) ah = err, «+ arrT 8. 


The covariant derivative of a mixed tensor of second order is of the form 
(71.3'). 


72. Further properties of absolute differentiation. As can be 
immediately seen from (71.3), the covariant differentiation of sums and 
products is governed by the same formal rules as those that govern the 
usual differentiation: 

A sum of tensors (which, by the definition of addition of tensors, must 
be of the same type) may be differentiated term by term, for instance, 


(72.1) (4... wet Bet tht’), a wf “Be ot },.,. eg fuane -. 


The covariant differentiation of a product of arbitrary tensors is governed 
by the elementary product rule, for example, 


(Ci id og PP) gg = OD ad) x as “Pty greg: pinhe 
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For example, in the case of a product of the tensors a, and b°° we obtain 
the covariant oe in the form 


(Ag bP?) k= = (aap bP?) —bP%(a, vB La we Tag Th”) +4ag(6"°T, P+”), 
hence 
(72.2) (24g bP?) = DnB bP°-+- O48 6Po 


In (72.2) if we set 8 = p we obtain the covariant derivative of the inner 
product of the given tensors in the form 


(Ay, bP?) = Bapx bP? bP 
The tensors 9.8, 98, and 5,° behave with respect to covariant differentia- 


tion in the same manner as constants with respect to the usual differentia- 
tion. Indeed, we have the following 


Theorem 72.1 (Ricci). The covariant derivatives of the tensors gg, 
g°P, and 8,8 are zero tensors. 


Proof. In consequence of (71.3”) we obtain 





og 9a 
Jape = ee S98 Le Gas Tay =: =e — (Top Texas) 
hence, by (47.4), 94g, = 0. Furthermore, by (71.3”), 
P= Fs gL, 24 gerT 
in consequence of (47.5) these expressions vanish. Finally we obtain from 


71.3’ 
al ne Bo + 80T,P—8 ry = PPT P= 0. 


y ~aK 


From (71.4) we obtain the second covariant derivative of a scalar 
d(u1, u*) of class r > 2 in the form 


o ) = 
Por = sig — ot od * 
Consequently we may write the formulae of Gauss (45.14) in the form 
(72.3) Trap = bapNis (¢ = 1, 2, 3), 
and the formulae (46.3) of Mainardi—Codazzi in the form 
(72.4) Baby = Bays 


73. Interchange of the order of absolute differentiation. The 
Ricci identity. The value of the second covariant derivative depends on 
the order of differentiation. Of course the order becomes immaterial if the 
Christoffel symbols vanish identically and covariant differentiation is then 
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reduced to the usual partial differentiation as is the case when a surface 
admits Cartesian coordinates. 

The order of covariant differentiation is also immaterial in the case of 
the second derivative of a scalar. We first prove the following 


Theorem 73.1. The first covariant derivative of a covariant vector 18 a 
symmetric covariant tensor of second order if and only if that vector 18 the 
gradient of a scalar of class r > 2. 


Proof. The covariant derivative ag, of a covariant vector ag is sym- 
metric if and only if 


dag oa, 
“po CoB Fue aub 


vanishes. Here the form of the right-hand side of (73.1) is a consequence of 
the symmetry of the Christoffel symbols, cf. (47.3); the quantity on the 
right-hand side is the rotation of the vector ag; it vanishes if and only if 
ag is the gradient of a scalar. Denoting this scalar by ¢ we have 


(73.1) 


ag = Pp 
and (73.1) becomes equivalent to 
— 2 (26\_ 8 (ao) _ 
(73.2) $p0~$.0p = 555) — seals) 0, 


We will now study the general case of the second covariant derivative 
of a tensor of arbitrary order; in this investigation the curvature tensor 
will figure. 

Differentiating covariantly with respect to uw the covariant derivative 
(cf. (70.7')) 

(73.3) ap, = “Ba, Te" 


ou’ 


of an arbitrary covariant vector ag (of class r > 2) we obtain 


7) 
“Bop = Out 28,6 — 4,0 Tp,” —ag, ee 


that is, 
e*a da ) 
73.4 = Pcled - Seer 7 W nae ./ — 
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ag, can be determined analogously. When the expression @¢,,,—@gn¢ 
is formed a great number of terms cancel out in pairs. The result is 


Q 7) 
@B.op— 2B ,po = Fy Ee Tp — Du Teo + To" py’—f,7 vad , 
or, in consequence of (46.5), 
(73.5) 2B. ou—2Byo = Fy R%goy- 
In the case of a covariant tensor of second order we obtain similarly 


Fo8,op—TVPpo = Inp Rout Gan BX Bop- 


In the case of an arbitrary covariant tensor a,,_,, we therefore find 


T 


(73.6) a 


Qe, ..o,op 1.07, pLo > Des... —1N%p 4 ase R pop’ 


From this result we obtain the corresponding identities for contravariant 
tensors by taking suitable inner products. Since g*?, = 0, cf. Theorem 
72.1, in the case of a contravariant vector a“ we find the relation 


A oy = (9° ag) on = (PAB 6) n= I PAB op: 
Applying (73.5) to this expression we obtain 
Boy — 2" no = JP(48,64—2B,y0) = ga, R7goy- 
Since Rrgon =G9TR pon 2nd Rigg, = —Rerops 
cf. (46.6’) and (46.10), we finally have the identity 
A oy — A ug = GPa, gT Ri pop = GPa" Ron = — 90" Recon 


hence 

(73.7) A oy —O* ne = — A RY oy 

In the case of a contravariant tensor of second order we obtain analogously 
(73.8) a8 ,,—at , = —abRe,,,—a™ RP, ,,,. 


From (73.6) and (73.8), in the case of an arbitrary mixed tensor a,,..../:~8. 
(of class r > 2) we obtain 


(73.9) Cg fe iy — On, P ag ca >) fa, PBR, 
p=1 


1006p — 1 NA pg yoo pon 


— > ee PE set 


The relation (73.9) is called the Ricci identity, cf. G. Ricci-Curbastro and 
T. Levi-Civita [1]. 
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74. Bianchi identities. We shall now prove the following 


Theorem 74.1. The covariant derivatives of the curvature tensors (46.5) 
and (46.6) satisfy the following identities of Bianchi: 
(74.1a) Renz t+ Bern pt Bo abrn = 9 
(74.1 b) RoanBrt Rowen pt Rouben = 0. 

Proof. In the case of two-dimensional Riemannian spaces, that is 
surfaces, this theorem is a trivial consequence of (46.9). We will now prove 
the theorem for general values of n > 3. In Section 47 we showed that 
on every surface there exist coordinate systems of such a type that the 
Christoffel symbols vanish at an arbitrary (fixed) point Pj. It follows from 
the proof that the same fact also holds in n-dimensional Riemannian spaces, 
n > 2. With respect to such a coordinate system the representation 
(46.5) of the mixed curvature tensor at P, reduces to 

Ro, g = hap? Pan? 
= dur uh 
Furthermore, at J the covariant derivative reduces to the ordinary one; 
indeed, since the Christoffel symbols vanish at F,, by differentiating 
(46.5) we obtain 


Ro enpr a = ae se 

widu™ § dufdut 
From this it follows that (74.1.4) holds at P, and with respect to the above 
special coordinate system. Since the left-hand side of (74.1 a) is a sum of 
components of tensors and therefore a component of a tensor, it is zero at 
P,in every coordinate system. Since & was arbitrarily chosen (74.1 a) holds 
at any point of the space under consideration. We will now prove (74.1 b). 
Theorem 72.1 is valid not only for surfaces but also for Riemannian spaces 
of higher dimension as can be immediately seen from the proof. Hence, 
by (46.6’), 





Ro onBr = (9° RrgnB),t = g oA RyanBr" 
Using this relation we obtain (74.1 b) from (74.1 a). 


75. Differential parameters of Beltrami. Let $(u}, u*) and J(u}, x?) 
be scalar functions of class r > 2 of the coordinates w!, u? on a surface. 


The gradients a a so ap 
Bue’ x Bue 
are covariant vectors, cf. Section 71. Hence the expression 
rs) 
(75.1) V(b.) = 9°Fb ate = grt 22H 


ux dub 
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is an invariant with respect to allowable transformations of the coordinates. 
V is called differentiator of the first order or first differential parameter of 
Beltrami [1]; it was already used by Gauss and Lamé. Instead of V(¢, ¢) 
we write briefly V¢, 


Op a 
(75.2) V$ = 98bade = get SP OF 


This expression is the square of the length of the gradient of ¢ as can be seen 
from (35.3). In the case of Cartesian coordinates in the plane we have 
git = g?2 = g = 1, g* = 0 and therefore 


a¢\2  (a¢\? 
Vd = (—— —s|- 
+= (an) + Ge) 

If ¢(u?, u*) is a function of wu}, u?, not a constant, and if du%/dé are the 
components of a contravariant vector tangent to a curve of the family 
¢(u}, uw?) = const. then ab due 

ial seca ers | 

ous dt 
that is, at any point of the curves ¢(u, u?) = const. the gradient 0¢/du* is 
orthogonal to the corresponding curve. 

Let us now consider two families of curves ¢(u!,u*) = const. and 


us(ut, uw?) = const. which form a net. Since the gradients are orthogonal to 
the corresponding curves they make the same angle y as the curves; we 


care Vig p) 
WvEVy) 





cosy = 
We thus obtain the following 
Theorem 75.1. If two families of curves 
¢(u}, u?) = const. and y(u},u?) = const. 
form a net, this net 1s orthogonal tf and only wf at every point 
(75.3) V(¢,) = 0. 

We will now mention the following connexion between the differential 
parameters of Beltrami and geodesic coordinates (cf. Section 52): We 
consider a family of curves ¢(u?, u?) = const. which at every point satisfy 
Vd = 1 and which, together with another family of curves 

us(u4, u2) = const., 
form an orthogonal net. Then, by the preceding theorem, V(¢, 7) = 0. 
We now introduce new coordinates i}, @? defined by 


a = $(uw), a = p(w?) 
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whose coordinate curves are the curves 

d(ul,u?) = const. and 2¢(u!,u?) = const. 
In these new coordinates 

Vi = Gi = Vd = 1 
and therefore also g,, = 1/911 = 1. Hence the corresponding first funda- 
mental form is given by the expression 
ds* = (di')’+ 92.(du?)?, 

that is, the #1, %?-coordinate system is geodesic, cf. (52.1). 


By contraction of the covariant derivative a%, of a contravariant vector 
a* we obtain the scalar a~,, which is called the divergence of the vector a*%, 





(75.4) div a* = a%,. 
Using (70.3): a= oe aly. 
Fue 
and. (47.6’): Li = ” lop Ng = Jog 
ou” Vg du” 
we find aX, = 5 Slwoa") = % (v9 g+¥a,,,). 


If, in particular, a, is the gradient of a scalar ¢, that is, a, = 0¢/du" we 
obtain the invariant 


(75.5) Ag = div grad $ = J. Gow e guy bai at 


Ais called differentiator of the second order or second differential parameter of 


Beltrami. In the case of Cartesian coordinates in the plane we have 
git = g?2 = g = 1 and g'* = 0, and therefore 


_ ah . a% 
(75.5 ) A¢ = (Gul)? (a2)? 


that is, the Laplacian in its simplest form. We may write (75.5) also as 
follows. In consequence of (75.4) we obviously have 


A¢ = (oe A) 
Therefore, by (71.4) and Theorem 72.1, 
(75.5”) Ad = gd uy 


76. Definition of the displacement of Levi-Civita. This chapter 
is devoted to the concepts of absolute differentiation and displacement. 
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In Section 69 we mentioned the importance of these concepts in modern 
differential geometry and their application in the theory of relativity. We 
then proceeded to the discussion of the problem which gave rise to absolute 
differentiation. In Sections 70-75 the definition and basic properties of 
absolute differentiation were stated. 

We will now formulate the problem which gives rise to the displacement 
of Levi-Civita [1]. A generalization of the displacement of Levi-Civita 
will be considered in Section 78. Instead of displacement the name 
parallelism is often used, in the same sense. 

The problem consists of comparing directions of vectors tangent to a 
surface at different points of it. That is ,we want to compare the direction 
of two vectors in a surface (cf. Section 32) bound at different points of 
it, say P and Q. This is impossible, a priori. In order to make such a 
comparison we must first define a displacement, that is, a rule according 
to which a vector in a surface can be displaced from one point of the surface 
to another. 

The simplest displacement is defined by the requirement that the com- 
ponents of every vector remain unchanged, that is, the vector displaced 
from P to Q is, by definition, that vector bound at Q which has the same 
components as the one originally given at P. The two vectors at P and Q 
are called parallel to each other with respect to this displacement. Obviously 
this simplest displacement and the concept of parallelism resulting from it 
correspond to the case when the surface under consideration is a plane 
in which parallel coordinates, for instance Cartesian coordinates, have 
been introduced. 

The transition from one given Cartesian coordinate system to another 
is governed by a transformation of the form (3.1) (summation from 1 to 2 
only), and vectors then behave according to (4.2). The coefficients figuring 
in the transformation formulae are constant, they do not depend on the 
points of the plane under consideration. Hence two vectors bound at two 
different points P and @ which are parallel with respect to the originally 
given coordinate system and with respect to the displacement under 
consideration are also parallel with respect to the transformed coordinate 
system. Consequently every vector can be displaced in a unique manner 
from any point of the plane to any other one. In the case of Euclidean 
coordinate systems it is therefore sensible to introduce and use the concept 
of a free vector, that is, a vector whose initial point can be arbitrarily 
chosen, cf. Section 4. The concept of parallelism resulting from this 
simplest type of displacement is the elementary one. 
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It is impossible, however, to use this simple displacement on an arbitrary 
surface. The reason is simply that vectors in an arbitrary surface, when an 
allowable coordinate transformation is imposed, undergo a transformation 
of the form (29.4) and (29.5), respectively. In consequence of such a trans- 
formation the components of a vector are multiplied by partial derivatives 
which, in general, are not constants but are functions of the coordinates on 
the surface, since the allowable transformations of coordinates on an 
arbitrary surface are not linear in general. Consequently two vectors in a 
surface which are bound at different points and whose corresponding com- 
ponents with respect to a certain coordinate system are equal will, in 
general, lose this property if the coordinate system is transformed. 

We could consider the possibility of using the concept of parallelism of 
the space in which a surface is embedded, but this would not lead to a 
reasonable result. In fact, when displacing a vector in a surface S, given 
at a point P, from P to a point Q of S we would not even obtain a vector 
in S at @ since the tangent planes to S at P and Q are, in general, not 
parallel to each other. Moreover, the concepts of parallelism and angular 
magnitude on the surface would depend on the special embedding and 
consequently change under isometric mappings, which mappings do not 
affect the first fundamental form, that is, the intrinsic geometry of the 
surface. We have therefore to define a displacement valid for any surface 
in another manner. 

The definition of displacement of a vector in an arbitrary surface and the 
resulting concept of parallelism will, in contrast to the above elementary 
displacement in a plane, have the following very essential restriction: The 
displacement will depend on the choice of an arc on a surface S along which 
a vector is displaced from a point P to a point Q on S. 

We will of course require that in the case of Cartesian coordinates the new 
concept of displacement reduces to the elementary one. 

Let x(u},u?) be an allowable representation of an arbitrary surface S 
of class r > 3. We denote by a“ a given vector bound at a point P of S 
and we wish to displace this vector to another point Q of S. For this purpose 
we choose on S an arbitrary (fixed) curve C: x(s) = x(w(s), u?(s)) passing 
through P and Q and reason as follows: 

Parallel vectors in a plane make the same angle with any geodesic, that 
is, with any straight line. In order to obtain the desired definition of dis- 
placement on an arbitrary surface we use as a starting-point the analogous 
requirement, namely: If the above curve C through P and Q, in particular, 
is a geodesic the displacement along this special curve C should be carried 
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out so that at every point of C the displaced vector a*(s) in the surface S 
makes the same angle with the unit tangent vector to C. 

This means we first consider the special case of displacing a%(s) along a 

geodesic G: u* = u%(s) (« = 1, 2), on a surface S: x(u!, u*); here s is the 
arc length of G. Let a%(s) be unit vectors of class 7 > 1 in S at points of G 
and not tangent to G. We have 
(76.1) Jyyara” = 1. 
We shall say that the vectors a%(s) are parallel in the sense of the displace- 
ment to be defined (and with respect to G@) if the angle between a“%(s) and 
the unit tangent vector x, u* to G is the same for all values of s. This holds 
if and only if the scalar product g,,,a%w” is constant, that is 


d : 
ds (Gov atu”) = 0 
or Jay wraurtg atu” + g a“ = 
oul av AT by 
Replacing the derivative of the metric tensor by means of (47.4) we obtain 
(76.2) {Trev t Toa)tt? + Jay AYU" + Jar VT = 0. 


Since G is a geodesic, in consequence of (51.5) we have 
Jerr UX(U7+T, 7”) = Oz 


Now Drow = Gar lie 
and aD yoy = aFTh,, = aon, Ups 
Hence, by (70.3’), (76.2) becomes 
(76.2’) Jov(G*+-aFTp gi? yr” = 0. 
We will prove that the vector 
(76.3) on = a2 aF lp “a? 
ds 
is the null vector. In consequence of Theorem 72.1 we obtain from (76.1) 
(76.4) Juv = av = 0. 


Hence if the vector 5a%/s is not the null vector it must be orthogonal to G, 
ef. (76.2’), as well as to a%, cf. (76.4). But this is impossible since the direction 
of a“ is arbitrary. We therefore have 

BaF 

és” 
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that is, 

a 
(76.5) + aT? = 0; (a = I, 2). 


It is now natural to define also by (76.5) the displacement of a vector a 
along any arbitrary curve C on S. If Cis given, that is, is defined analytically 
by arepresentation u! = w}(s),u? = u?(s), then the equations (76.5) admit a 
solution a}(s), a?(s) uniquely determined by an arbitrary vector a* at a 
point of C. The vectors a%(s) thus obtained are called parallel with respect 
to C (and with respect to the displacement just defined). The displacement 
defined in this manner is called the displacement of Levi-Civita. 

Of course, instead of the arc length s we may introduce an arbitrary 
allowable parameter ¢; then (76.5) takes the form 


(76.5’) a®’+-aPT,"u’ = 0, (x = 1,2), 


where the prime denotes the derivative with respect to ¢. 
Since a* = ga, 


and g* = det(g*) 0 we obtain from (76.5’) the differential equations of 
the displacement of a covariant vector a, in the form 
(76.5”) a,—a,T,"u” = 0, (vy = I, 2). 

In the case of Cartesian coordinates in the plane the Christoffel symbols 
vanish identically. In this case (76.5’) reduces therefore to a®’ = 0 (a = 1, 2), 
that is, the components of the vector remain constant when the vector is 
displaced, and the displacement becomes independent of the choice of the 
curve C. In other words, in this particular case the displacement of Levi- 
Civitaé becomes identical with the above elementary displacement (which 
is as it should be). 

We have already stressed that in general the displacement of Levi- 
Civita depends on the choice of the above curve C passing through the 
points P and Q of the surface S under consideration. 


Theorem 76.1. The displacement of Levi-Civita, defined by (76.5), 28 
independent of the choice of a curve C (see above) if and only if the surface 
under consideration 1s a developable surface. 


Proof. Ifthe solution of (76.5) is independent of the choice of the curve C 
then 


(76.6) a*,=0 
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must hold. The integrability condition of (76.6) is obtained from (73.7), 
(76.7) av Rx, = 0, (x = 1,2). 


If solutions of (76.6) corresponding to arbitrary initial conditions should 
exist, (76.7) must be valid for arbitrary a* and therefore R%,,, = 0 must 
hold. Hence, in consequence of (46.6) and (46.12), we must have K = 0, 
that is, the surface is a developable one, cf. Theorem 59.2. Conversely, 
since for a plane the displacement is independent of the choice of a curve 
and since planes and developable surfaces are isometric, the same is true 
for every developable surface. 

In the following we will give a simple geometric interpretation of the 
displacement of Levi-Civita, assuming and using the fact that the surface 
S is embedded in three-dimensional Euclidean space. 


77. Further properties of the displacement of Levi-Civita. As 
can be seen from (76.5) the displacement of Levi-Civita is an intrinsic pro- 
perty of a surface (cf. Section 57), thatis, it is independent of the embedding 
of the surface in space. In consequence of Theorem 57.1 we thus have the 
following 


Theorem 77.1. If vectors are parallel with respect to a curve C on a sur- 
face S they are also parallel with respect to the umage of C under an isometric 
mapping of S. 

The displacement is independent of the special choice of the coordinates 
on a surface since the left-hand side of (76.5) is a tensor. 

When setting a* = du%/dt in (76.5) we see that the tangents to a geodesic 
G are parallel with respect to G. Obviously this is a generalization of the 
property of constancy of direction of a straight line in a plane. 

Another important property of the displacement of Levi-Civita is the 
following constancy of the scalar product: 


Theorem 77.2. If two vector fields a#(t) and b+(t) are generated by dis- 
placing each of two given vectors a¥(t,) and bt(t,) along one and the same curve 
C: u* = u%(t), (x = 1, 2), on a surface S: x(u}, u?) then at every point of C 
the scalar product g,,,(t)a*(t)b”(t) has the same value. 


Proof. We have to prove that the derivative of the above scalar product 
with respect to ¢, namely 


Gay t wap thy vf 
ub uP'a b +9,,(a" b + ath ), 
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vanishes. In consequence of (76.5’) we have 
Guy(at’b’-+-aHb”’) = —g,,,(a°T,g*b’+-a#b*T)g” uP’ 
= —(a°Tyg, 6" +-a4b°T 9, uF’ = —ard’(Tygy tT pa)u. 
From this, in consequence of (47.4), the statement of the theorem follows. 


Setting in particular b#(¢) = a#(t) we have as an immediate consequence 
of Theorem 77.2 the following 


Theorem 77.3. The length of a vector a“ in a surface remains unchanged 
under a displacement of Levi-Civita. The angle between two vectors in a 
surface bound at the same point remains the same if those vectors undergo a 
displacement along the same curve. 


Consequently if two vectors which are bound at the same point P and 
have different directions at P undergo a displacement along the same curve 
C they can never, at any point of C, simultaneously assume the same 
direction; at any point of C we obtain a one-to-one correspondence between 
any set of vectors displaced along C and the originally given ones. 

In the case that a surface is embedded in Euclidean space R, we can 
obtain a simple geometric interpretation of the displacement of Levi- 
Civita. For this purpose we will use 

Theorem 77.4. Let C be a curve.on a surface in Euclidean space R3. 
Suppose that vectors along C are given and are differentiable functions of the 
arc length s of C. Then these vectors are parallel with respect to C in the 
sense of the displacement of Levi-Civita if and only if the derivative of these 
vectors (considered as vectors in R,) with respect to s is the null vector or is 
normal to the surface. 

Proof. Every vector a“ in a surface x(u1,u”), considered as a vector 
in the embedding space, can be represented in the form 

V = (2, Ug, 3) = PX,,. 
If we differentiate this expression with respect to the arc length s of the 
curve C' we obtain ¥ = Gx, +07x,, un 
or, in consequence of (45.14), 
(77.1) v= (44-+-arT, #7) xX,, +276, an. 
If v is the null vector or has the direction of the normal to the surface 
then the expression in brackets (...) must vanish, that is, (76.5) is satisfied, 
and vice versa. 

Let S, and S, be two surfaces which touch each other along a curve C, 
that is, by definition, they have the curve C in common and along C 
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common tangent planes and therefore also common normals. Using 
Theorem 77.4 we thus obtain 


Theorem 77.5. If two surfaces S, and S, touch each other along a curve C 
then veetors in S, which are parallel with respect to C are also parallel with 
respect to C when considered as vectors un S,. 


These theorems describe the displacement of Levi-Civité from the 
standpoint of the embedding space. We thus may carry out the displace- 
ment of a vector in a surface S, embedded in Euclidean space, as follows. 
Let C be any (fixed) curve on S along which a given vector should be dis- 
placed. We choose a developable surface D touching S along C, cf. 
Section 60. According to Theorem 59.3 we can map D isometrically into 
a plane. We displace the given vector along the image C* of C in the 
elementary sense and map onto S the vectors thus obtained. In consequence 
of Theorem 77.5 these vectors are parallel with respect to C and in the sense 
of the displacement of Levi-Civita. 

Let us consider the following 


Example. Let C be a circle of radius 
r,=rsing 
on a sphere S of radius r, cf. Fig. 82, p. 239. Let a vector at a point P of 
C be given ; for the sake of simplicity we suppose that vector to be tangent 
to C. We displace this vector from P along C back to P. The developable 
surface D touching S along C is a cone (or a cylinder if C is a great circle 
on S), cf. Fig. 82. The apex of D is at the distance 
m =r,secd = rtand 


from C. We cut the cone D along the generator through P and bend it ina 
plane, cf. Fig. 83. Since C and its plane image have the length 
| = 2nr, = 2nrsing 


the angle f at the apex of the plane image of D (cf. Fig. 83) has the magni- 
tude 





2rr sin d 

= = 2 : 

B pind 7 Cos ¢d 

The displaced vector and the tangent to C at P make therefore the angle 
5 = 2n(1—cos¢). 


This angle depends on ¢, that is, on the choice of C. In particular 5 = 0 
if and only if C is a great circle on S, and in this case the displaced vector 
coincides with the originally given one. Indeed this must be so since great 
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circles are geodesics on the sphere and the tangents to a geodesic G are 
parallel with respect to G (in the sense of the displacement of Levi-Civita.) 
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78. A more general definition of absolute differentiation and dis- 
placement. The absolute differentiation and the corresponding displace- 
ment of Levi-Civita can be generalized. In the following we shall study 
the basic ideas of a generalization which will be obtained by replacing 
the Christoffel symbols occurring in the covariant derivative and in the 
differential equation (76.5) by other suitable functions. By this pro- 
cedure the absolute differentiation and displacement will become in- 
dependent of the metric on the surface which is defined by the tensor 
Jug. It is of interest to note that the generalized theory was developed 
not only for purely mathematical reasons but also for its usefulness in 
solving certain problems of modern physics, as can be seen from the basic 
papers of Eddington, Einstein, Eisenhart, Schouten, Veblen, H. Wey], 
and others. 

In Section 70 when establishing the definition of absolute differentiation 
the fundamental idea consisted of the elimination of second derivatives 
by means of Christoffel symbols of the second kind. That elimination 
process could be carried out in consequence of the transformation behaviour 
(47.12) of the Christoffel symbols. No other property of those symbols was 
used. In particular, the fact that those symbols are functions of the metric 
tensor g,, was completely unessential in that investigation. 
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We may therefore replace the Christoffel symbols Ig’ by other functions 
G3” whose transformation behaviour is analogous to (47.12), namely 
ig ARIE «Ha bcc li 
auy But dub " durdub 
and then define a more general absolute differentiation which is independent 


of the metric on the surface. 
Instead of (70.3) and (70.3’) we have then to consider the quantities 


(78.1) Gig? 


2 oa~ , 
(78.2) O, = tan 
and r 
, 0 
(78.2’) ab = ae +a*G...°, 
respectively. These quantities satisfy the relations 
du% dur duP ou 

qe = — — af = =. — — 

ea?) oe v0 dub aw’ 0 30 Baa Bue 


which are analogous to (70.4). Thus these quantities are the components 
of a mixed tensor of second order. Conversely, if (78.3) holds for any 
contravariant vector a? it follows from (69.2) that (78.1) must be satisfied. 
If we take any set of functions G,.° of the coordinates i, a? on a surface 
equations (78.1) determine the corresponding functions in any other 
allowable coordinates u, wu? on that surface so that (78.2) and (78.2’) define 
the components of the same tensor in the two coordinate systems under 
consideration. This tensor is called the covariant derivative of the vector af 
with respect to the functions Gg’. We denote this generalized covariant 
derivative by a subscript preceded by a semicolon, in contrast to the 
covariant derivative with respect to 9,g which is denoted by a subscript 
preceded by a comma. 
The displacement of Levi-Civita, defined by (76.5) 


aP+arT, Pir = 0, (B = 1,2) 


corresponds to covariant differentiation with respect to g,g. Analogously 
the covariant differentiation with respect to G,,” leads to a displacement 
with respect to G2”, defined by 


(78.4) dP+avG.,Puir = 0, (8 = 1,2). 


If we choose on a surface S an arbitrary (fixed) curve C: u~ = u%(t) 
(x = 1, 2) then the solutions a(t) of (78.4) corresponding to certain initial 
conditions, that is, to a vector in S given at a point of C, form a vector field 
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along C; the. vectors a4(¢) are said to be parallel with respect to C and with 
respect to the displacement defined by Gg’. 

The displacement with respect to Gg” is called symmetric if the functions 
Gg” are symmetric in a and 8, i.e. G.g” = Gg,”; otherwise it is called 
asymmetric. Since we now are able to consider also asymmetric displace- 
ments new ideas enter into the whole theory. 

The laws of covariant differentiation of sums and products stated in 
Section 72 are valid also for covariant differentiation with respect to 
Gg”. Of course Theorem 72.1 is no longer valid since the metric tensor 9,8 
does not play a special role in the differentiation with respect to G,,”. 

In Section 73, the curvature tensor R%,,,, must be replaced by another 
tensor of fourth order, contravariant of first order, covariant of third order, 


7) 7) F 

S "Bon = Bue Gig.7— Bult Go" Go"Gp, _ Gu"GBo , 
called the curvature tensor corresponding to the differentiation with respect 
to Gap’. 

Setting 

(78.5) VapY = 4( Gg” + Giga”) 
and 
(78.6) Wap” — 4( Gag” — Giga”) 


we obtain a decomposition of the functions Gg” into a symmetric and a 
skew-symmetric part, 


(78.7) Gig? = Vig’ + Wag’. 
From (78.1) we immediately find 


Ou" OU< Guy 


(78.8) Gap” — Ga” = (Gn? — Gen) 5 GaP Bia” 


that is, the skew-symmetric parts W,,” of the functions Gg” are the com- 
ponents of a tensor. From (78.5) and (78.1) we see that the symmetric 
parts Vg” have a transformation law which is obtained from (78.1) by 
replacing Gg” and G,.° by Vig” and Vi" respectively. This fact enables us to 
define a covariant differentiation with respect to Vg. 

The tangents to a geodesic G on a surface S are parallel with respect to G 
in the sense of the displacement of Levi-Civita. Under displacement with 
respect to G,,” other curves will have this property, depending on the 
choice of the functions Gg” or, more exactly, on their symmetric parts 
Vig? only. 
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So far we have investigated the basic idea of a generalization of covariant 
differentiation and displacement. We finally mention some further pro- 
perties; the proofs and further details can be found, for instance, in the 
books of L. P. Eisenhart [1], and H. Wey] [1]. 

The covariant differentiation and displacement with respect to G,,” 
have some specific properties which result from the fact that the functions 
Gg” are not necessarily symmetric with respect to « and 8. For example, 
vectors which are parallel with respect to a displacement defined by G,,” 
are also parallel with respect to a displacement defined by the functions 
(78.9) Grp —=AG. 7+ 28,7%ag, 
where dg is an arbitrary covariant vector. By (78.9) we see that at most 
one of the two sets of functions Gg” and Gg” can be symmetric. The 
concepts of parallelism corresponding to two different symmetric displace- 
ments are always different from each other. It can be proved that two 
displacements, one of which is symmetric, define the same parallelism with 
respect to any curve if and only if the skew-symmetric parts of the functions 
which define the other displacement are of the form 


(78.10) Wag? = 8,%bg—8p7q, 
where bg is an arbitrary covariant vector, and the symmetric parts are the 
same. 


Vill 
SPECIAL SURFACES 


79. Definition and simple properties of minimal surfaces. A surface 
S of class r > 2 whose mean curvature 


H = 4b — $b8 gF, 
cf. (41.10), is zero at every point of S is called a minimal surface. 


This name will be justified in the next section. We first state a remarkable 
property of the spherical image of a minimal surface. 


Theorem 79.1. A surface of class r > 3 1s a minimal surface or a sphere 
of and only uf its spherical mapping (cf. Section 59) +s conformal. 

Proof. We consider an arbitrary minimal surface S. Since H = 0 we 
obtain from (59.7) 
(79.1) Cop = —Kgug; 
where c,g are the coefficients of the third fundamental form. This form 
plays the role of the first fundamental form of the spherical image of S. 
We see from (79.1) that the coefficients c,, and g,, are proportional. There- 
fore, in consequence of Theorem 61.1, the spherical mapping of S is con- 
formal. That the spherical mapping of a sphere is also conformal is a trivial 
fact. We now consider any surface whose spherical mapping is conformal. 
Then, by Theorem 61.1 we must have 


CoB = n(ut, U*)Jap- 
Hence (59.6) takes the form 
(79.2) (K+7)gag duxdu® = 2Hb,. duxdul. 


We may assume that the second fundamental form does not vanish identi- 
cally, otherwise the surface would be a plane and the spherical image would 


degenerate into a point. For K = —7 we obtain H = 0, the surface is a 
minimal surface. Assuming H + 0 we obtain another solution of (79.2), 
namely K+n _ bap dutdul _ 


2H gag durdub — os 


Hence at every point of the surface the normal curvature is the same for all 
directions, that.is, the surface consists of umbilics only and is therefore a 
sphere, cf. Theorem 48.1. There are no solutions of (79.2) other than those 
indicated before. 
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We stress the following very simple property: 
Theorem 79.2. Afinimal surfaces cannot have elliptical points. 


Proof. Since H = 0 we obtain from (41.10) the relation «, = —x, and, 
in consequence of (41.9), K = x, «, <0. 
Since K = b/g and g > 0, at any point of a minimal surface also 6 < 0. 


80. Surfaces of smallest area. We will prove that if there is a 
portion S of a surface of minimum area among all portions of surfaces 
bounded by the same (fixed) closed space curve then S must necessarily 
be a portion of a minimal surface. 

By that fact the name ‘minimal surface’ will be justified to a certain 
extent. Minimal surfaces are sometimes defined as surfaces with the 
property that any portion of them bounded by a closed curve C has the 
smallest area, compared with any portion of a surface bounded by C. 
But this definition by means of a minimum condition of the calculus of 
variation is not always satisfactory. We therefore preferred the definition 
by the property of identically vanishing mean curvature H. The situation 
is analogous to that in the case of geodesics: An arc of shortest length 
joining two fixed points on a surface must necessarily be an are of a geo- 
desic, but this condition is not always sufficient, cf. Section 51. 


Theorem 80.1. Let C be a simple closed curve. If among all portions of 
surfaces of classr > 2 bounded by C there exists a portion x(u, u*) of manumum 
area then x(u}, u*) zs necessarily a portion of a minimal surface. 


Proof. We compare the portion x(u!, u?) with portions 
x*(ul, u?,€) = x(u?, u?)+ A(u}, u?)n 


in a neighbourhood of x(u!, u*). In this representation n is the unit normal 
vector to x(u, wu?) and ¢ is a number of sufficiently small absolute value. 
In order that all these portions be bounded by the same simple closed. 
curve C we must require that A(u1, uw?) vanishes at all points of C. We have 


xt = x, te(A, n+An,), 
where A, = 2A/du*. Hence, by (27.1) and (38.4), 
gig = X%-X% = gyg—2cAbygt... 


where the dots denote terms of order «? and higher order. From this we 
obtain 
g* = 9h1 G22— (Fi2)® = J—2€A(Gy1 ba2— 2912 By2+ Joo bus) +--- 
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or, because of (41.10), 
g* = g(1—4eAH-+...). 


Consequently vg* = Vg(1—2eAH-+...). 
According to (36.7) the area A(e) of x*(uw!, w?, «) is given by the expression 
(80.1) A(e) = JJ Vg* duldu? = iJ Vg duldu?—2e Jj AH Vg duldu?+... 
where B denotes the domain in the u!w?-plane corresponding to the range 
of values of the vector function x(u}, u?) in the interior of C. If 

x(ut, u?) = x*(u}, u?, 0) 


among all portions x*(u1, u*,e) of surfaces is to be of minimum area we 
must necessarily have dA(e) 


de 





= 0. 
€=0 
Consequently the second integral on the right-hand side of (80.1) must 
vanish for any portion x*(u}, u?, e), that is, for any choice of the function 
A(u}, wu). We therefore must have H = 0. This completes the proof. 

In 1866 Plateau illustrated by his experiments that portions of minimal 
surfaces can be realized as a soap film by dipping a wire in the form of a 
closed curve into a soap solution. The problem of finding a minimal surface 
is therefore also known as the ‘problem of Plateau’, cf. T. Rado [3]. 


Theorem 80.2. Jf a portion S of a minimal surface of class r > 3 is 
bounded by a simple closed curve C of length L and if the area A(S) of Sis a 


minimum then L? 
A(S) < ree 
TT 


Proof (W. Blaschke). We consider a cone with apex at an arbitrary fixed 
point on C whose generators pass through C. Let S* be the portion of that 
cone bounded by C. S* is developable and can therefore be mapped iso- 
metrically into a plane, cf. Theorem 59.3. Isometric mappings are equi- 
areal, cf. Theorem 66.2. Asis well known, among all portions of a plane 
bounded by a simple closed curve of length Z the circular disk has the 
maximum area, given by A = mr? = L?/47. Since S is assumed to have 
the minimum area A(S) we must have A(S) < A(S*) < A. From this 
the above inequality follows. 

We finally mention some facts of the history of minimal surfaces. The 
problem of determining portions of surfaces of minimum area with given 
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boundary was first investigated by Lagrange [1]. Meusnier discovered the 
fact that for a portion of a surface which solves that problem, we must 
always have H = 0. He discovered also the first special minimal surfaces, 
namely the catenoid and the helicoid, cf. Meusnier [1]. Further progress 
was obtained by Enneper [1] and Weierstrass [1]. The results of Weier- 
strass are important especially because of the fact that on the one hand they 
permit the investigations of problems on minimal surfaces in a general 
manner and on the other hand they make it possible to discover new 
types of minimal surfaces. We will study the so-called formulae of Weier- 
strass in Section 82. Further progress in the theory of minimal surfaces was 
made by Riemann, Schwarz, Lie, and Ribaucour. T. Rado [1], [2] and 
J. Douglas [1] obtained the following general solution of the problem of 
Plateau: Given a simple closed Jordan curve C there exists at least one 
portion of a minimal surface bounded by C. 


81. Examples of minimal surfaces. Surfaces of revolution and 
right conoids were introduced in Section 28. We will now see that each of 
those two classes of surfaces includes exactly one type of minimal surface, 
namely the catenoid and the right helicoid. These two types of surface 
which look entirely different in the embedding space are even isometric; we 
will see that a catenoid when cut along a meridian can be isometrically 
mapped into a suitably chosen right helicoid. 

The principal normal surface of a circular helix (cf. Section 8) is called a 
right helicoid; this surface can be represented in the form 


(81.1) x(ul*, u2*) = (u?* cos ul*, u?* sin ul*, cul*) 
and is therefore a special right conoid, cf. the solution of Problem 28.2. 


Theorem 81.1. Right helicoids are the only right conoids which are 
minimal surfaces. 


Proof. From the general local representation of the right conoids, 


x(ul*, u?*) = (u?* cos ul*, u?* sin ul*, h(u*)), 
we obtain 


Gy, = (u?*)?+h?, Jie = 0, 9x = 1, g* = (u**)?+h2, 


where a prime denotes the derivative with respect to u!*. From (34.1) we 
find the following representation of the corresponding unit normal vector 


= _ h’sinul* h’ cos u}* _ ue 
Ng* 7" Ng® ° NgF} 
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Hence, because of (38.2), 


= — pe? 12 = ge 22 = 
and therefore, by (41.10), 
ur*h” 
—_—  Og*t 





Fic. 84. Catenary 


In order that the right conoid be a minimal surface (WH = 0) we must have 
h” = 0, that is, A must be a linear function of u1*. This means that the right 
conoid must be a right helicoid. 

We now consider surfaces of revolution. The curve which a perfectly 
flexible chain of homogeneous mass distribution with fixed end points 
assumes under the action of gravity is called a catenary, cf. Fig. 84. As 
follows from the differential equation corresponding to this problem of 
mechanics the catenary can be represented in the form 


r(x) = acosh(bx—c). 
When the catenary is rotated about the z-axis it generates a surface of 
revolution which is called a catenoid, cf. Fig. 85. 


Theorem 81.2. Catenoids are the only surfaces of revolution which are 
minimal surfaces. 


Proof. Every surface of revolution (not a cylinder) whose axis is the 
z-axis of the Cartesian coordinate system in space can be (locally) repre- 
sented in the form 

v3 = q(r); r2 = xi+23, 
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or, by writing u? instead of r and choosing a parametric representation, in 
the form 


(81.2) x(u}, wu?) = (u? cos wu}, wu? sin u}, h(u?)). 





Fic. 85. Catenoid 


Consequently 
Iu = (w’), Ji2 = 9, Joo = 14h”, g = (u*)*(1+h’), 
where a prime denotes the derivative with respect to u?. Furthermore we 
obtain 23," ” 
by) = a, bi. = 0, bee = exe a, 
/(1+h’?) V(1+h’) 

cf. Problem 40.1. Since g,, = 0 and b,,. = 0 the coordinate curves are lines 
of curvature on the surface of revolution, cf. (41.6). Consequently, by 


41.11 ’ ” 
, a esi __} aaa t ipe) 
2\91 92 2\u2(1+-h’2)t © (1-++h’?)? 

If h(u?) is constant we obtain a plane parallel to the 2, z,-plane; this case 
is not of interest. If h’ + 0, the condition H = 0 implies 

eS es 

h’21+h'2) ut 
We set h’2 = w. Then 2h’h” = w” and, from the preceding relation, 


eee er: 

as wltw) ww? 
1 1 be eed 
(81.3) (Fh = — 7a au ; 
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Integrating this equation we find 


c2 


= —2(log u*—c) = log at" 





w 
lo 


This equation is equivalent to 
h’? c? 
TRA (Wy 
that is, 


(81.4) = 


M = Tae 


Integrating once more we finally obtain 


2 
(81.5) h= ecosh-?— —é, 


that is, uz — coosh (“8 °), 


This means that the meridians of our surface of revolution of vanishing 
mean curvature are catenaries and consequently the surface is a catenoid. 

We will finally investigate the isometry of the right helicoids and the 
catenoids. 


Theorem 81.3. The catenoid defined by (81.2) and (81.5) can be iso- 
metrically mapped onto a portion of the right helocoid (81.1). 


Proof. The first fundamental form corresponding to (81.1) is given by 
the expression 





(81.6) ds** = [(u?*)?+-c*](dul*)?+ (du?*)?. 
For the catenoid we have 

2)2 
(81.7) ds? — (u%)*(dut)24 a Z =, (dual, 


ef, (81.4). Setting ul* = yl, u2* = a/{(u*)?@—c?} 
2 


1x — gy ox bos 2 
we have du du}, du Tepe du?, 


and the first fundamental form (81.6) becomes identical with (81.7). By 
means of these relations we introduce wu}, u? as coordinates in the right 
helicoid. The mapping under which any point of the right helicoid corre- 
sponds to the point of the conoid with the same values of the coordinates 
u!, u* is then isometric, in consequence of Theorem 57.1. 
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This mapping can be realized by bending, cf. Fig. 86: We cut the catenoid 
along the meridian uw! = 0 and bend it until it coincides with a pitch of the 
right helicoid under consideration. Since the curves wu! = const. are 
meridians of the catenoid and the curves u1* — const. are generators of the 
right helicoid the meridians are mapped onto straight lines on the right 





Fic. 86 


helicoid. The images of the parallels u? = ui = const. of the catenoid 
are arcs of the circular helices 


ue* = uz* = ,/{(uz)?—c?} = const.; 
in particular, the smallest of the parallels, u? = c, is mapped into the axis of 
the mght helicoid, cf. Fig. 86. 
It can be proved that all the surfaces occurring in connexion with the 
bending of the catenoid into the right helicoid are minimal surfaces; they 
are called minimal surfaces of Scherk, cf. H. F. Scherk [1]. 


Problem 81.1. Find a representation of the right helicoids which are 
isometric to a catenoid. (Cf. Problem 57.1.) 


Problem 81.2. Investigate the behaviour of the smallest circle of the 
catenoid when the bending represented in Fig. 86 is performed (use the 
results of Problems 57.1 and 81.1). 


82. Relations between function theory and minimal surfaces. 
The formulae of Weierstrass. We will now study an interesting 
relation between minima] surfaces and function theory, which was dis- 
covered by Weierstrass; we mentioned already in Section 80 that these 
results had considerable influence on the development of the theory of 
minimal surfaces. 
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We start from the following 


Theorem 82.1. Let S be a simply-connected minimal surface, given by a 
representation x(u}, u?) of class r > 3, where u', u* are isothermic coordinates 
on S (cf. Section 62). Then the components x; of the vector function X are 
harmonic functions, that is, solutions of Laplace’s equation Az, = 0 or, in 
vector notation, Ax = X,, +X. = 0. 

Proof. The existence of isothermic coordinates u, u* on S follows from 
Theorem 62.1, and we have 
(82.1) ds® = 7(u?, u?)[(dut)?+ (du*)?], (n > 0), 
ef. Definition 62.1, and g = 7?. Consequently 


gh = g? = = 


Therefore, by (38.2) and (41.10), 
1 ] 1 
H= 49°?bag = Boy (P11 t Pa) = g, hat Xa)’ = ai 


Since S is a minimal surface, i.e. H = 0, we have n: Ax = 0; the vectors 
n and Ax are orthogonal. From (82.1) we have g); = 92, that is, 


(82.2) X,°X, = X_° Xo, 

ef. (27.1). By differentiating (82.2) with respect to u! we obtain 
(82.3) X.° Xy = Xe* Xpe- 

Furthermore 

(82.4) Jie = X,°X_ = 0. 


By differentiating this with respect to «? we find 
Xy2° Xp Xj °Xgo = 0. 

Hence, by (82.3), X,°X)) = —X1° Xoo 
or x, Ax = 0; 
the vector Ax is also orthogonal to the vector x,. By differentiating (82.2) 
with respect to uw? and (82.4) with respect to w! we similarly find x, °Ax = 0. 
Therefore Ax = 0. This completes the proof. 

Every function of two real variables which is harmonic in a simply- 


connected domain is the real part of a suitable analytic function. Thus we 
obtain a relation between minimal surfaces and function theory. We set 


w=utiuv%, t= v(—1) 
and Z= xy. 
Then x(u}, ua?) = x(u) = Rz(w), 
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where z is the real part of z. In consequence of the Cauchy—Riemann 
differential equations 


x; = yo; Xo = —Y1 
: dz : 
we obtain — = X,-—2x 
du 7 2 


and therefore 


dz dz ‘ . 
aa aa = X,° Xy— 20K, ° X_p— Xo° Xp = Jy — 229 2— Goro: 


Hence from the assumption that w!, u? are isothermic coordinates (cf. 
Theorem 82.1) it follows that — 

Z az 
(82.5) Ai . Aa = VU. 

Conversely, if x(w) is harmonic, and the corresponding analytic function 
Z(u) satisfies (82.5), then x(w) = x(u1, u*) represents a minimal surface, 
and u!, uw? are isothermic coordinates. Indeed, from (82.5) we obtain 
J11 = Jon and gj, = 0; that is, u!, uw? are isothermic coordinates. Since 


Ax = 0 we thus find H = =n Ax = 0. 
1 


Let p(u) and q(u) be arbitrary functions regular in the domain under 
consideration. If we set 


dz, dz, __—« dz, 
2.6 — = p*—q? 2 2 2 — > — 2? 
(82.6) one ts Gea): oa ee 
then (82.5) is satisfied, since 

dz dz 


Fo dg = (Pa ( PP +a?) + 4g? = 0. 


When integrating (82.6) we obtain the following representation of a minimal 
surface of class r > 3: 


Zz, = Rz, = K | (p?—q*) du, 
(82.7) m, = zz = R | i(p?-+-9") du, 


t= Re, = R | 2pq du. 


Let us assume p 0 and (q/p)’ + 0, that is, pq’—p’qg + 0. (If p =0 or 
(q/p)' = 0 we would obtain a plane.) We set ¢ = g/p. Then 


2 
du = ; P 7 dt. 
qPp—P'q 
Setti F(t) pt 
ettin _ 
: qp—p4q 
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we obtain from (82.7) the formulae of Wezerstrass (1866) 

2,=* | (1—#2) F(t) dt, 
(82.8) t= | i(1-+42) F(t) dt, 

2,= 7 | Ot F(t) dt. 


These formulae enable us to associate a minimal surface x(#, t?) to every 
regular function F'(¢) 0 of the complex variable ¢ = ¢!+-2#?. 

We finally mention that (82.8) can also be written in a form free of 
integrals. Setting F = h” and integrating by parts we find 


t, = | [ee ae— [en at| = K[h"(t)—Ph"() +2 fn) at], 


etc., hence t= Ri (1—t?)h” + 2th’ — 2h}, 


t= Rli(1-++t2)h” — 2th’ + 2ih}, 
t_ = KR 2th" — Lh’). 


Problem 82.1. Prove that if F = 2/2¢? the right helicoid tan x, = 2,/2, 
is obtained from (82.8). 


83. Minimal surfaces as translation surfaces with isotropic 
generators. A surface which can be represented in the form 


: T 4j2) = wal 2 dy dz 
(88.1) x(t, 2) = y(ut)-+2(u2) (5 x 0} 
is called a translation surface. 

For every fixed value of wu}, (83.1) is a representation of a curve; the 
curves corresponding to different values of u! are congruent. For every 
fixed value of u?, (83.1) represents also a curve and the curves thus obtained 
are also congruent. A translation surface can therefore be generated by a 
suitable translation of a curve of one of the above two families of curves. 
Each of those curves is called a generator of the translation surface under 
consideration. 

A simple example of a translation surface is the cylinder of revolution 

x(ul, wu?) = (rcosu}, rsin wu}, u?) = y(u!)+2z(u?), 
where y(u1) = (rcosu}, rsin wu, 0), Z(u*) = (0, 0, w?). 
This surface can be generated either by a translation of a straight line 
parallel to the z,-axis and always passing through the circle x?+-22 = 7?, 


x, = 0,or byatranslation of this circle such that its centre is always a point 
of the x,-axis. 
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If we restrict our considerations to analytic minimal surfaces we have 
Theorem 83.1 (8S. Lie [1]}). A surface is a minimal surface if and only if 
ut can be represented as a translation surface whose generators are isotropic 
curves. 
Proof. As was shown when the isotropic curves are introduced as 
coordinate curves on a surface, 
(83.2) fir = X,°X, = 9, Joo = X_°X_, = 9, 
cf. (63.4). Hence, by (41.10) 
H =, 
912 


Since a minimal surface is a surface of vanishing mean curvature H we 


obtain from this bie = Xp_°n = 0, 


ef. (38.2) ; that is, the vector x,, is orthogonal to the unit normal vector n 
of the surface. By differentiation of (83.2), 


X,°X,. = 0, X_°Xi2 = 9, 
we see that x,. must also be orthogonal to x, and x,; hence x,, = 9. 
This relation holds if and only if x is a sum of functions each of which 
depends either on w or on u* only. Consequently x must be of the form 
(83.1). Furthermore we have 
dy dy dz dz 
dul dui = 92a = Ma Ba = Ta gaa = 
Conversely, from (83.1) and (83.3) it follows that H = 0. This completes 


the proof. 
We replace (83.1) by 


(83.4) X(ut, u?; x) = eM y(w!) + e-tz (42), (¢ = ./(—1)) 
where « is a real parameter. Then if y and z are conjugate and (83.3) is 


satisfied we obtain a family of real minimal surfaces which are called 
associated minimal surfaces. 


(83.3) $y = X,°X, = 


Theorem 83.2. Each pair of associated minimal surfaces can be mapped 
wsometrically onto each other in such a way that at corresponding points the 
tangent planes to both surfaces are parallel. 


Proof. The first fundamental form 


ds* = dx °dx = 29,, dwidu? = 2—— ay <@2 


dul du? 
corresponding to (83.4), is independent of «. In consequence of Theorem 


duldu*, 
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57.1 the surfaces (83.4) thus are isometric. Furthermore, the unit normal 


vector 
= X, X X_ 


vg 

of these surfaces, cf. (34.1), is also independent of a, since in the representa- 
tion (5.7) of the vector product x, x x, one column involves a common 
factor e** and the other a common factor e-*«. Hence at corresponding 
points the tangent planes of the surfaces are parallel. 

Two surfaces of the family (83.4) in whose representations the values of 
a differ by 7 can be obtained from each other by reflection in the origin of 
the Cartesian coordinate system in space. For instance, the surface corre- 
sponding to a = 7 is the image of the surface (83.1) under this reflection. 

Two surfaces of the family (83.4) whose parametric values differ by 47 
are called adjoint minimal surfaces. For example, 
(83.5) x(u}, u?; dor) = 1y(u1) —71z(u?) 
is the adjoint of (83.1). Each surface of the family (83.4) can be represented 
by the surfaces (83.1) and (83.5) in the form 

X(w, u?; ax) = ey+te-%z = x(ul, u?; 0)cosa+x(ul, u?; dr)sin « 

as can immediately be seen. For fixed wu}, u? and variable « the terminal point 
of the vector x(u, u?; «) generates an ellipse in the plane spanned by the 
vectors x(u, u?; 0) and x(w!, w?; 477). This means that a minimal surface 
admits a continuousdeformation such that every point of the surface moves 
along an ellipse and the surface is a minimal surface at every stage of this 
deformation. 

We finally mention the following 

Theorem 83.3. If S and S* are adjoint minimal surfaces the asymptotic 
curves of S correspond to the lines of curvature of S* and vice versa. 

Problem 83.1. Prove Theorem 83.3. 


n 


84. Modular surfaces of analytic functions. Let 


(84.1) h(z) = 3 a,(2z—z9)* 

a=0 
be an analytic function of a complex variable z = x+iy. We set 
(84.2) h(z) = U+i1V = Wey 


that is, we denote by U and IV, respectively, the real and the imaginary 
part of h(z) and by W and y, respectively, its modulus and phase. More- 
over, we introduce the following notations 


(84.3) a, = A,ePa, 2-2, = re’?, 
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ef. (84.1). Let x,, x2, x, be Cartesian coordinates in space R,. Then 

(84.4) x(x, y) = (x,y, W(z, y)) 

is a representation of a surface in R, which is called the modular surface 
or surface of absolute value of the analytic function h(z). 

Examples of such surfaces of higher transcendental functions (gamma 
function, elliptic functions, cylinder functions, Riemann zeta function, 
etc.) can be found in the book Tables of Functions by E. Jahnke and 
F. Emde (New York, 1945). On the modular surface of a function the curves 
of constant absolute value W and of constant phase y can be described; 
in this manner we obtain a useful illustration of the behaviour of the func- 
tion for complex values of the argument. We may say that modular 
surfaces are analogues of the usual graphs of a real function of a real 
variable. These surfaces are therefore of interest also in applied mathe- 
matics. 

The investigation of these surfaces by means of the methods of differ- 
ential geometry, as it will be presented in the following pages, was made by 
E. Ulrich and his pupils, cf. E. Ullrich [1], J. Zaat [1]. 

We will now investigate some basic problems which will yield a general 
characterization of the modular surfaces. 

We start with the consideration of rays which are tangent to a point of a 
surface of absolute value; we call these rays half-tangents. 


Theorem 84.1. At every point 2) which is not at infinity and 1s a point of 
regularity of h(z) other than a simple zero the half-tangents to the corresponding 
surface of absolute value form a tangent plane. The tangent in the direction 


(84.5) $* = Bo—Py 

makes the maximum angle with the x, x,-plane, compared with all other tan- 
gents at z,; this angle is 

(84.6) %* = arctan |h’(z)|, 

cf. (84.1) and (84.3). At every multiple zero of h(z) the tangent plane exists and 
is parallel to the x, 2,-plane. If zis a simple zero of h(z) the half-tangents at 2, 
form a cone whose generators make the angle *, cf. (84.6), with the x, x,-plane. 


Proof. The problem consists in determining at z) the derivative in a 
certain direction of a function of two real variables; we denote this deriva- 
tive by |A(29)|g, cf. (84.3). Since 

f(z) = ao+a,(z—29) +0 (r) = ag+a, re'*-+0(r), 
cf. (84.1), we obtain 
h(z) = G,+4,re-‘4+0 (r) 
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and, if a) ~ 0, therefore 
W? = hh = AZ+2R(ay a, e-*#)r+o(r) 
= Ap+2A, A,r cos(B)—B,—¢)+0(r). 


Hence W= A(1 +Gireos(Py—-B,—#)} +o(r). 
We thus find : 
(84.7) [A(zo) Ig = Wr, $)|-<9 = 4, ¢03(By)—B,—¢) 


= |h'(29)|cos(By—B,—¢). 
From this the statement involving (84.5) follows. (84.7) is the tangent of the 
angle y between the x,z,-plane and that half-tangent whose orthogonal 
projection in the x, z,-plane corresponds to the angle g. From this (84.6) 
follows. If z) is a simple zero of h(z) then a, = 0 and 
|A(zo) |g = |a,| = 4; 
in this case the half-tangents form a cone at this point. If z, is a multiple 
zero of h(z) we have a, = a, = 0, and the modular surface has a tangent 
plane parallel to the x, x,-plane. 
We will now determine the first fundamental form of the surface (84.4). 
We have W(zx,y) = W(rcos¢, rsing). Hence, for all values of ¢, 
(84.8) W, = W,cos¢+W, sin ¢. 
On the other hand, in consequence of (84.7), 
W,|., = 4, 00s(By—B,—¢) 
= Ay{cos(B,—B,)cos ¢-+sin(By—Pr)sin 4}. 
Comparing this expression and (84.8) we find 
W, = A,cos(By—Py), — W, = A,sin(Bo—A,)- 
We set Q = h'/h. Then 


a) ae A, 4(8:—Bo) 
Q(z) = ao A,” ; 
Hence at zy W, = |h{RQ, W,= —|A/3@, 


where RQ and 3Q are the real and imaginary part of Q, respectively. 
By (27.1) we obtain from this 


(84.9) gar = 1-+(IURQY, dra = —[HPROSA, Jon = 1+ [MIMSOY’ 
and g = 14 |hP[(RQ)2+(3@)7]; 

that is, g = 1+ ]h’|2, 

ef. (28.2). 
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We now investigate the Gaussian curvature of the surface (84.4). 
From (38.8) and (84.4) we find 


1 1 0M, W, 
mag o1W, ge etc. 
00 W 
In consequence of (84.9) we thus obtain 
Wz W, —W; 
(84.10) 6 = 64; by9— (by2)* = “Tee 


We have to determine the second derivatives occurring in (84.10). Differ-: 
entiating 


(84.10) WH —iMh, = [a(RQ+49Q) = IIT = WO 


with respect to x, we obtain, in consequence of dz/éx = I, 

Wez—iWey = W,Q+WQ, = WQRQ—Q)+WS = —iWQ30+WS, 
where S= >" 
Differentiating (84.10’) with respect to y we find, in consequence of dz/ay = i, 

W,—tW,y = —tWQRQO+iWS. 

Comparing the real and imaginary parts on both sides of the two relations 
we obtain 
Wee = W[(3Q)?+ RS], Way = W[RQ3Q—IS], Wy = W[(RQ)P—RS] 
and from this 


Wrz Wyy— Wy = W?(RS[(RQ)P?—(3Q)7]+ 2RYI3QIS)— |.” |?. 


Now 
A? _ op @ _  [((RO)P?—(3Q)?+ 2RO3OQM(RS—i389) 
R ih RS = aan ann 
_ RS[(RQ)?—(3Q)"}-+2RQIQSS 
h" |?/W? 
and consequently ? 
W..,.W,,—W2, = wri(s — 1). 


By (41.9), (84.9), and (84.10) the Gaussian curvature of the modular 
surface of an analytic function h(z) is given by the expression 
b ng R(R'2/h7h)—1 
84,11 Ka = jp pac ee’. 
ea gO OER 
From this formula we can draw several important conclusions. We first 
consider the case that h”(z) = 0 at a certain point. We set 


(84.12) h(z+l) = ayta,l+a,02+...40, 084+... 
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Let h(z) = 0, then a, = 0. Since simple zeros are singular points of the 
modular surface we may assume h(z) = h’(z) = h’(z) = 0. Therefore 
a) = a, = a, = 0. Ifa, is the first non-vanishing coefficient of the expan- 
sion (84.12) then 


h’2 k 
et 6 (1): 2), 
Consequently at the point z under consideration the value of 
h’? 
(84.13) Rol 


is finite. We thus obtain the following result: At all points which are at least 
triple zeros of h(z) the Gaussian curvature of the corresponding modular 
surface vanishes. It can be proved that if a, +0 and a, = 0, (84.13) 
has also a finite value at the point z under consideration. From (84.11) 
we thus obtain the following 


Theorem 84.2. If, at a point, h” 4 0 and 
R san 

hh 
1s greater than 1 or less than 1, the corresponding point of the modular surface 
of h(z) 18 respectively elluptic or hyperbolic. If h” = 0, or uf the expression 
(84.14) has the value 1, the corresponding point of the modular surface of 
h(z) ts parabolic. 


(84.14) 


Parabolic points corresponding to h” = 0 are isolated, in general, while 
the other parabolic points form certain curves which we call ‘parabolic 
curves’ of the modular surface. In special cases a point corresponding to 
h” = 0 may lie on a parabolic curve. If h’(z) = 0 then A(z) = az-+-c; the 
corresponding surface is a cone or a plane; it consists of parabolic points 
only (except for the apex of the cone). 

From Theorem 84.2 we obtain 


Theorem 84.3. In a (sufficiently small) neighbourhood of a pole at a 
point z (+ 00) the modular surface of h(z) consists of hyperbolic points only. 
Proof. Without loss of generality we may assume the pole to be at z = 0. 
We denote by & its order. Then 
h(z) = a_y2-F+..., h'(z) = —ka_,2-*-}-+L..., 
h"(z) = k(k+1)a_,2-*-?+..., (a_, 4 0) 
he 


and therefore Wh ELA +0(1) 
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is a power series which at z = 0 has the value k/(k+1). From this and 
Theorem 84.2 the statement follows. 

We now consider the curvature of the surface in the neighbourhood of a 
point which corresponds to a zero of h(z). 

Theorem 84.4. If z) ( 00) is a multiple zero of h(z) the points of the 
modular surface of h(z) which correspond to z, 0 < |z—z| < «, e > 0 and 
sufficiently small, are elliptic. If z) 18 a simple zero of h(z) then on the portion 
of that surface corresponding to 0 < |z—zZ | < ¢ there exist 2k—2 angular 
regions whose points are elliptic or hyperbolic points. k 1s the exponent in the 
first non-vanishing term after the linear term in the power series development 
of h(z) at 2p. 

Proof. Without loss of generality we may assume the zero of A(z) to 
be at the point z = 0. If z = 0is a multiple zero, A(z) is of the form 


h(z) = a,,2"+..., (a,, #90, m > 2). 
Therefore 
h'(z) = ma,, 21+ ..., h"(z) = m(m—1)a,,2™-?-+..., 
h” m 


From the fact that in a sufficiently small neighbourhood of the point 

z = 0 the real part of this expression is greater than 1 the statement 

concerning multiple zeros follows. If z = 0 is a simple zero of h(z) then 

h(z) is of the form h(z) = a,z+a,z*+... (a, 4 0, a, 40). Therefore 
h'(z) = a,+ ka, 2*-}+...., h”(z) = k(k—1)a, z*-*-+-... 

and 


2 ag = | pp O10 (0)}] = pet con{B,—Bu—(k—1HH1-+0 (1) 


cf. (84.3). Since this expression increases arbitrarily if r—> 0 the typeof 
the curvature depends on the sign of the cosine. The values ¢ for which 
B,—By—(k—1) 6 = 3(20-+ 1) 
: _ By—Be (20+ 1) k > 
that is, d= kal b—1)’ (& > 2) 
correspond to the zeros of the cosine; these are the directions tangent to the 
parabolic curves atz = 0. These curves are the boundaries of portions of the 
neighbourhood of z = 0 containing either only hyperbolic points or only 
elliptic points of the surface. This completes the proof. 
As simple examples we finally consider the functions sin 7z and 





cosec 72 = 





e > 
Sin 72 
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cf. Figs. 87, 88, and 89. The orthogonal projection of the modular surface 
of cosec 7z onto the xy-plane can be obtained from that of sin zz (cf. Fig. 88) 
by replacing W by 1/W andy by —y. The zerosof sin zzatz = 0, +1, +2.,... 


Ws 


Ori 





Zexely 
Fia. 88. Orthogonal projection of the modular surface of sin rz into the zy-plane 
correspond to poles of coseczz at these points. The parabolic curves 


(dotted lines in Fig. 87) of sinzz are the solutions of the equation 
R(cot?7z) = —1; the parabolic curves of cosec7z are obtained from the 
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equation (cos? 7z/(1-+cos?zz)] = 1. These curves are the boundaries of 
portions of the surfaces consisting of hyperbolic or of elliptic points only. 





Fic. 89. Modular surface of cosec zz 


From 84.11 it follows that the analytic functions whose modular surfaces 
are developable are the exponential functions h(z) = exp(az+6), and the 
powers h(z) = (az+6)1!+**, where a, 6, and k are constants and k is real. 


85. Envelope of a one-parameter family of surfaces. We now con- 
sider families of surfaces without singular points and their envelopes. 
In this section we start with arbitrary surfaces (without singular points). 
The results obtained in this section will be applied to the particular case of 
planes in the following sections. In these investigations we will reconsider 
developable surfaces from another point of view. 

In order to introduce the concept of a family of surfaces we use repre- 
sentations of the form (24.5): G(x,, 22,73) = 0; we remember that at every 
point at least one of the three first partial derivatives of G is different 
from zero. We write for short 


G(x,;) = 0. 


Yor the sake of simplicity we start from a particular example. A sphere of 
radius r whose centre lies on the x-axis at a distance ¢ from the origin of the 
Cartesian coordinate system in space can be represented in the form 


Oa;) = 2208+ (ey—t—r? = 0. 
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If we now assume ¢ to be variable we obtain a one-parameter family of sur- 
faces; tis the parameter of this family which in our particular case consists 
of congruent spheres with centres on the v,-axis; every value of ¢ corresponds 
to exactly one of these surfaces. 

We now consider a one-parameter family F of arbitrary surfaces which 
we may represent in the form 


(85.1) G(a,,t) = 0. 
We assume that (85.1), considered as a function of f, is of class r > 2, and 
that for every fixed value of ¢ (85.1) is a representation of a surface of class r, 
which satisfies the conditions stated in connexion with (24.5). 

We assume that a surface S of the family F corresponding to an arbitrary 
(fixed) value of ¢ intersects every surface corresponding to a value ¢+h 


(|2] sufficiently small). This intersection ('*(h) can be represented in the 
form 


(85.2) (a) G(z,,t)=0, (b) G(x,t+h) = 0. 

Since C* lies also on the surface G(z,,t-+-h)— G(z,,t) = 0 we may replace 
(85.2 b) by 

(85.3) Ago fF Cot — 0. 


If h tends to zero, (85.3) tends to 

(85.4) AG(x,,t) _ 9, 
ot 

The point set C represented by 


(85.5) G(z,,t) = 0, oot) = 


0, 


is called the characteristic of the surface S with respect to the family F. 
Remark: Under the assumption 


(85.5’) lim G(x,,t+h)—G(z,, t) —_ dG(x;, p) 
xe—>2zf h op xy= ze 
h-0 p=t 


the set C contains every point of the set to which the points of the inter- 
section C*(h) tend if h tends to zero. However, C will contain, in general, 
also other pointe. It may even be that neighbouring surfaces of the family 
do not intersect at all but nevertheless (85.5) determines a characteristic 
on each of the surfaces. 

Example 1. The equation 2, = x3 represents a cylinder Z which inter- 
sects the x, 2,-plane along a cubic parabola and whose generators are parallel 
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to the z,-axis. By a translation of Z in the direction of the x,-axis we obtain 
a family of congruent cylinders which can be represented in the form 


G(z,,t) = (r,—t)*§—z, = 0. 


aG 


We have pais 
ot 


= — 3(%,—t)?. 
Hence every surface has a characteristic, given by x, = t, z, = 0, although 
there does not exist an intersection of any two surfaces at all. 

If the characteristics of the family F exist and if their totality obtained 
by letting ¢ assume all possible values generates a surface, this surface is 
called the envelope of the one-parameter family F’. (Of course the envelope 
may also consist of several surfaces.) 

In general the parameter ¢ can be eliminated from (85.5) and a representa- 
tion of the envelope of the form F(x;) = 0 can be obtained in this manner. 

There are different possible cases which we may illustrate by the following 
simple examples. 


Example 2. In the case of the above family of spheres we have 


oG 

= 
Consequently the characteristic of each of these 
spheres is a circle of radius ry in a plane parallel to 
the 2,2z,-plane passing through the centre of the 
corresponding sphere. From the preceding relation 
we obtain ¢ = z,. Inserting this value in the repre- 
sentation of the family we obtain the following repre- 
sentation of the envelope of the family: 


F(z,;) = 23+23—r? = 0. 
This envelope is a cylinder of revolution of radius r 
with the 27,-axis as axis of revolution, cf. Fig. 90. 


Example 3. A pencil of planes passing through the 
x,-axis can be represented in the form 
G(z;,, t) = X3—lx, — 0 

(except for the plane x, = 0). As follows from 

aG 

At =. Lo = 0 
all characteristics coincide with the z,-axis, x, = 0,2, = 0, that is, they do 
not generate a surface. Cf. Fig. 91. 





Fie. 90 
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Fie. 91 


Example 4. A family of spheres of radius ¢ and centre at the point 2, = 

of the z,-axis can be represented in the form 
G(x,,t) = 22+a22+(4,—t)?—#? = 0. 

We have oo = — 2x, = 0. ‘ 
The system of these two equations has the only 
solution 7, = 2, = x, = 0. The characteristics 
all degenerate into a point and they all coincide, 
ef. Fig. 92. 

Example 5. Concentric spheres 

ai+aj+ag—l = 0 

do not possess (real) characteristics at all. 


X2 


We will now introduce the concept of charac- 
teristic points of a surface. Let us assume that 
the characteristic of the surface S: G(z;,,¢) = 0 
(¢ arbitrary and fixed) intersects every surface 
S(k): G(x,,t+k) = 0 of a family F’, where |k| is 
sufficiently small. Obviously these points of in- 
tersection are determined by Fic. 92 


Gle,t)=0, SE _o,  giw,t+e) =0. 


Since 
2 22 
G(x,,t-+k) = Glee, t) + ROC) - octet) (0<6<)), 


the last equation can be replaced by 
OG (x,,t-+6k) 0 
er’ we 


at (0<@< 1). 
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Hence if k tends to zero we obtain 


2G(z,, t) =5 


0. 
ot? 


(85.6) G(x,,t) = 0, oC) =; 

The points determined by (85.6) are called the characteristic points of the 
surface S with respect to the family F. 

Under an assumption similar to (85.5’) the set of characteristic points 
will contain the limit points of those points of intersection; it may contain 
also other points of the surface. It may be that the surfaces of a family do 
not intersect the characteristics of neighbouring surfaces but, nevertheless, 
(85.6) determines characteristic points on every surface. 


Example 6. In the case of the family 
G(x;,t) = {2,—(%,—b) a, = 0 


we obtain el = 6{r, —(x,—t)}(x7,—t)? = 0. 
Hence there exist two families of characteristics, namely the family 
2, = (%—t)*, x3 = 0 and the family 2, = t, x, = 1%. The envelope thus 
consists of the x, 2,-plane and the parabolic cylinder x, = x?. Each point 
of this cylinder is a characteristic point of a surface of the family, as follows 
from ae 
aa = 6(x%.—t){5(x,—t)?— 22,} = 0 

and the preceding two equations. 

If characteristic points exist and if they generate a curve (or several 
curves) when ¢ varies, this curve lies on the envelope of the family F and is 
called the edge of regression of this envelope. 


Example 7. A family of spheres of constant radius r with centres on a 
curve C’: y(s) can be represented in the form 


G(x,, 8) = {x—y(s)}-{x—y(s)}—7? = 0. 


We find OG = —29+(x—y) = 0 

where the dot denotes the derivative with respect to the arc length s of 
the curve C. Hence at every point of a characteristic the corresponding 
vector X—y is orthogonal to the unit tangent vector y of the curve. Con- 
sequently the characteristic of every sphere S is a circle in the normal 
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plane of the curve C at the centre of S. The envelope of a family of spheres 
is called a canal surface. Furthermore if the curvature « of C is positive, 
we have 

2G 


ae = BY (Ky) +2 = —2ep+(x—y)+2 = 0, 


ef. (15.1), where p is the unit principal normal vector to the curve C. Hence 
Pp: (x—y)—p = 9, 

that is, the edge of regression of the 
envelope consists of the points of 
intersection of the polar axes of C 
and the corresponding sphere of the 
family. If p > 7 the edge of regression 
does not exist. If p < 7 every sphere 
has two characteristic points PB, F,; 
consequently the edge of regression 
consists of two curves which have in 
common those points at which p = r. 
If, for instance, we take as curve C 
a circle K, of radius 7, > 7 we obtain 
a torus, cf. Section 43; this surface 
has no edge of regression. If 775 <r 
the edge of regression degenerates 
into two points which coincide if 
1 — 7: 

The name ‘envelope’ will be justi- 
fied by the following 


Theorem 85.1. If the envelope E 
of the family F, cf. (85.1), exists then at every point of a characteristic of a 
surface S of F the tangent planes of S and E coincide, that 1s, the envelope 
touches every surface along the corresponding characteristic. 

Proof. The vector (dG/dz;) does not vanish and lies in the normal of the 
corresponding surface, cf. the remarks in connexion with formulae (24.5) 
and (26.6). Let x = x(u!, u?) be a representation of the envelope # under 
consideration. Then the characteristics are determined by 





t = t(u!, u?) = const. 
According to (85.5) we have 
>.(u). y2 1 4,2 
G{o(ut,u2), tut, wy} = 0, Akal’ 2), Hat, a} 


ot 


= 0. 
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From this we obtain 


aG ox; , 0G dt  aG az; = 
(85.7) oe Roe oe (« = 1,2). 
Hence the vector (2G/éz,) lies also in the normal of the envelope. This 
completes the proof. 

We now state an important property of the edge of regression of the 
envelope. 

Theorem 85.2. If the envelope E of the family (85.1) exists and has an 
edge of regression R then at every point of R the tangents to R and to the corre- 
sponding characteristic coincide. 

Proof. Let x = x(v) be a representation of the edge of regression R. 
Then ¢ = ¢(v) is determined. From 


G{x,(v), t(v)} = 0, ahiedle), He) 26, tenn LL), — 0, 


cf. (85.6), we find 

OG de, OG dt WGde, 4 PO de PO dt _ BG day _ 

Gx, dv ' Ot dv éz,dv ° dtdz,dv' a? dv atx, dv 
Hence the vectors (0G/dx,) and (éG/dtéx,) lie in the normal plane of R. 
Consequently, if the vector 


(85.8) (=) ° (azz) 


is not the null vector it is tangent to R. Let x = x(u) be the charac- 
teristic corresponding to a fixed value of t. Then from 


G{x,(u), t} = 0, eGiedw), 6 — 0, 
cf. (85.5), we obtain the relations 
edz; 4 Cdr 4 
Ox, du =? dx, du i 


Hence the vector (85.8) is also tangent to the characteristic at the points 
of the edge of regression. This completes the proof. 





Problem 85.1. Obviously one of the two principal curvatures of a 
canal surface of spheres of constant radius is constant. Prove that a 
surface with this property is always a canal surface of spheres of constant 
radius. 


86. Developable surfaces as envelopes of families of planes. We 
will now apply the results obtained in the preceding section to the important 
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particular case of one-parameter families of planes. Such a family can be 
represented in the form 


(86.1) G(x, t) = a(t)>x-+c(t) = 0, 
where a(é) is a unit vector normal to the corresponding plane. If 
da/dt =a’=0 


then the family consists of parallel planes and does not have an envelope; 
we will exclude this case from our further investigation and even assume 
that a’ ~ 0 for all values of ¢. From (86.1) we obtain 


(86.2) oo =a'sx+c’ = 0 
and 

2 
(86.3) ie =a"*x-+c” = 0 


where primes denote derivatives with respect to ¢. In consequence of the 
results obtained in the preceding section the characteristics of the family 
(86.1) are the intersections of the planes defined by (86.1) and (86.2); 
these are straight lines. If the determinant 

(86.4) D= |a a’ a’ | 

does not vanish identically the system of the equations (86.1)—(86.3) has a 
solution, say 

(86.5) x = hi); 

if this is a curve, it is the edge of regression of the envelope of the family 
(86.1). In consequence of Theorems 85.1 and 85.2 the envelope is the tan- 
gent surface of this edge of regression. If, however, h(¢) = hy = const. 
then, by (86.1), a-h,-be = 0, 


that is, every plane of the family (86.1) passes through the point h,; con- 
sequently, in this particular case the envelope is a cone with apex at h, or, 
if the planes of the family (86.1) have a straight line in common the envelope 
degenerates into this straight line. In this degenerate case the planes form a 
pencil and all characteristics coincide. Hence the line of intersection of all 
planes (86.1) with the plane (86.2) must be independent of ¢ and must there- 
fore be identical with the straight line defined by (86.2) and (86.3). This 
case occurs if and only if the rank of the matrix 


Ga, Ge ay C 
0 é r 
M =— a, Qo ag C 


ai Gd, a Cc 
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is less than 3. Ifthe rank of M is equal to 3 and D = 0 we obtain a cylinder 
as envelope; this can be proved as follows: The determinant D vanishes if 
and only if the vectors a, a’, and a” are linearly dependent, that is, lie in the 
same plane. We denote by m the unit normal vector to this plane. Then, 
if D = 0, 

(86.6) (a) m-a=0O, (b) ma’ =0, (c) m:a’=0. 

If we differentiate (86.64), in consequence of (86.6 b) we find 


(86.7) m’:a = 0. 
If we differentiate (86.6 b) in consequence of (86.6 c) we have 
(86.8) m/’:a’ = 0. 


From (86.6 a) and (86.7) we see that a is orthogonal to m as well as to m’. 
From (86.6 b) and (86.8) it follows that the same is true with respect to a’. 
Since m is a unit vector, m’ cannot be parallel to m. In order that the 
equations (86.6 a), (86.6 b), (86.7), and (86.8) be consistent, m’ = 0 must 
be true, that is, m = m, = const. Hence, by (86.6 a) for all values of ¢ the 
normal vector a to the planes (86.1) is orthogonal to the constant vector 
m,. This means that the planes (86.1) and consequently their character- 
istics also are parallel to m,. From this we obtain the statement that if the 
rank of M is equal to 3 and D = 0 the envelope of (86.1) is a cylinder. 
We sum up our results as follows: 


Theorem 86.1. If the envelope of a one-parameter family of planes is a 
surface then it rs always a developable one. 


Furthermore we have 


Theorem 86.2. If the planes of the family (86.1) are not parallel, if 
there does not exist a point common to all planes and if D ~ 0, ef. (86.5), 
then the envelope of this family 1s a tangent surface, namely the tangent surface 
of its edge of regression. 

87. Envelope of the osculating, normal, and rectifying planes of a 
curve, polar surface. As was shown in Section 19, to every point of a 
curve y(s) with non-vanishing curvature « we can associate a polar axis. 
The polar axis can be represented in the form 


(87.1) x(t) = y+pp+tb, (x > 0) 
cf. (19.10), where p = 1/« is the radius of curvature of y(s); p and b are the 
unit principal and unit binormal vectors, and the real variable ¢ is the para- 
meter of the representation (87.1). The polar axis is the locus of the centres 
of the spheres which have a contact of second order (at least) with y(s) at 
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the corresponding point. Furthermore we found that, in general, to every 
point of y(s) there is exactly one sphere which has a contact of third order 
with y(s) at that point; the centre of this sphere has the position vector 


(87.2) x = yt+pp-+£b, (x >0, 7 £0). 


In general the polar axes of a curve generate a surface which is called the 
polar surface of this curve. In consequence of (87.1) the polar surface of a 
curve y(s) can be represented in the form 


(87.1’) x(s,4) = y(s)+p(s)p(s)+¢b(s), (x > 0); 
the arc length s of y(s) and the parameter ¢ are the coordinates on this 
surface. 


Example. The polar surface of a plane curve is a cylinder because the 
unit binormal vector of such a curve is constant. The polar surface of a 
spherical curve (cf. Problem 19.3) is a cone with apex at the centre of the 
sphere on which the curve lies. The polars of a circle coincide, they are 
orthogonal to the plane of the circle and pass through its centre; hence 
these polars do not generate a surface. 


Theorem 87.1. The envelope E of the normal planes to a curve C of class 
r > 2 with positive curvature x 1s identical with the polar surface of this curve. 
If C is of class r* > 3 and if its torsion t does not vanish then E has an edge 
of regression R, and R is the locus of the centres of the osculating spheres of 
the curve C. 


Proof. Let t(s), p(s), and b(s) be the vectors of the moving trihedron 
of C': y(s). The normal planes to C are orthogonal to the unit tangent 
vector t(s). Hence we can represent the family of these planes in the form 


(87.3) G(x, 8) = [(x—y(s)]-t(s) = 0, 
ef. (13.24). By means of (15.1) we find 
a = —t*t—(x-—y)°«p a; 0 
or, since t°'t = 1 and x = l/p > 0, 
(87.4) (x—y)*p =p. 
In consequence of (87.3) we can represent the vector x—y in the form 
(87.5) x—y = qp-+tb. 


Inserting (87.5) into (87.4) we find g = p. Consequently (87.5) becomes 
identical with (87.1). Hence the characteristics of the family of the normal 
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planes to C are the polar axes of C, and the envelope of the family under 
consideration is identical with the polar surface of C. In order to deter- 
mine the edge of regression of the envelope we differentiate (87.4) with 


respect to s, —t-p+(x—y)'p = 6. 
In consequence of (87.3), (15.1), and t* p = 0 we obtain from this relation 
(87.6) (x—y)°rb = #. 


Inserting (87.1’) into (87.6) and taking p- b = 0, b: b = 1 into account 
we have 
t—?, (7 ~ 0). 


T 


When inserting this (87.1’) takes the form (87.2); hence the edge of regres- 
sion of the envelope of the normal planes of C is the locus of the centres of 
the osculating spheres of C. 

We may also formulate the second statement of Theorem 87.1 in the 
following manner: The polar surface of a curve C is the tangent surface of 
the curve generated by the centres of the osculating spheres of C. 

By comparing (87.1’) and (22.3) we see that the evolutes of a curve lie 
on its polar surface; through every point of this surface there passes one 
and only one evolute. 

By similar considerations of the envelopes of the osculating planes and of 
the rectifying planes we obtain the following results: 


Theorem 87.2. The envelope of the osculuting planes of a curve of 
class r > 3 with non-vanishing curvature and torsion 1s identical with the 
tangent surface of this curve. 


Theorem 87.3. Every generator of the envelope of the rectifying planes 
of a curve of class r > 3 with non-vanishing curvature passes through a point 
of the curve and has the direction of the corresponding vector of Darboux. 


The envelope of the rectifying planes of a curve is known as its rectifying 
developable surface; this name is justified by the following fact: If this 
surface is bent into a plane the curve becomes a straight line, that is, is 
‘rectified’. 

Problem 87.1. Prove Theorem 87.2. 

Problem 87.2. Prove Theorem 87.3. 


Problem 87.3. Prove that if the rectifying developable surface is 
mapped isometrically in the plane the corresponding curve becomes a 
straight line. 
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88. Centre surfaces of a surface. We have seen in Section 58 that 
we can associate three ruled surfaces to every given space curve. One of 
them, the tangent surface, is always developable while the other two, the 
principal normal surface and the binormal surface, are developable if and 
only if the curve is plane. Similarly to every curve C: x(s) on a surface 
S: x(u}, u2) we can associate the ruled surface 
(88.1) y(s,t) = x(s)+én(s) 
generated by the normals to S along C. In (88.1) s is the arc length of C 
and n(s) is the unit normal vector to S at the points of C. 

If C is an arbitrary curve on S, (88.1) will not be a developable 
surface, in general. We may illustrate this fact by the simple example of a 
circular helix C: x(t) = (rcos#, rsin#, ct) on the cylinder of revolution S: 
x(u}, u?) = (rcos wu}, rsin wu, u*). Since at every point of C the unit normal 
vector n to S lies in the corresponding principal normal to the helix, the 
surface (88.1) is identical with the principal normal surface of C which is not 
a developable surface, cf. Theorem 58.2. 


Theorem 88.1. The normals to a surface S: x(u1, u*) corresponding to a 
curve x(s) of class r > 2 on S generate a developable surface if and only uf 
C 1s a line of curvature on S. 

Proof. The normals to S at the points of C generate a ruled surface R 
which can be represented in the form (88.1). By (58.2) R is a developable 
surface if and only if 
(88.2) |x n nj = 0. 

We assume the coordinates u!, u2 to be chosen so that the coordinate curves 
are lines of curvature on S. Then 


(88.3) xX = X,U*, n= n,u* = —Kx,X,U%, 
cf. (45.1’). Inserting these expressions in (88.2) and simplifying the deter- 
minant we obtain 

[x n n| = |x, u* Kg X_ uP n| = |X, u% (K,—K«,)X,u? ni; 
hence 
(88.4) [xX m n| = wW?(K,.—x,)|X, X, n| = 0. 
Since X,, X,, and n are linearly independent vectors the determinant on 
the right-hand side of (88.4) does not vanish. Hence, in order that (88.4) be 
satisfied, we must have wz! = 0, that is, u} = const. or uw? = 0, that is, 
u* = const. or k,—x, = 0. In consequence of the choice of the coordinates 
u}, u? the first conditions mean that C is a line of curvature on S. The third 
condition is satisfied if and only if the corresponding point is a navel point, 
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cf. Sections 41 and 48; at these points the normal curvature is the same 
for all directions. In an analogous manner the converse can be proved. 
The lines of curvature form an orthogonal net, except at navel points, 
cf. Theorem 41.2. Hence, in general, every normal to S is a generator of 
two of the developable surfaces characterized in Theorem 88.1 which inter- 
sect orthogonally. The net of the lines of curvature consists of two families 





Fig. 94. Portions of the centre surfaces of a portion of a surface 
whose Gaussian curvature is negative. 


of curves. We consider one of those families. To every curve of this family 

there corresponds one of the above developable surfaces. If each of these 

surfaces has an edge of regression, and if these edges of regression generate 

a surface, this surface is called a centre surface of the given surface S. 

Analogously another centre surface of S corresponds to the other family of 

lines of curvature of S; hence there are two centre surfaces of S, cf. Fig. 94. 
In order to justify the name ‘centre surface’ we prove the following 


Theorem 88.2. The centre surfaces of a surface are the loci of the centre 
of the cercles of principal curvature. 
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Proof. The normals of a surface S corresponding to a line of curvature on 
S generate a developable surface, cf. Theorem 88.1 which may be repre- 
sented in the form (88.1). We have to determine the edge of regression G 
of this developable surface, that is, we have to find a function ¢ = ¢(s) of class 
r > 1 which corresponds to G. If such a function has been determined we 
can represent G in the form 


(88.5) y(s) = x(s)-+4(s)n(s). 
Differentiating (88.5) with respect to s we obtain the vector 
(88.6) y= xt+in+tn 


which is tangent to G. Ifn = 0, that is, n = const. then (88.1) is a plane 
or a cylinder and has no edge of regression; we may exclude this case from 
our further consideration. We assume that the coordinates on S have been 
chosen so that the coordinate curves are lines of curvature on S and that, in 
particular, the family of lines of curvature under consideration are the 
curves u? = const. Then, by (45.1’), 


h=n,u = — x, wi, (Ry = 1/«,). 
1 


Since X = x, 2! on the lines u? = const., (88.6) takes the form 
(88.7) y= (1 z} x, a}+én, 


The generators of the developable surface have the same direction as the 
unit normal vectors n(s) and are tangent to G. Consequently the vectors 
y and n are linearly dependent. Hence, in (88.7), 1—(¢/R,) = 0 must be 
true, that is, = R,. Thus (88.5) takes the form 


(88.8) y= x+8,n. 


Analogous reasoning in the case of the other family of lines of curvature 
leads to ¢ = R,. This completes the proof of Theorem 88.2. 

We will now investigate some further properties of the lines of curvature 
and centre surfaces and start with a preliminary consideration. 

Let C: x(s) be a curve on a surface S: x(u1,u?). Let t = x be the unit 
tangent vector, p the unit principal normal vector, r+ the torsion, and 
7, the geodesic torsion of C (cf. Section 50). We consider any fixed point 
P of C. Let y denote the directed angle from the vector p at P to the 
unit normal vector n of Sat P, angles being measured from p towards the 
unit binormal vector b to C at P. By (50.5) we have 
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(88.9) 70 = nxx. 
The unit binormal vector to C is 
b= xxp, 
ef. (13.1), and cosy = p°n, siny = ben. 
By differentiating this last relation and using (13.1), (15.1), and (88.9) we 


have ; 
ycosy = b-n+b-n = —rp-n+(XxX p):n = (—7r+7,)cosy. 


If the direction of C at P is not an asymptotic direction then cosy + 0, 
and we obtain the following formula of Bonnet: 


(88.10) T =T+y. 


Theorem 88.3 (O. Bonnet [2]). (a) Lf two surfaces of class r > 2 intersect 
along a curve C which is a line of curvature on one of these surfaces and if the 
angle of untersection 18 constant then C is a line of curvature also on the other 
surface. (b) If two surfaces of class r > 2 intersect along a curve C which is a 
line of curvature on both surfaces then the angle of intersection 18 constant. 


Proof. (a) Let y and y* be the normal angles of C for the two surfaces. 


We have y—y* = const. 


and therefore 
(88.11) y=y, 
where the dot denotes the derivative with respect to the arc length s of the 


curve. Let 7, and rj be the geodesic torsions of C for the two surfaces. 
From (88.10) and (88.11) we have 


T, = 75. 
From this and Theorem 50.3 the statement (a) follows. 
(6) Using the above notations we have from (88.10) 


ytr= 0, y*+7r=0 
or y—y* = 0. 
Hence y—y* = const. 
Thus the surfaces intersect at a constant angle. 


Theorem 88.4 (Joachimsthal [1]). The angle of intersection of a surface 
S of class r > 3 and a plane or sphere is constant if and only if the curve of 
intersection 713 a line of curvature on S. 
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In general the principal curvatures 1/R, and 1/R, of a surface are inde- 
pendent of each other. A surface whose principal curvatures satisfy a 
relation of the form 


(88.12) F(R,, R,) = 0 
is called a surface of Weingarten, cf. Weingarten [1]. Minimal surfaces are 
surfaces of Weingarten, for example. 


Theorem 88.5. The centre surfaces (corresponding to R,, for instance) 
of the surfaces of Weingarten of class r > 3 defined by one and the same 
relation (88.12) can be mapped isometrically onto one and the same surface 
of revolution. 


Problem 88.1. Determine the coefficients of the first fundamental 
form of the centre surfaces of a surface S in the case where the coordinate 
curves are lines of curvature on S. 


Problem 88.2. Give another proof of Theorem 88.3 (use Theorem 88.1). 
Prove Theorem 88.4. 


Problem 88.3. Prove Theorem 88.5. 


89. Parallel surfaces. If segments of constant length are laid off 
along the normals to a surface S (all along the positive rays of the normals 
or all along the negative ones) the locus of their end points in general is a 
surface S* which is called a parallel surface of S. 

Obviously if x(u!, u?) is a representation of S, 

(89.1) x*(ul, uw?) = x(ul, u?)+an(ul, u?) 

is a representation of S*, In (89.1) n is the unit normal vector to S and ais 
a constant. There exist infinitely many parallel surfaces of a given surface, 
each of which corresponds to a certain value of a. 

Parallel planes, concentric spheres, coaxial cylinders, and tori gen- 
erated by a rotation of concentric circles about the same axis are simple 
examples of parallel surfaces. In all these cases the surfaces have the same 
normals. We will prove that this holds for any parallel surfaces. 


Theorem 89.1. Two surfaces of class r > 2 are parallel surfaces if and 
only uf they have common normals. 


Proof. We start from the representation (89.1) assuming that a is a 
variable and prove that if S and S* have the same normals, a must be 
constant, that is, S* must be a parallel surface of S; we will see that a can 
be any constant, that is, all parallel surfaces of S are obtained in this 
manner. Since S and S* are assumed to have the same normal, n+ x* = 0 


278 SPECIAL SURFACES [§ 89 


must be true, and so 


(89.2) n°(x,+a,n+an,) = 0, a 2 


a = 5ue’ 


(a = 1,2). 


Since the vectors x, and n, are orthogonal to n, from (89.2) we obtain 
a, = 0, hence a is a constant whose value may be arbitrarily chosen. Every 
surface S* parallel to S therefore has the same normal as S. 

This property could have been taken as a definition of a surface parallel 
toa given one. To this extent the concept of parallel surfaces is an analogue 
of that of Bertrand curves. 

From Theorem 88.1 we find that the lines of curvature on parallel surfaces 
correspond to each other, that is, these curves have the same parametric 
representation on all parallel surfaces if the coordinates w!, u* have been 
chosen according to (89.1). Moreover, it follows immediately from the 
investigation in the preceding section that parallel surfaces have the same 
centre surfaces. 

Theorem 89.2 (OQ. Bonnet [4]). Let S be a surface of constant Gaussian 
curvature K = 1/r?. Then there are two surfaces parallel to S which have the 
constant mean curvature H = +1/2r; the (directed) distances of these surfaces 
from S are Fr, respectively. 

Proof. The centre surfaces of a surface are the loci of the centres of 
principal curvature. Parallel surfaces have the same centre surfaces; 
consequently, if «, = 1/R, and x, = 1/R, are the principal curvatures of a 
surface S then the principal curvatures of a surface S* parallel to S at the 
distance r are given by the expressions 

~. 1. 1 
7 a ae 


By hypothesis R, R, = 1/K = r?; consequently S* has the mean curvature 


(a = ], 2). 


1/f 1 ] I 
* _ * ee ee ° 
H 4(ai +>) sgt ES) or const 


In an analogous manner we find that the mean curvature of the surface 
parallel to S at the (directed) distance —r is 


] 
H = — = const. 
2r 


As an immediate consequence of this theorem we obtain 

Theorem 89.3. Toa given surface of constant mean curvature there exists 
a parallel surface of constant mean curvature and another one of positive con- 
stant Gaussian curvature. 
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As follows from (89.1) the coefficients of the first and second fundamental 
forms of a surface parallel to a given surface can be represented in terms of 
the three fundamental forms of the latter: 


(89.3) 928 = Jap— 2Ab,p+-2*Cag, bop = Ogp—ACag, 
cf. (27.1), (38.4), and (59.3). 


90. Surfaces of constant Gaussian curvature. Surfaces of constant 
Gaussian curvature K + 0 are of great interest since the intrinsic geometry 
of these surfaces exhibits properties similar to that of the plane. We will 
later prove that this intrinsic geometry is locally identical with the so- 
called non-Euclidean geometry which has been developed from quite 
another point of view; cf. Section 96. 

We first consider the surfaces of constant Gaussian curvature in general. 
We introduce geodesic polar coordinates w!, wu? on the surface S under 
consideration. (Depending on S, these coordinates may be valid on the 
entire surface or on a portion of S only.) Then the first fundamental 
form is given by (52.1), 


ds* = (du*)*+ goo(w1, u?)(du*)’, 





where 
ovg 
, 2) = 2} 6 =], 
(90.1) Joo(0,u?) = 0 and uk | ano 
cf. (53.1). Furthermore, by (52.2), 
1 Aveo 


— 


Gag (Bu)? 
This is a linear differential equation of second order which can be written 
in the form 


2 
(90.2) orb 


(6u*)? 
We consider the solutions of this equation for constant K. 
(A) If K = 0 the solution of (90.2) is 
B= (C,(u?)u1+C,(u?). 
From (90.1) we have C, = 1, C, = 0. Hence, in this case 
(90.3) ds* = (du?)?-+ (u})?(du?)?, (AK = 0) 


as it must be for polar coordinates in the plane. 
(B) If K > 0 then 


B = Q,(u2)cos(vK u2)+C,(u?)sin(VK u?) 


+KB=0, B= VNgoo = VQ. 
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is the solution of (90.2). In consequence of (90.1) we have C, = 0 and 
C, = 1/VK. Therefore 
1. 
Jon = B? = 7c sin'(VKu?) 
and 
(90.4) ds? = (dut)? + Fsin*(VK u})(du2)?, (K > 0). 


(C) In the case of negative constant Gaussian curvature K < 0 the 
solution of (90.2) takes the form 


B = C,(u*)cosh{,/(—K)w}+ C,(u?)sinh{,/(— K)u7}, 
where the hyperbolic functions are defined as follows: 
coshz = cosiz = }(e7+e-*), sinh x = —zsiniz = 4(e*—e-*), 


as is well known. In consequence of (90.1) we have C,=0 and 
C, = 1/,/(—K). Hence 


(90.5) de? — (dut)? + —, sinh*{y(—K)w} (du), (K <0), 


ef. H. S. M. Coxeter [1, § 15.5]. Planes and spheres are simple examples of 
surfaces of constant Gaussian curvature K = 0 and K > 0, respectively. 
Examples of surfaces of negative constant Gaussian curvature will be con- 
sidered in Section 93. 


Problem 90.1. Introduce coordinates on a sphere so that the first 
fundamental form is given by (90.4). 


91. Isometric mapping of surfaces of constant Gaussian curva- 
ture. The concept of isometric mapping and related concepts were intro- 
duced in Section 57. The Gaussian curvature K is an invariant under 
isometric mapping, cf. Theorem 57.2. Hence at corresponding points of two 
isometric surfaces the Gaussian curvature must necessarily be the same. 
However, in general, this condition is not sufficient, as can be seen from the 
following 


Example (Staeckel [1] and Wangerin [1]). If the logarithmic curve 
2, = logz, is rotated about the z,-axis it generates a surface of revolution 
which can be represented in the form 

x(u}, u?) = (u! cos u*, u) sin w?, log w!), (ut > 0). 


The corresponding first fundamental form is given by the expression 


(91.1) ds? = (14 (du2)?-+ (w2)2(du2)?, 


1 
a) 
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This surface has the Gaussian curvature 
= ] 
(1-+-(w3))?" 
The right helicoid (cf. Section 81) can be represented in the form 


(91.2) K= 


To this representation there corresponds the first fundamental form 


(91.3) ds*2 = (dul*)?-+- {1+ (ul*)?}(du2*)?, 
and the surface has the Gaussian curvature 
1 
a nc 
(91.4) K tape 


The mapping u** = u* (a = 1, 2) is such that at corresponding points the 
Gaussian curvature of both surfaces is the same, but this mapping is not 
isometric, cf. Theorem 57.1. We will prove that there does not exist an 
isometric mapping of one of those surfaces onto the other. In consequence 
of (91.2) and (91.4) the most general mapping under which the Gaussian 
curvature at corresponding points is the same must satisfy the condition 


1+(w*)? = +(1+(u*)?). 


Hence, either 
(91.5) (a) w*—=-+wu! or (b) wi* = {—2—(u1)} 


must be true while «?* can be an arbitrary function of wv! and u? such that its 
first partial derivative with respect to u? does not vanish, 


(91.6) u2* = o(u, u?), db. X 0. 

where ¢, = 0¢/du*. By inserting (91.5a) and (91.6) into (91.3) we obtain 
ds*® = (dut)?+[1+ (w)](p, dul+g, du2)?, 

In order that this expression should be identical with (91.1) the conditions 


(91.7) (a) 1+ {1+ (2)? = 14 (b) di¢.= 0, 


(c) [1+ (u?)?]($2)? = (u?)? 
should be satisfied. From (91.6) and (91.7b) we have ¢, = 0. Applying 
this relation to (91.7a) we obtain a contradiction. If we insert (91.5 b) 
and (91.6) into (91.3) we find 
(ut)? 
#2 1)2__ 1)2 1 2)2. 
ds (up (du)? —[ 1-(2)*](¢, dut+-¢, du?) 


282 SPECIAL SURFACES [§ 91 


In order that this expression should become identical with (91.1) the rela- 
tions (ul)? l 


_) + (ul)? (1+-(w*)?}(¢)? = 1+ (ul)? $1 $2 = 0, 
—[1-+ (4) V(b2)? = (w)? 


should hold; in this case we also obtain a contradiction. 

Surfaces of constant Gaussian curvature K have the important property 
that if K is equal the surfaces are isometric. In the case K = 0 this fact has 
already been stated, cf. Theorem 59.3. In the other two cases, K > 0 and 
K < Oit is an immediate consequence of (90.4) and (90.5): The coefficients 
of those fundamental forms are completely determined by K; hence if 
two surfaces have the same constant curvature K the first fundamental 
forms are also the same. In consequence of the fact that (90.3)—(90.5) 
were obtained by using geodesic coordinates which, in general, are allowable 
on a certain portion of a surface we may formulate our result as follows: 


Theorem 91.1 (F. Minding [1]). Z'wo (sufficiently small) portions of 
surfaces of class r>3 having the same constant Gaussian curvature are 
isometric. 


92. Spherical surfaces of revolution. A surface of positive constant 
Gaussian curvature is called a spherical surface. A surface of negative 
constant Gaussian curvature is called a pseudospherical surface. 

In this and the following section we shall consider spherical and pseudo- 
spherical surfaces of revolution. In consequence of Theorem 91.1 the in- 
trinsic geometry of surfaces of the same constant Gaussian curvature is 
locally identical. However, the geometric form of these surfaces as viewed 
from the embedding space may be different as we will now see. 

We start from a representation of a surface S of revolution of the form 


(92.1) x(a}, a?) = (a cos a, @ sin a, h(i). 

The corresponding first fundamental form is given by the expression 
(92.2) ds? = (1--h®)(dal)?+ (w)?(da?)?, 

where a prime denotes the derivative with respect to i}. We now introduce 
geodesic parallel coordinates wu}, u? on S so that the first fundamental form 
sca ds? = (dut)?-+-gaa(u, ut)(du?)?, 

cf. (52.1), and the coordinate curve u! = 0 is a geodesic. Then the curves 
u? = const. are geodesics orthogonal to the curve u! = 0 and the curves 
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u' = const. are geodesic parallels of the curve u! = 0. We set 
K= 3 = const. and Vg. = B. 


Then the differential equation (90.2) takes the form 
PB  B_ 
aut at 


Since c is a constant (92.3) has the solution 


(92.3) 


1 1 
Vo = B= C,(u*)cos— + C,(u2)sin—. 


Since the geodesic curvature of the curve u! = 0 vanishes identically we 
obtain from (49.9 a) 
ae — 0, and therefore C, = 0. 

oul ul=0 
If u? is chosen proportional to the azc length o of the curve u! = 0, that is, 
u* = o/A, the first fundamental form becomes 


1 
(92.4) ds* = (du})?+2? cos*— (dut)? 


where A is a constant, not zero. (92.2) and (92.4) become identical if 
‘3 
(92.5) (1+h’2)(da!)? = (du)?, “= Aeos—, a = uw’. 


From this it follows that 


Fn du}\2 
w= | (aa -y 
au A. ul 


and oe eS = Sin 
du! Cc .6lUC 


hence, altogether 


2. out 
(92.6) f= f /@—sim2) du}. 


If A ~ c this integral is elliptic; its function values can be found in the book 
Tables of Functions by E. Jahnke and F. Emde (New York, 1945). The 
surface of revolution under consideration is now represented in the form 


(92.7) x(w},u?) = (Acos = cos ut, Acos — “sin w?, { [Zim =) aut), 
(c=1/VK, K >0,A> 0), 


where u!, u? are the above geodesic parallel coordinates. In order that 
K > 0 the meridians of the surface must be of such a form that their unit 
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principal normal vector when bound at a point of the meridian is directed 
towards the axis of revolution. We obtain three different types of spherical 
surfaces of revolution corresponding to the values A = c, A > ¢, and A <¢, 
respectively. 


I. If A =, (92.7) takes the form 
1 1 1 
(92.8) x(ul, u?) = (c cos— cos u?, ccos—sin u’, csin =), 


This is a representation of a sphere of radius c with centre at the origin of 
the coordinate system in space. 





Fic. 95. (a) Hyperbolic, and (5) elliptic spherical surface of revolution 


II. If in (92.7) A > ¢ we obtain a surface which is called a hyperbolic 
spherical surface of revolution, cf. Fig. 95a. In this case 2x, is a periodic 
function; the surface consists of a succession of congruent portions called 
zones each of which is bounded by two circles parallel to the z,2,-plane. 
The coordinate 7%! is the radius of the circles parallel to the x, z,-plane. 
From (92.5) we have #! < A. In order that x, be real we must have 

og ~ 20° 
sea 

in (92.6). By (92.5) we obtain from this 
(92.9) @ > J(rA—c?). 


Hence #%! = ,/(A2—c*) is the radius of the above circles by which every zone 
is bounded. The maximum value, #! = A, corresponds to the circle in the 
middle of every zone. 
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Ill. If in (92.7) A <c we obtain a surface which is called an elliptic 
spherical surface of revolution. In this case the radii of the circles parallel 
to the x, z,-plane can have every value of a! between 0 and A. x, is again a 
periodic function; each zone of the surface is now bounded by two points, 
cf. Fig. 95. 

We finally mention the isometric mappings of spherical surfaces into 
each other, cf. Theorems 57.1 and 91.1. Let S, and S, be two such surfaces 
having the same (constant) Gaussian curvature corresponding to values 
A = A, and A = ,, respectively. The first fundamental forms are 


1 
(S,): ds? = (du*)?+-A2 cos? (du?) 

and (S,): ds** — (du*)?+-23 cos? — (dul) 

Setting dul* = dw, A, du2* = du? 


these two expressions become identical; hence the isometric mapping of 8S, - 
into S, is given by the formulae 
(92.10) wui* = yl, C= ap 
2 
The image of the portion of S, consisting of all points with coordinates w!, u?, 
a<u<b, 0 <u? < 2, 
consists of all points of S, with coordinates u1*, u?*, 


acul* <b, 0 <a < ant 


Consequently if A, > A, certain points of S, correspond to several points of 
S,. If however, 4, < A, then the portion of S,, defined by a < u1* < 5, 
0 < u2* < 27, also contains points which are not points of the image of the 
above portion of S,. Under this mapping meridians correspond to meridians 
as follows from (92.10). 


93. Pseudospherical surfaces of revolution. A surface of negative 
constant Gaussian curvature is called a pseudospherical surface. 

We will now investigate pseudospherical surfaces of revolution and shall 
obtain three different types. We set 


| 
Then the differential equation (90.2) has the solution 
(93.1) NQoo = B= O,(u*)eosh — * $+0,(u?)sinh 
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I. We introduce geodesic parallel coordinates w!, u* so that the co- 
ordinate curve wu! = 0 is a curve of constant geodesic curvature l/c, the 
coordinate curves u* = const. are geodesics orthogonal to the curve wu} = 0, 
and the coordinate curves u} = const. are geodesic parallels of the curve 
ui = 0. Since g,, = 1 we have from (49.94) 


_ 1 avg. 1 
(Kp)w=0 = Wen our (c > 0). 
From (93.1) we obtain Ngoo(0, u?) = C,(u?) 
and ONGo = C2(u*) 
eu ut=0 Cc 


Consequently, C, = C,. If we choose u? proportional to the arc length o of 
the curve u! = 0, that is u* = a/A, then, since 


1 1 
we. lu 

cosh — + sinh — = ew", 
c c 


we have 

(93.2) ds? = (du)2+)2 e2u"le(du2)2, 

where A (= 0) is a constant. (92.2) and (93.2) become identical if 
(93.3) =e’, g= u?, 

Then 


2 
(93.4) a= | | (1 See] du}. 


Inserting these expressions into (92.1) we obtain a representation of pseudo- 
spherical surfaces of revolution which are called parabolic pseudospherical 
surfaces of revolution or pseudospheres, cf. Fig. 986, p. 289. From (93.3) 
we have Py Z 
“= clog--, dui = wee 


and therefore 


(93.5) 4 = | = J0-Z)e. 


If we set %} = ccosa then du! = —csin «da and, by asuitable choice of the 
sign of the square root, 
in? 
%,=C | ee da = c[logtan(3+7] — sin al. 


COS « 





Together with i! = ccosa this is a parametric representation of the 
meridian of the pseudosphere. We may write this more elegantly 


a' = csecht, 2, = c(t—tanht), 
where t = log(sec a—tan a). 
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This curve is known as a tractriz. The tractrix, first considered by G. W. 
Leibniz, in 1693, 1s the path of a moving heavy particle P which is con- 
nected with a point @ by a thread of constant length c; @ is moving along a 
straight line which does not contain P, cf. Fig. 96. 





Fia. 96. Tractrix Fia. 97 


Indeed, we can easily see that the segment of the tangent to the tractrix 
between the 2z,-axis and the point P always has the constant length c: 
Since dz,/di! = tan a we see that «a is the angle between the tangent to the 
meridians of the pseudosphere and the x, x,-plane. For every plane curve 
y(x) the length c of the segment of the tangent between the point of contact 
and the x-axis is given by the formula 


c= vale +y’?), 


where the prime denotes the derivative with respect to x, cf. Fig. 97. Hence 


ry 
o  Te—¥) 


c 2 
. =2 J s/f) 


this expression corresponds to (93.5). 
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II. We choose geodesic parallel coordinates u!, u? so that the curve 
ui = 0 is a geodesic and the curves u? = const. are geodesics orthogonal to 
the curve wz! = 0. Then, since 


(Ky )ut=0 cs 0, 
we have oB — 0, 
oul ui=o 


in the same manner as in the preceding section. Hence, in (93.1), C, = 0. 
Consequently by a suitable choice of the coordinate u?, the first fundamental 
form becomes 


(93.6) ds? = (dul)-+2 cosh*™ (dur)? 
where A (= 0) denotes a constant. (93.6) and (92.2) are identical if 


(93.7)  (1+-'2)(da})? = (du)?2, «=k = Acosh™, a = u2. 


2 1 
Then t= { J (1— sinh? du}, 
c c 


Inserting these expressions into (92.1) we obtain a representation of a sur- 
face which is called a hyperbolic pseudospherical surface of revolution; cf. 
Fig. 98a, p. 289. The function 2, is an elliptic integral (cf. the preceding 
section) whose values are real if 
ut <& 
sinh* — <j 
Consequently the values of the radius zi} are restricted to the interval 
A<@# < J(A?+c?). 
Since 2, is periodic the surface consists of a succession of congruent zones. 
These zones are spool-like; the circles by which every zone is bounded 
have the radius 71 = ,/(A?+-c”) while the radius of the circle in the middle 
of every zone is #} = A. From (93.7) we obtain 
dz c7-++ A2— (ai)? 
93. ae fe. 
ee di | ( (@)?—2 
Thus at the points of the boundary of the zones the tangent plane of the 
surface is parallel to the x, z,-plane while in the middle of every zone it is 


parallel to the axis of revolution; the maximum parallels are cuspidal edges 
of the surface. 
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III. We finally choose geodesic polar coordinates u!*, u?*. Then, from 
(53.1): dvgt, 


oul * 





= 1 


922(0, u?*) = 0, = 
ule=0 








Fie. 98. (2) Hyperbolic, (b) parabolic, and (c) elliptic pseudo-spherical surfaces of 
revolution 


in (93.1) we obtain C, = 0 and C, = c. Consequently 


ds? = (du)*)?+-c? sinh? (duty 


If we set way y= su 
we have 

1 
(93.9) ds? = (du})?+-22 sinh?— (du2)? ; 


this becomes identical with (92.2) if 


(93.10) at = Asinh = | @ aut (+k)(da)? = (du)? 


2 1 
Then X= { J ( —Fosh? du}, 


If we insert these expressions into (92.1) we obtain a representation of a 
surface which is known as an elliptic pseudospherical surface of revolution; 
ef. Fig. 98c. 2x3 is again an elliptic integral, hence the surface consists of 
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congruent zones. For real values of the argument the hyperbolic cosine is 
greater than or equal to 1. Consequently, in order that 7, be real we have to 
require that A? < c?. Hence the radius varies in the interval 


0<a@ <V(ct—D?). 
The direction of the tangent to the meridians can be obtained from (93.10), 


dx, 7 J c2— 2 (a71)2\__ 
du (a1)?+-22 : 
at the boundaries of the zones the tangent is parallel to the x, z,-plane, 
ef. Fig. 98 (c). 


94. Geodesic mapping. In order to consider the geodesic mapping 
of surfaces of constant Gaussian curvature we first state some general facts 
on geodesic mappings. 

An allowable mapping (cf. Section 56) of a portion S of a surface onto a 
portion S* of a surface is said to be geodesic if to each geodesic arc on either 
portion there corresponds a geodesic arc on the other. 


Theorem 94.1. An allowable mapping of a portion S of a surface onto a 
portion S* of a surface is geodesic if and only if the Christoffel symbols Tg” 
on Sand Dg” on S* (with respect to the same Gaussian coordinates on S and S*) 
are connected by the relations 

oh oh 2 eg 
5 Be t 86" sae? h= § 08 oe 
where g* and g are the discriminants of the first fundamental forms of S* 
and S, respectively. 





Proof. We start from the differential equations (51.4) of the geodesics 
on 8, ut's” —(F uu?’ +u7")s’ = 0, (7 = 1,2) 
and eliminate s’ and 8’, 

(94.2) Uh (ur + The") — ee?’ (ul + To }wr’ue’) = 0. 
Similarly, the differential equation of the geodesics on S* is 
(94.3) ULF! (y2*" 1 LHe g, 0%!) _ 92! (y 1H" 4 DHL Yyve yaw’) — 0 


where u!*, u2* are the coordinates on S*, The coordinates on S and S* 
are assumed to be the same, that is, the mapping under consideration is 
defined by u!* = w}, u2* = u?. If we subtract (94.3) from (94.2) we obtain 


(94.4) [w'(T.°— 196?) —u (Tet — ie?) Jur’ur’ = 0. 


§ 94) SPECIAL SURFACES 291 


In consequence of (47.12) we have 
= =a CL GUE CuX 
= *K 
Co =l, — (The Pie ou” Bue Oak 
Hence the expressions 
(94.5) dg =T ee) Ce 


are the components of a tensor of third order, contravariant of first order 
and covariant of second order. The equation (94.4) must be satisfied 
identically, otherwise only three but not 00! geodesics would pass through 
every point of S and S*. In consequence of (94.5) we may write (94.4) 


in the form (ul d,,2—u®’ d,1)ur’'u’ = 0. 
This is identically satisfied if 
Oy = 205°; d,,* = do! = 0, dos? = 2d,61: 
These conditions can also be written in the form 
3d,_%*—5,"dga? —8,°d, n° = 0 
or, in consequence of (94.5), 
(94.6) Tot = Tye +-4(8,%d og? +80°d,8"), 


as can easily be verified. If we insert (94.6) into (94.2) we obtain (94.3). 
That is, (94.6) is the necessary and sufficient condition for the mapping 
under consideration to be geodesic. Since 


a 
dap? = Tyg?—Tog? = 3, (log vg—log vg*) = 


d,P = 5 pple 
cf. (47.6’), we see that (94.1) and (94.6) are identical. 
From the theorems 57.1 and 94.1 we obtain 
Theorem 94.2. Any isometric mapping is geodesic. 
This also follows immediately from Theorem 57.2. 


95. Geodesic mapping of surfaces of constant Gaussian curva- 
ture. E. Beltrami discovered the following interesting 


Theorem 95.1. If.a portion S of a surface can be mapped geodesically 
onto a portion S* of a surface of constant Gaussian curvature K* the Gaussian 
curvature K of S must also be constant. 
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Proof. We use Theorem 94.1 and the corresponding notations. We 
assume that S is geodesically mapped onto S*. Then, in consequence of 
(94.1), we find a relation between the curvature tensor (46.5) of S, 


0 a : 
Pe uny a ou i ~ Oy Ty r i Tan ran 


and the curvature tensor R*°,,, of S*. By inserting (94.1) we obtain 


ah oh oh oh 
—>§ +( eh _— oh pr oh a) 
7\outeuy aux ™ = dul dur 
This is equivalent to 
(95.2) Ro pny = Re yy $8, (Mh gl big) — 8g (Rh py— Py By) 
where the indices preceded by a comma indicate covariant derivatives with 
respect to the metric tensor gi, of S*; for the sake of simplicity the first 
partial derivatives of h are also written in the symbolism of absolute 
differentiation; this is justified by the fact that in the case of a scalar the 
covariant derivative and the usual partial one are the same. By contraction 
with respect to o and » we have 


(95.3) Rug = Regt hyn—hy hy 
The quantities #,,, = R°,». and Ri, = R*°,,, are the components of the 


so-called Ricci tensor of S and S*, respectively. These quantities are closely 
related to the Gaussian curvature (46.12): 


xe = Bis, 
by (46.11) we obtain immediately 
(95.4) Ray = Gr Roun» = K*(5,° iy —5,° In) 
By contraction with respect to o and » we find 
Rin = —K* gi, 
since 6,” = 2. Analogously 
Run = —KGun 


where g,, are the components of the metric tensor of S. Hence (95.3) 
becomes 

(95.5) hay = yh t K *gen A Iun 

Using the assumption that K* is constant we will prove that the first partial 
derivatives of K with respect to wu and u? vanish, that is, that K must be 
constant. In order to obtain those derivatives it is natural to take the 
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covariant derivative of (95.5) with respect to gig. Since gi,, = 0, ef. 
Theorem 72.1, we obtain in this manner 





(95.6) Be gente = preg Ah hg KE eIpn— KG pn 

We now determine the covariant derivative g,,,,-_ From (47.4) we have 
2} 
ee = Fon Tue +Ip0 Tye” 


hence, by (94.1), 


‘4) Co Co o Oo \° f 
eee = Jon Ui +874, +5, ht poll +5, byt Sx h.,). 





Consequently, by (71.3”), 


og 
Gunn. = oar — Jon Le Gig had = 29un hictIren he t+Gur hy 


Inserting this expression into (95.6) and replacing the expressions Kq,,,, 
etc., by means of (95.5) we obtain 


Rune = 2(hy Rint hn Repth hun) 7 
— 4h hh —K*( i hietGinx Be pA Tig im) —K uc In: 
From this it follows that 
(95.7) hme uvey = K*(Gire hg — Jig ye) — Ke Juin t Bog I pere: 
On the other hand, from (73.5) and (95.4), 


Ring we = he | aad h, K ¥(8,,°Giix— On Juan) = K *(qan hy—IJpn h,) 


In consequence of (95.7) we obtain from this 


Din —Opg the = 0. 
Since the determinant g of the coefficients of this system of linear equations 
is different from zero the only solutions are the trivial ones, K, = 0 


(« = 1, 2). Hence K is a constant. This completes the proof. 


96. Surfaces of constant Gaussian curvature and non-Euclidean 
geometry. We conclude our study of surfaces of constant Gaussian 
curvature K + 0 by proving the fact that the intrinsic geometry of these 
surfaces—at least locally—is identical with non-Euclidean geometry. 
We first make some remarks on non-Euclidean geometry; further details 
can be seen in the appropriate literature, for instance, H.S. M. Coxeter [1]. 

In his famous thirteen books Euclid (325 B.c.) investigates the founda- 
tions of geometry. He starts with twenty-three definitions which are 
followed by five postulates and five axioms. The fifth axiom is as follows: 
‘If a straight line meet two other straight lines so as to make the two 
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interior angles on one side of it together less than two right angles, the 
other straight lines will meet if produced on that side on which the angles 
are less than two right angles.’ This axiom is equivalent to the statement 
that there is only one straight line CG, parallel to a given line G and passing 
through a point P not on G. The other axioms are much more self-evident 
than this one. Hence it was conjectured even a long time ago that the fifth 
axiom was not an axiom but a theorem, that is, a consequence of the others. 
Many attempts have been made by a great number of outstanding mathe- 
maticians to deduce this ‘theorem’ from the other axioms. Since no 
attempt turned out to be successful, Gauss drew the conclusion that the 
fifth axiom could not be proved at all. In 1792 he started working on the 
foundations of a geometry in which this axiom is replaced by a contrary 
assumption, and by 1816 at the latest he had gained a clear idea of such a 
geometry. He did not publish anything on this matter. N. Lobatsewskij 
(1793-1856) was the first to state publicly (in 1829) the existence of a 
geometry which is independent of the fifth axiom of Euclid. Independently 
J. Bolyai (1802-60) published similar results (in 1832). Both investigations 
were concerned with the so-called hyperbolic non-Euclidean geometry. 
This geometry is—at least locally—identical with the intrinsic geometry 
of the surfaces of negative constant Gaussian curvature, as was shown by 
the investigations of E. Beltrami [3]. The importance of this paper consists 
especially in the fact that it makes evident that the hyperbolic non- 
Euclidean geometry can never lead to contradictions, since contradictions 
of this kind would also cause contradictions in the intrinsic geometry of the 
above surfaces. Since those surfaces are embedded in three-dimensional 
Euclidean space R,, the aforementioned contradictions would lead to con- 
tradictions in Euclidean geometry. 

Hyperbolic non-Euclidean geometry can briefly be characterized by the 
fact that there are (at least) two straight lines passing through a point and 
parallel to a given line, and the sum of the angles of a triangle is less than z. 
Another type, the so-called elliptic non-Euclidean geometry, was first 
investigated by B. Riemann [1]. In this geometry there does not exist a 
straight line parallel to a given one, and the sum of the angles of a triangle 
is greater than 7. The intrinsic geometry of any surface of positive constant 
Gaussian curvature is—at least locally—identical with elliptic non- 
Euclidean geometry. 

A clear insight into the intrinsic geometry of a pseudospherical surface S 
can be obtained by a certain conformal mapping (H. Poincaré, 1854-1912) 
of S into a plane under which mapping the geodesics on S correspond to 
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certain semicircles in the plane. In order to introduce this mapping we 
first prove the following 


Theorem 96.1. If a surface S can be mapped conformally into a plane 
E so that the geodesics of S correspond to circles in E, the Gaussian curvature 
K of S must be constant. 


Proof. We assume that the same coordinates have been introduced on 
Sand E. Then, since the mapping of S into E is assumed to be conformal, 
at corresponding points the coefficients of the first fundamental form of 
S and E£ are proportional, cf. Theorem 61.1. Hence the images of the 
isotropic curves (cf. Section 63) of S are isotropic curves in £. We intro- 
duce the isotropic curves on S as coordinate curves and denote by w!, u? 
the corresponding coordinates. Then, in consequence of (63.4), 


91 = In = GJ = 9" = 0, g = —(9i2)?. 
Furthermore, from (47.1) and (47.2), 


O92 C., = 22 


Tie = Bal’ 221 — 32? 
l ag 0 1 912 
Rie 92 “jog, T2=—l2P=-- 
11 Jia Ou {198 Fie 22 : 


while all other Christoffel symbols are zero. Hence the differential equation 
(50.2) of the geodesics takes the form 


(96.1) uP" + A(u)?-+ Bu = 0 
where 
4) 
(96.2) A= Fn 08 M1» B= — Slog Jiz 


and a prime denotes the derivative with respect to u1. From (46.17) we find 











a 
0 Gre a 
__i 0 0 - I g é O9i2 8912 9912 
~ (G12)4| 7 ~~ Gas auteut Gut aut 
0 2912 2910 
oul aulou2 
or 
(96.3) Ka 1 Blog ne 


Jie euldu? 


296 SPECIAL SURFACES [§ 96 
In order to have the same coordinates on S and E we proceed in E from 
Cartesian coordinates z,, z_ to isotropic ones, 
(96.4) ui = 4,412, Uu? = %,—12>. 
Then the equation of a circle, 

ti +23+4,2,+A,%_+a, = 0 
takes the form 
(96.5) wu?+taul+bu?+d = 0. 
In order to compare (96.1) and (96.5) we write (96.5) in the form of a 
differential equation. By successive differentiation with respect to u! we 
obtain 


2 2 
96.6) uw” = — “+e 2 9 Wa wg Ute 
i ls WB’ (u!-+-5)? (u1+-5)* 
Hence the circles in # can be represented by the differential equation 
1 3 (u*")? 
an __ : 
(96.7) u 5 ae 


this representation does not involve the coefficients a, b, and d. In order 
to compare (96.7) and (96.1) we differentiate (96.1) with respect to w', 
finding 
0A oA oB o 
Qu U2! beer 2/\2 9/,,Q4 eM 92! A Nas Ot 27 __ 
u +(e +55 )y2+2Au?'u +(53" +5)" + Bu 0. 


Due 
If we replace u?” by means of (96.1) we obtain 
(96.8) wi" 4 (2 2dt)(ue ys + (9A B + alu + 
oB 2)4,2/ _— 


Since we have the same coordinate systems on S and £E and since we 
assumed the images of the geodesics on S to be circles in EF, (96.7) must be 
identically satisfied when we insert wu” according to (96.8) and wu” according 
to (96.1). From this we obtain conditions for A and B. We find 
0A A*\, ang uw’)? oe 4. B 

(Fo) (Git paler + (Fats a = 0 
From (96.2) we see that the coefficient of as vanishes. The vanishing of 
the other two coefficients leads to the conditions 


é/[l 1 0 fl I 
i sala) = — 3 mals) = 3 
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because we may assume that A 40 and B+0. By integrating the 
preceding expressions we obtain 


F= MeL (uy, B= Hw +Q(w)} 


A 
or, in consequence of (96.2), 
oa lo = a — ge = _ FT 
Gut 2 932 = ~~ wt+O,(u})’ Gui 8912 ui+t-C,(u?)” 


If we integrate once more we find 

log gy, = —2log{u?4-C,(u2)}—2 log C,(w!) = —2log[C,(u*){u? +C,(u*)}] 
and log 912 = —2log[C,(u*){ul+C,(u?)}], 
respectively. In order that these expressions be identical the argument 
of the logarithm on the right-hand side must be a bilinear form in 1! 
and w?, 

(96.10) log gig = —2log(a,, wiu?-+ a, w+ a. U*-+- a9). 

Inserting this in (96.3) we find that the Gaussian curvature becomes a con- 
stant 

(96.11) K = 2(c%9 yp — Oy Mg). 

This completes the proof of Theorem 96.1. 

We now consider the aforementioned mapping of Poincaré which 
enables us to gain an intuitive understanding of the hyperbolic non- 
Euclidean geometry. We set in (96.10) 

a9 = 0, a= 1, t= —i1C, AX = 0. 
Then, by (96.4), the first fundamental form is given by the expression 


2 dxi+dzx3 
(96.12) ds? = 2g,, duldu? = — tap duidu? — 2a 





and, in consequence of (96.3), 
K = —2c? (< 0). 
The differential equation (96.1) of the geodesics on S takes the form 


2 
ui—y?* 





(96.13) ue” 4 [ (u?’)?+-u?"] = 0. 

If we insert in (96.13) the derivatives of u* according to (96.6) we find 
that the images of the geodesics on S are those circles (96.5) in E.for which 
a = b, that is, which have the equation 


wu?+a(ul+u?)+d = 0 
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or, in terms of the coordinates 7,, 2», 


x?+23+2ar,+d = 0, 


ef. (96.4). Hence the centre of each of these circles lies on the 2,-axis. 
(The limit cases of these circles, that is, the straight lines x, = const. also 
figure among the images of the geodesics of S*.) We restrict the mapping of 
Poincaré to the upper half plane (z, > 0); in this manner we obtain the 
desired intuition of the hyperbolic non-Euclidean geometry. The half- 
plane zx, > 0, when the metric defined by (96.12) has been introduced, is 
called the half-plane of Poincaré, cf. H. Poincaré [1]. 

The image of a geodesic on S passing through two points P and Q is 
the semicircle H(P, Q) with centre on the x,-axis and passing through the 
image points P and Q of P and Q, respectively. 

In analogy with the displacements in the Euclidean plane (cf. Section 3) 
there are transformations under which the first fundamental form (96.12) 
is invariant. These are the so called ‘linear transformations’ 


(96.14) yee = CUETP 

yur +d 
with real coefficients a, 8, y, and 8. This transformation group is considered 
in function theory; the transformations are conformal and transform circles 
into circles (cf. Sections 61 and 65). 

In order to determine the non-Euclidean distance between two arbitrary 
points P and Q in the image plane £, we first impose on H a non-Euclidean 
motion under which the semicircle H(P,Q) is transformed into the 
positive ray of the x,-axis. We denote by u} and u} (> u}) the points of 
intersection of H(P, Q) and the z,-axis, cf. Fig. 99. Then this transforma- 
tion is of the form 





‘ 5|>9 (xu = 1, 2, do not sum) 
Y 


er | 
u* — Va 

1 1° 

ui—u} 





The non-Euclidean distance between P and Q is preserved under this 
transformation and is afterwards given by the expression 














2z2(Q) 
pace oh [ 2} = Zplloe tS 
— en2 t, | cv2| ?a*(P)| 
x(P) 


Apart from the factor 1/cv2 this is nothing but the cross-ratio of the points 
P, @ and the two points of intersection of H(P,Q) and the z,-axis. 
Indeed the cross-ratio of four points on a circle is invariant under the above 
linear transformations, as can be shown. 
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If P or Q tends to one of the aforementioned points of intersection, 
s tends to infinity. Consequently the z,-axis represents the improper line 
with respect to the metric defined by (96.12); this fact can also immediately 
be seen from (96.12). Through every point P* of # there passes a bundle B 
of semicircles with centres on the z,-axis. Let H* be a circle with centre 
on the z,-axis and which does not pass through P*. Obviously B contains 


Q 


ty 


1 
Ug Up 


Fig. 99 


infinitely many semicircles which intersect H* at proper points, exactly two 
semicircles ‘parallel’ to H* each of which has an improper point in common 
with H*, and infinitely many ‘hyper-parallel’ semicircles which do not 
intersect H* at all. The analogous property therefore also holds for the 
geodesics of the pseudospherical surface which has been mapped onto the 
half-plane of Poincaré under consideration. 

E. Beltrami’s geodesic mapping of pseudospherical surfaces in a plane 
can be obtained from Poincaré’s mapping. We choose a sphere K* with 
centre M at an arbitrary point of the improper line G: zx, = 0 of the Poincaré 
half-plane EF and project EF stereographically into K* (cf. Section 65), 
choosing as the centre of this projection one of the two points of inter- 
section of K* and the normal to E passing through M. The image of G is a 
great circle G* of K*; the image k* of any semicircle k with centre on G 
is again a semicircle (cf. Section 65) whose plane is orthogonal to the plane 
of G*. The original pseudospherical surface S which has been mapped onto 
E is now mapped conformally into K*, and the image of any geodesic on S 
is a semicircle k*. We now project the image of S on K* orthogonally into 
the plane of G'*; under this projection the image of any semicircle k* is a 
segment of a straight line. This is the desired geodesic mapping of S into 
the plane, and the image of S is the circular disk with boundary G*. 

Spherical surfaces can also be mapped geodesically into the plane. Since 
all these surfaces corresponding to a certain value of K are isometric, cf. 
Theorems 91.1 and 94.2, it suffices to construct a geodesic mapping of a 
sphere K into a plane. Such a mapping can be obtained by a central pro- 
jection of K onto a tangent plane E of K where the centre Jf of K is the 
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centre of projection; in this manner a hemisphere of K is mapped onto E. 
This mapping is geodesic because every plane passing through J intersects 
K along a great circle and £ along a straight line. 

In consequence of Theorem 95.1 we therefore have the following 
result: 


Theorem 96.2 (E. Beltrami [2}]). The portions of surfaces of constant 
Gaussian curvature are the only ones which can be mapped geodesically into 
the plane. 


Problem 96.1. Prove that the metric defined by (96.12) is invariant 
with respect to the linear mappings (96.14). 

Problem 96.2. Prove that a function w?(u!) is a rational function 
whose numerator and denominator are linear functions if and only if 
u*(u") satisfies a differential equation of the form (96.7). 

Problem 96.3. Prove that on a surface of constant Gaussian curva- 


ture the geodesic circles (cf. Section 53) are curves of constant geodesic 
curvature. 


ANSWERS TO PROBLEMS 


Problem 3.1. The transformations (a) constitute a group, and so do the transforma- 
tions (b), (c), and (d). The opposite orthogonal transformations do not constitute 
@ group since by composing two such transformations we obtain a direct orthogonal 
transformation. In detail: (a2) The inverse of a translation is a translation of the same 
magnitude but in opposite direction. If we compose any two translations we obtain 
a translation. A similar reasoning holds in case (0). Case (c): By composing two 
direct congruent transformations 


= 3s =e sk . 
Ty: % = 2 Fie T,+6;, 2 Fis Gj, = 5,  det(a@,) = 1 
ez 37 
_ 3 3 
and T;: ry, = > Vea ®yt Pv Pa = Sie» det(a;,) a | 
p= I= 


we obtain a direct congruent transformation. Indeed we find 


3 3 te 3 
2, = > an( ¥ a,525+,) +5; = 2 ah r+ bf 
k=l p=l1 p=l1 
where 


3 3 
(1) as = 2 Fie Ap» b* = 2 Sik by, +, 
3 


3 3 3 3 3 3 
Now Satz = ¥[(Sanan)(¥ainagx)|— SY Savantoe = ¥ ana = Su 
j=l 3-1" A=1 =1 h=1 p=1 hel 


Furthermore det(ag.) = det(d;,)det(a;,) = 1. 


By definition the product of two square matrices A = (a;,) and B = (6;,) is a matrix 
C = (c,) where 3 
Chk = 2 Sip Op K: 


If we compare this expression and (1) we see that we may obtain the matrix of the 
coefficients of a composite transformation by multiplying the matrices of the co- 
efficients of the given transformations according to the preceding definition of matrix 
multiplication. The determination of the inverse of a linear transformation 


3 
Zi = D> nr 
1 


therefore becomes identical with the problem of inverting the matrix A = (a;,) of the 
coefficients. The inverse of A is given by the expression 


(Axi) 

—] — 

= det(a;x) 

where A,,; is the algebraic complement of the element a;; of A. In order that A-! 
exist we must have det(a;,) + 0; in this case A is said to be non-singular. The inverse 
A~! of an orthogonal matrix A = (a;,) is equal to its transpose A’ = (a,;); obviously 
A’ is also an orthogonal matrix. The inverse of a direct congruent transformation 





3 - 3 
(2) z; = 2 Fix Eby, 2 455 G;, = 8, det(a;,) = 1 
= = 
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can be obtained by multiplying (2) by the algebraic complement 4;, of the element 
4;, with respect to the matrix (@;,) and summation with respect to ¢, 


$ $frs) _ = 8 3 se 
2 Ais = S| Sen dneet8 A, = 2 dis Tet 253 Ajyy = Zpt+ 2 5; Ajy 
oe = = = t= 


$>1 
_ 3 _ 3. 
or Zy = 2 Aitit By B, = — 2 Ps Ain: 


Hence the inverse of a direct congruent transformation is a direct congruent trans- 
formation. Case (d) follows immediately from case (c) if we set 6; = 0 (¢ = 1, 2, 3) 
and 6, = 0 (k = 1, 2,3). 


Problem 5.1. The equation of a plane 
avzx,+afx,+afr, = b* 
can be written in the form a* -x = 6* where a* = (a¥,a%,a$) and x = (2,, 23,23). 
If we set 


ay b* 
a*| (2 = 1, 2, 3), and b= [a*| 





a; = 


we obtain a-x =); 


the unit vector a is orthogonal to the plane, and [5] is the distance of the plane from 
the origin of the coordinate system. 


Problem 5.2. Under a direct congruent transformation (3.1) the components of a 
vector behave according to (4.2). Let |a b c| be the mixed product under considera- 
tion. Then if we impose the transformation (4.2) we obtain 


3 3 3 
Lee Vaxde Dancy 
k=1 kel k=1 
= 3 3 3 
la bel =| Saya, Laud, YL acy 
kel k=1 k=1 
3 3 3 
Dts Lasxb, DL Ase Ce 
k=1 k=1 k=1 
Qi Aye Gyg| [a, 0, Cy 
=> Qo, Gs2 Qo3 a. b, Co — det(a;;) |a b c| 
Gg, sq As3| 123 5, Cy 
or |a 6 c| = [a b el. 

Problem 5.3. Let u, v, w, z be any four given vectors in R,. By definition these 
vectors are linearly dependent if and only if there exist real numbers a, 6, c, k, not all 
zero, such that au-+-bv-+cw+kz = 0. This vector equation is equivalent to a system 
of three linear homogeneous equations in the four unknowns a, 6, c, k. Since the 


number of equations is smaller than the number of unknowns that system has a non- 
trivial solution. This proves that those four vectors are linearly dependent. 
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Problem 7.1. (a) Every number ¢, 0 < ¢ < 1 can be uniquely represented by an 
infinite decimal, 


(1) {= 0, Cy Co..6 Crees e 


For example, } = 0,125 = 0,124 999.... Let cy,, Cn,»--- be the non-vanishing digits 
in (1) taken in the order of their occurrence in (1). The image point of ¢ is that point 
(z,,2_) of the square 0 < 2, < 1, 0 < x, < 1 whose coordinates are 


Zz, = 0, Cy coo Cn, Cno41 ecco Cns eos Xo = 0, Cny41 eee Cry Cns+1 ecoeie 


The mapping thus defined is one-to-one, since any point (z,, 22) of the above square 
has exactly one inverse image ¢. For example, the point 


a, = 0,04601..., 2, = 0,7000302... 


has the inverse image t = 0,047600030102.... Since neither x, nor x, have ultimately 
only zeros we always obtain an infinite decimal. Our problem illustrates the fact 
that the dimension of a geometric configuration is not necessarily invariant with 
respect to one-to-one mappings. The discovery of this fact by G. Cantor (1845— 
1918) in 1873, Cantor [1], had far-reaching consequences for the development of 
geometry. The earliest general proof of the fact that topological mappings preserve 
the dimension was given by L. E. J. Brouwer [1] in 1911. 

(65) A unique and continuous mapping of 
@ segment onto a square was first given by 
G. Peano [1] in 1890; an image of a segment 
with respect to such & mapping is therefore 
known as a Peano curve; it is not an arc of a 
curve in the sense of Definition 6.1. In order 
to prove the statement of Problem 7.1 (6) we 
subdivide the closed square 

Q@: O<xy<cl OWO<cxun<l a 

into four squares q which, together with their 
boundaries will be denoted by 0, 1, 2,3. We 
subdivide each of those squares into four 
squares gr which, together with their bound- 
aries, will be denoted by q0, ql, q2, q3, cf. 
Fig. 100. We subdivide again, etc. We num- 
ber the squares so that if we pass through all of them in the order of increasing 
numbers we obtain a polygon which has no multiple points. That such a choice of 
the numbers is possible can be proved by induction: For n = 1 the statement is true. 
Let S and T' be consecutive squares obtained by the nth subdivision. S and T have a 
side in common. When carrying out the (n+ 1)th subdivision we can number the 
four squares, into which S is subdivided, in such a manner that the highest number 
is assigned to one of the two squares which have a part of the boundary in common 
with the boundary of 7’. This successive subdivision has the following properties. 
Any point P of the square Q is a point of every square of at least one sequence 
Qiv 1 Vor V1 92. Jg0---» ANd every such sequence of squares converges to a point of Q. 
Furthermore, two numbers 


a, , As b, , b, | bs (0 < a, < 3) 


— 1, %2 % — 714.72, 73 
t= {tptRat and b= att Sikes (0 <b; < 3) 
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sre identical if and only if either a; = 6; for all z or a; = 6; fori < n, a,+1 = b,, 
a, = 3,6; = Ofor2 > n (or b,+1 = a,, 6; = 3,a; = Ofor2 > n). If two numbers é, 
and ¢, are equal the corresponding sequences of squares @,, @,@,, @,a243,... and 
b,, b, bs, b; 5, b,... converge to the same point of @. The mapping is unique. It is also 
continuous; this can be seen as follows. If for two numbers 


ky 


{= re +4 Ry = K+R,, bn = O48 oe +T2+R, = M+R, 


the relation |t,—t¢,| < 1/4": holds and if the corresponding image points did not lie 
in the same or in two successive squares of the m,th subdivision then 


2 
|K—M| > > Fr 
should hold. But, since 0 < R,; < 1/4" (2 = 1,2) we should have 


1 
[tu —tm| 2 |K—M|—|R,— #,| 2 4” > 


this contradicts our assumption. The mapping under consideration is not one-to-one, 
since @ point on the boundary of one of the squares has several inverse images. 


Problem 8.1. We have to eliminate the parameter ¢. The functions 2,(t), 2,(t) 
may be written in the form F(z,,t) = 0 and G(z,,t) = 0. If F and G are polynomials 
in t we can always find the desired representation by equating to zero the resultant 
of these two polynomials. In the first case we obtain z}+23—32,2, = 0, xz, = 0, 
and in the second case we find 4b?z}?+-a7x3—a’b? = 0, x, = 0. 

Problem 8.2. Spiral of Archimedes: 


2 2 
2 ,—m, tan VT) = 0. 
Cissoid: 2,(2?+23)—2ca2 = 0. Conchoid: (2,—a)*(z}+22)—c?a2? = 0. Trisectrix: 
We have cos}$=a/r. Now cos¢d = 4cos*4¢—3cos4¢, hence in our case 
cos¢ = 4a°/r’— 3a/r and therefore (x,+ 3a)(z}?+22)— 4a? = 0. 
Problem 9.1. From (8.4) we obtain x(s) = (7 cos(s/w), rsin(s/w), cs/w) where 
w= J(r?+c?). 
Problem 9.2. We have x’ = (1, sinh(¢/a), 0), x’* x’ = 1+sinh?(t/a) = cosh*(t/a) 


and therefore ; 


s(t) = | cosh~ du = asinh“, 
a a 
0 
where 8 = 0 corresponds to ¢ = 0. 
Problem 9.3. From (8.2): x(t) = (acost, bsint, 0) we obtain 
x’ = (—asint, bcost, 0), x’*x’ = a*sin24+-5? cos*t 
and therefore 


s=a | (1—e*? cost) dé where ¢€= + /(a*—b?); 
6 
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X2 


X1 





Fria. 101. Spiral of Archimedes Fria. 102. Cissoid of Diocles 








Fia. 103. Conchoid of Nicomedes Fie. 104. Trisectrix of Maclaurin 


e is called the numerical eccentricity of the ellipse. Using the binomial theorem 
we find 


1 1.3 
(1—e€* cos*t)? = 1—}e? cost 54° ©°8 t—s 76° cos*t—...; 


this expansion converges uniformly in the interval 0 < t < 2m; we may therefore 
integrate term by term. Since 





27 


2a (2n (2n)! 
{ cos?"¢ dt — =z (*™) = 2m Sean iy (rn = 1,2,...), 
0 
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wend erat (Je 3(E3) oo] 


If 6 = a then € = 0 and we obtain 8 = 27 as the arc length of a circle of radius a. 
Problem 9.4. It suffices to construct a broken line of chords whose vertices, 
in their natural order, correspond to increasing (or decreasing) values of ¢ and whose 
length is infinite. Without loss of generality we set t, = 2/sr. We let the vertices 
P,, of the broken line of chords coincide with the points of the extreme values of the 
function sin 1/t, that is, the points corresponding to the values ¢ = 2/(2n+1)7. At 
those points |z,(¢)| = ¢ and the sign of z,(t) alternates. The length of the chord P,_, P, 
is greater than 4/(2n-+ 1)7, hence the length of the broken line of chords between the 
points FP, and Py is greater than 
2 S 1 
w Ly n+l’ 


n=l 
as is known, if N tends to infinity the value of this sum tends to infinity. 

Problem 10.1. The curve is a quadratic parabola. We have x’ = (1, 2¢,0) and 
therefore y(v) = (t+, t?+ 2vt, 0), cf. (10.3’), in particular at the point corresponding 
to t= 1: y(v) = (1+v,1-+2v,0). At the point of intersection the component y, 
of y must vanish; from this we have v = —4and therefore y, = }; that is, the tangent 
under consideration intersects the z,-axis at the point z, = }. 

Problem 10.2. From (10.3’) we obtain (1) y(v) = x+vx’ = (t+, Bt(t+2v), 
Ct™-1(t+-nv)). Since the curve to be determined lies in the z, z,-plane we must have 
Ys = 0 from which v = —t/n follows. If we insert this into (1) we obtain the represen- 
tation z(t) = ((1—1/n)t, B(1—2/n)é?, 0] of the curve of intersection which, for any 
value of n (= 0), is always a quadratic parabola. 

Problem 10.3. The circles can be represented in the form x(t) = (cost, sint#, 0) 
and x*(t) = (1+cost, —1-+-sin#, 0), respectively. Hence 

x’ = x*’ = (—sin!t, cost, 0). 
The tangents to the circles can therefore be represented in the form 
y(v) = x+vx’ = (cost—vsint, sint+vcost, 0), 
y(v*) = x*+v*x* = (1+cost—v* sint, —1+sint+v* cost, 0). 

From y, = y® and y, = y? we obtain (v*—v)sint = 1 and (v*—v)cost = 1, respec- 
tively, hence sint = cost or t = 3m and t = $7. Hence the lines 2, = —2,+,/2, 
2, = 0 are tangent to both circles. 

Problem 11.1. Since x’(t) + 0 we may start from a relation of the form 

x,” = e(t)x;’, (¢ = 1,2, 3). 
If we set 2,’ = v, that relation takes the form »v,’/v; = c(t). We integrate twice, 
v; = C,oses, 2 (t*) = C,t*+c;, where ¢t*(t) = j eset dt (4 = 1,2,3). This is @ para- 
metric representation of a straight line. 
: x’ x’ 

Problem 12.1. We have x = x] ex) 

X= i = = _ = rgpile (Xx) x(x" x”)). 
From this, (12.6), and (12.7), 


Z=x+ 


and therefore 





x(x’ * x’)®— K(X’ * X’)(x’* K”) 
(x’ S x’)(x’” e x”)— (x’ é x")? 
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Problem 12.2. We set w? = r?+-c?. We haves = vt, cf. Section 9, and therefore 

x(8) = (7.cos(s/w), rsin(s/w), c(s/w)), X = (—(r/w)cost, —(r/w?)sint, 0). Since 
p = w*/r, 

cf. Section 12, we thus have from (12.6) z = x+p? = (—(c?/r)cost, —(c?/r)siné, ct). 
This is a representation of a circular helix on a cylinder Z* of radius c?/r. If c = 7, 
Z* coincides with the cylinder Z on which the given helix lies. Ifc > r, Z* is exterior 
to Z; ifc <r, Z* is interior to Z. 

Problem 13.1. We choose the respective arc lengths s and s* of the curves as 
parameters. Then, by a suitable orientation, the unit tangent vectors are identical, 
t=t*. Hence dt  dt*ds* ds* 


that is, p = +p*. The principal normals of the curves thus have the same direction. 
Hence, the binormals at corresponding points also have the same direction. 

Problem 14.1. We have + = p*{x & X| and 

a, Pe x= ai: 
, 32 , g’3 
where the dots denote terms which can be made to vanish by the rules of calculus of 
determinants when x, X, and X are inserted into the determinant. In consequence of 
(12.7) we obtain (x’s x’) |x’ x’ x” | 
TE RT (KE 

Since 8’ = x’+x’ this is identical with the second expression m (14.4) from which the 
first one follows by means of the identity of Lagrange. 

Problem 14.2. Since x’ = (1, t, 37), x” = (0, 1, t), x” = (0,0,1) the mixed 
product in (14.4) has the value 1. We find 7 = (1+ }¢*)-*. 

Problem 15.1. We set t = a,, p = a,, b = a,, and 


3 
{1) a; = 2 cit ay, (¢ = 1, 2,3) 
and determine the coefficients c,,. The vectors a; are orthogonal, 

a gp . f0 FD) 
(2) a;°a, = Sip ~ YW (2 _ p). 
If we differentiate (2) with respect to the arc length s we obtain 
(3) a,-a, = —a;,°a,. 
On the other hand, if we take the scalar product of (1) and a,, in consequence of (2) 
we have 4;°&, = cy, hence, in consequence of (3), c;) = —Cp;, that is, the matrix 
(cy) is skew-symmetric. From this and the Frenet formulae t = xp and b = —rp 


we obtain p = —a«t+7b. 

Problem 16.1. Obviously, the direction of the vector of Darboux d in space is 
constant if its derivative d = ¢t+7t+Kbtxnb = t+kb is proportional to d, 
that is, d and d are linearly dependent, 

adxd = (tt-+xb)x (s7t+éb) = (¢h—7K)p = 0, 
cf. Theorem 5.2 and formula (5.10). From this we have t«—rK = 0 or x? £(2) = 0. 


In consequence of Theorem 15.1 we thus obtain the result that the vector of Darboux 
ofa curve Cat all points of C has the same direction in space if and only if C isa general 
helix. 
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Problem 17.1. The tangent indicatrix is a point if the curve is a straight line. 
The binormal indicatrix is a point if the curve is plane. A spherical image is a closed 
curve if the generating vector is a periodic function of the parameter. The corre- 
sponding curve is not necessarily closed as can be seen, for instance, from a circular 
helix, cf. Problem 17.2. 


Problem 17.2. We set w? = r?-+c*. We have 
t=x= (—Zsinz, cost, “), 
w w w 
wr st int, 0 
p = px = 7t= (—cost, —sin#é, 0), 


b=txp= (£ sing, —<~ cost, ). 
w w w 
The spherical images are parallel circles. The principal normal indicatrix lies in the 
2, X,-plane; the other two images are small circles which coincide if ¢ = r, 


Probiem 18.1. Let C be any curve and x(a) its representation with respect to 
the coordinate system defined by (18.3), where s is the arc length of C. The points 
of C corresponding to the values 0 and s of the parameter determine a chord which 


has the length 3 
n= /(Sx20)). 
i=1 
From (18.4) we find 


2 : 2 2 
2 (g_%0,3 (e 2, Ko ) (<e7e 3 ) . 
h (c “093+... + get get-- + 6 e+...) 
hence h? = 9? Lins h= al Loewe ) 
— ™ 79 eoey = ~ 94 coe 
2 
and consequently s—h= age t.. F 


Problem 19.1. The surface is a sphere S of radius r with centre M at the origin 
of the coordinate system in space. The curve is a straight line C in the 2, z,-plane 
which is parallel to the z,-axis and lies at the distance r from that axis. If we insert 
the representation of C into that of S we find 


p(s) = G{x,(8), x2(8), 73(8)} = 8?-++7?—7? = 0, 
that is, the point P: e = 0of C is also a point of S. We have dp/ds = 2s, d*p/ds* = 2; 
the contact of C with S at P is therefore of first order. For example, the circle 
a?+23—7r?2 = 0, z= 0, 

which lies on S has a contact of first order with C at P. 

Problem 19.2. We may represent a plane in the form 
(1) a-z+d = 0, 
cf. Problem 5.1. Let z = x, be the point at which the curve C has a contact with 
the plane (1). In order that this contact be of second order we must have 
(2) (a) acx,+d=0, (b) i ee = 0, (c) a°2" |, x, = 0, 
cf. Lemma 19.2. We denote by x; and xo the derivatives of z at the point xX,. In 


consequence of (2b) and (2c) the vector a is orthogonal to x; and X>, that is, if 
Xx xp 3 O, the vector a is of the form 


(3) & = C(Xp X Xo), 
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where c is a real number. The vectors x, and xj span the osculating plane S, of 
the curve at the point X,. Because of (3) the normal vector a of the plane under 
consideration is orthogonal to S,. This completes the proof. 


Problem 19.3. Let x(s) be a representation of the curve C under consideration 


where s is the arc length of C. In order that the centres. of the osculating spheres 
be independent of s we must have 4 = 0, that is, 


1 = siento $(lostoa[re$(jo~0 


cf. (19.12) and (15.1). From this we have pr+5(?) = 0. From (19.13) thus follows 


eae) 


that is, the radius of the osculating spheres is constant, all osculating spheres of C 
coincide. Hence C lies on a sphere. Curves of this type are called spherical curves. 


Problem 21.1. From the given equation we find s = p/a—b/a. Therefore, in 
consequence of (21.1), 


8 p 
ds {<3 1, p 
= | — = | —-— dp = -log— or = fy 02%, 
sd p(s) p dp P a S be P Po 
0 Po 


From (21.1) we have p = ds/dx. Therefore 
dx, = dscosa = pcosada = pype**cosada, dz, = pyesinada. 
Consequently, d(x,+72,) = pyel¢+eda, and, by integration, 2, +12, = pyel@tila/(g 44), 
From this, 72 = 23423 = (a, + tx,)(x,—tx,) = phe%/(a+1)(a—i) 
or 7(a) = pye**/,/(a2+1), This is a logarithmic spiral. 
Problem 21.2. We set x, = t. Then x, = ccosh(t/c) and x’ = (1, sinh(t/c), 0), 


x” = (0, Coun. 0), x’: x’ = 1+sinh?- = cosh?-, x" *x” = ~ cosh?+, 
c C Cc Cc Cc Cc 


s= eae. a = oan: 3” = fa 
c c c c 
From this and (12.7) it follows that p = ccosh(t/c) or p = s*/c+c¢,7 = 0. 


Problem 22.1. Two different evolutes of the same curve correspond to different 
values of a(s). Since a(s) is the angle between the vector a and the unit binormal 
vector b the statement follows. 


Problem 23.1. Since the unit tangent vectors t and t* are orthogonal to the 
common principal normal to the curves, t* is of the form 
(1) t* = +(tcosa+ bsina) 
where « is the (constant) angle between t and t*. If we take the vector product of 
(1) and p* we have 
b* = t*x p* = (tcosa+ Dsina) X p = Deosa—tsina. 
If we differentiate this with respect to s we find 


* z x * 
(2) — = one — = —1*pt = —(rcosa+«sina)p. 
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Since p* = +P, in consequence of (23.11) we obtain from (2) 


* 
(3) am = +(rcosa+«sina) = +208, 
From x*(s) = x(s)+ap(s) we obtain 
dx* ds ds 
(4) t* — x a= (t+ap) = [(1—ax)t-+arb] 


If we compare the coefficients of b in (1) and (4) we obtain ds*/ds = +ar/sina. If we 
insert this into (3) we find the desired result 





sin?’ 
Tr* = —>—- = const. 
a 
Problem 25.1. (a) is a representation of the x,x,-plane. Since the corresponding 
matrix 0 0 
ie (: } 
0 1 


is of rank 2 the representation is allowable for every value of (u', u?). (6) is a repre- 
sentation of the plane passing through the 7;-axis and intersecting the x, 2,-plane 
along the line z, = x,. The corresponding matrix J is of rank 2. (c) is a representation 
of the cylinder of revolution which has radius a and the 23-axis as axis of revolution. 


The corresponding matrix —asinu 0 
J = ( acosul } 
0 1 


is of rank 2. 
Problem 25.2. The cylinder can be represented in the form 
x(u4,u?) = (h,(u"), h2(u!), hy(u?) +), ud = 8; 


the curve C corresponds to u? = 0. We have 


hy 0 
J=Ih, q ’ 
hs; 1 


where a prime denotes the derivative with respect to u!. J is of rank 2 provided that 
C is not a straight line parallel to es oe in this case we do not obtain a surface. 


Problem 25.3. (a) Ellipsoid: Ay 24S —l=0. 
a2 


(6) Elliptic paraboloid: 7a, = 0. 
(c) Hyperbolic paraboloid: a a, = 0. 


(d) Hyperboloid of two sheets: a i a = 0 
yP “G2 82” : 


The curves u! = const. are (a), (b), (d) ellipses, (c) hyperbolas. The curves u? = const. 
are (a) ellipses, (b), (c) parabolas, (d) hyperbolas. 
Problem 27.1. We have 2, = rcosd¢, x, = rsing where 2, x, are Cartesian 
coordinates and r, ¢ are polar coordinates. Setting r = u!, 6 = u? we have 
x(u1, uw?) = (wu cos 2, wz! sin u?, 0), 
m= 1, 912 = 9, Joo = (u')?, ds? = (du!)?+ (u1)*(du*)? 
or, written in r and ¢, ds? = dr?+-r? dg’. 
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Problem 27.2. g,, = h?+h?, 912 = 9, Geog = 1, where a prime denotes the 
derivative with respect to ut. Therefore ds? = (h?-+-h3?)(du1)?+ (du?)?. If we set 
h, = reosul, h, = rsinu! we obtain a representation of a cylinder of revolution of 
radius 7 with x-axis as axis of revolution; to this representation there corresponds the 
first fundamental form ds? = r?(du1)?+ (du?)?. 

Problem 27.3. We set x, = u!, x, = u?; then (24.3) takes the form 

x(w!, u*) as (wl, u*, F(u!, u*)). 
We find 9, = 14-73, g3. = Fi Fy 922 = 14+ F2 where F, = OF /dus. Hence the 
first fundamental form, written in 2, z,, is given by the expression 


w= fis Jaen eae 


ax, Ox, 
Problem 27.4. Let x,, x,, x, be Cartesian coordinates, Then 
(1) ds* = dx} -+dx}+dz3. 


Setting z, = wu! cosu*cosu’, 2, = ul cosu?sin zu’, z, = u'sinu? we obtain spherical 
coordinates uw}, 2”, u8, and from (1) it follows that 


3 3 
2 
-_ ps ( > a au) = (du)? + (21)?(du?)? + (1)? cos? u*(du®)?. 
awl “p=1 

Problem 28.1. A surface of revolution S, not a cylinder (cf. Problem 27.2), can 
be (locally) represented in the form x(u!,w?) = (u?cosu!, uz? sin x}, A(u?)). This 
representation is allowable when u? > 0 and dh/du? < oo, that is, at any point of the 
rotating curve C which does not lie on the axis A of S or at which the tangent to C is 
not parallel to.4. The curves u! = const. are called meridians, the curves u? = const. 
are called parallels; the former are the curves of intersection of S and planes passing 
through the x;-axis, the latter are circles parallel to the z,z,-plane. We have 


dot = (utd)? [14 (A) "| aury 


Problem 28.2. We choose coordinates in space so that the straight line G, coin- 
cides with the x;-axis. Then @ is parallel to the z,z,-plane, and a right conoid S 
generated by G can be (locally) represented in the form 

x(w!,u?) = (u? cos u?, uw? sin wu}, h(w)). 
This representation is allowable at any point at which dh/du' < co and 
(u*)?+-(dh/dut)? > 0. The coordinate curves u! = const. are straight lines; each value 
of w corresponds to a certain position of G in space. Any coordinate line u? = const. 
is the locus of all points of S which are at the same distance from Gy). We have 


dot = | ory (2) | dear (aur 


If in particular h is a linear function of u1, say h = cu!+d, the corresponding right 
conoid is called a helicord (cf. Section 81); in this case the curves u* = const. are 
circular helices. 


Problem 28.3. Let g be the discriminant of the first fundamental form corre- 
O(ae1, 22)]2 


sponding to the coordinates i, %?. According to (28.4) we have gj = aa, a) 


312 ANSWERS TO PROBLEMS 


Now, because of the chain rule, 


: a1 42)\]2 a}, 12) (ul, u2)}2 
and therefore 7 Kee) Olu) Ae | . 


dus due cuP 
aay uP au 


(where, in consequence of the summation convention, we have to sum with respect 
to 8B from 1 to 2). Consequently 


Gul ou? du oaP dul dur| | dat aut 
(ul, u2) | aa? eu aaF ou? Gut du? | | dul du? 
6(@,G) | du2 aa Out aa | — | au2 auz! | aa? aa? 

ou? Om On8 ou? am) du?| | au au? 


O(ut,u?) — O(u*, u?) O(a, 4?) 

@,u?) (i, u?) a(, @?) 

This important relation is called the multiplication theorem for Jacobians; it is the 
analogue of the chain rule of differential calculus and is valid also in the general 


case of systems of n functions (of class 7 > 1) of n variables, as can be seen from the 
above reasoning. From this theorem we have 


= _ [0(ut, u?) (at, u?))]? = [0(u?, u?)]? 
I= law, a) a, w)) 9 ~ lama 7 


that is, 





Problem 28.4. This is an immediate consequence of the multiplication theorem 
for Jacobians, cf. Problem 28.3; we have 


_ Ou}, u?) _ (ut, u?) O(a}, u?) 

Problem 28.5. The intersection M of a helicoid S and a plane passing through 
the axis A of S is called a meridian of S. The meridians are congruent curves. Con- 
sequently, any general helicoid can be generated by a plane curve. We choose as 
axis A the z-axis of the coordinates in space. Then M can be represented in the form 
Xz = G(u') where w? is the distance of the points of M from A. We assume that 
at the start of the motion M lies in the x, z,-plane. Let u? denote the angle of rotation. 
The displacement of M has the direction of the z3-axis and is proportional to u?. 
We may thus represent S in the form 


X(u?, u*) = [u' cos u*, ul sin u?, cu?-+ G(w!)]. 
If c + 0 this local representation is allowable at any point at which the tangent to M 


1s not parallel to 4. Thecurves u! = const. are circular helices; the curves u? = const. 
are the meridians of the helicoid. 


Problem 31.1. aPb,g = a1b,,+a"b,.+a%b,., +02b,.. 
Since a*? is skew-symmetric, a}! = a?? = 0, a2} = —a!®, Since b,g is symmetric, 
bi. = 6,,. Therefore a*°b,, = 0. 
Problem 31.2. Let us denote by d ~ the tensor (with respect to the coordinates 
u“”) occurring in (30.5). If we insert into (30.5) the relation analogous to (30.5), 
A. oes d, Oty Otte Otis Oth 


Ky TaNe = coo TCO ee? 
aro rere BN Be Bi" Bi 
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then, in consequence of 
OuYe Ouro — Bue ODe Bite =— OTe (p = 1, 2,...5 7)» 
Cue Ou%e ~— CTX’ di"7 Oube — Bufo’ (co = 1 
we immediately obtain the statement. 
Problem 33.1. From (33.2) we obtain 


’ Gur Ivo e#” = ap Gur gi" wo g"F = €.8 8,75,%, 
that is, 


( 1) €xg = €*"9 ur Dee 
If we insert the components of the contravariant e-tensor into (1) we find 


1 
€rg = vig (91" F2e— G22 Gio)» 
hence €1,; = Coo = 0 and €j2 = vg; €o, = —v9. 

Problem 33.2. Using (33.4) and the relation (1) of the answer to Problem 33.1 
we obtain €*%e""g,.29,,g9°* = 5g%g* = g**. In consequence of (32.7) we find from this 
the desired representation g** = e*%e*"g,. 

Problem 33.3. We have to raise a subscript of g,, by means of the contravariant 
metric tensor. We thus obtain (32.7), that is, the mixed 5-tensor may be considered 
as the mixed metric tensor. 

Problem 33.4. Since contraction has to be carried out with respect to all indices 
the result is a scalar; namely in each case the number 2. 

Problem 35.1. In the answer to Problem 28.5 the curves u! = const. are helices 
on the helicoid S. We determine the orthogonal trajectories of those helices by 
introducing new orthogonal coordinates u!* = wu}, u?* = F(u!,u*). To the co- 
ordinates uw}, «* there corresponds the first fundamental form 

ds? = (1+ @’)(du?)?+ 2cG’ duldu? +-[(u1)? +¢*](du*)? 


Q’ Q’ 3 
oF oe [+ irra] eer eet ony( capt taut) 
We set cepa dult dat = 7du** (n = const.), 
that is, we make the transformation 

ui* — y), = le lara dui+u?i (7 ~~ 0). 


Then we have 
t= [iy sae 36 (22#)2 +. 6212)? 
(ul*)i ot (dee? *)? + 3[(te?*)? +c?) (du?*) 
where a prime denotes the derivative with respect to u'*. The coordinates u!*, u?* 
are orthogonal, cf. Theorem 35.1. The curves w'* = const. are the helices under 
consideration, and the curves u?* = const. are the orthogonal trajectories of those 
helices. 
Problem 37.1. 9), = 1+4a7, g;. = 0, goo = (u')?, dA = J(1+a?)u! duldu*. The 
value z, = B corresponds to u} = B/a. We thus find A = (B?/a*)r,/(1+<a%). 
Problem 37.2. We set x, = u}, x, = u*. Then (24.3) takes the form 
x(ul, u®) = [et, ec®, F(ut, u?)). 


é oF oF oF\? 
We have I = 14 ( ? Jio = Suh Bal” Io. = 1+(%) 3 
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Hence, replacing u' and wz? by z, and z,, respectively, we obtain 


ca = ffv4(22)+ 2) nen 


Problem 37.3. We use the representation occurring in the answer to Problem 28.1. 
Then dA = u?,/(1+ (dh/du?)?) dutdu?. In the case of a sphere of radius r we have 
23+(u*)? = r?, hence h = ,/{r?—(u?)?}. The area of a hemisphere is therefore given 
by the integral 


r—€ 20 r—e 


2 
= li dy? = Qari ee eee 
an o) J Jaa ee = Par lim J Jey = 297 


Problem 38.1. We set x, = ul, x, = wu’, Le. x(ul,u?) = [ul, u?, F(ul, u?)}. Then 
x, = (1,0, Fa), x, = (0,1, F,2), X.p = (0,0, Fya,6), g = 14-Fai+F2:, 


1 O Fy F 
a8 
ig] 10: 1 Fe (=e 
i oY ” 14+ F2:-+ F%,)’ 
g 00 Fae ( + £4+ Fas) 


cf. (38.8) where Fe = dF /éut, etc. We replace wu}, u? again by 2, 24, respectively ; 
the second fundamental form is then given by the expression 


F 
(1 +¥3, +F2,) 4F,2,(dz,)" F 2B rszy dz,dx, + F,,42,(422) ] , F,. = 


Oz. 

Problem 38.2. Let u* = u*(i!, i?) (x = 1,2) be an allowable coordinate trans- 
formation which preserves the sense of the unit normal vector n. We denote by b,, 
the coefficients of the second fundamental form with respect to the coordinates 
i,, %,. Then, because of (38.4) and (29.5), 


bg = X,3° = —xX,"ny = —x,'n 


» ete. 


ous Guy Out Ou 
"Ou BaP =” oa On8” 
where X. = 0x/du%*, etc. Indeed these relations are of the form (30.3). 
Problem 39.1. Using the representation (25.4): 
x(u}, u2) = (uw cos u?, ui sin v2, au!) 
we have g,; = 1+’, g12 = 0, goa = (u")?, 


1 e€, 2 es; 
= ——_—_ cos u? sin u? a 
u/(1+a?) 


—uisinu? wulcosu* 0 
where é, is & unit vector in the direction of the positive ray of the z;-axis. We thus 


find a in 2? 
— (—ss08e" gsi -), (w = (1+a?)) 


wo” w 'w 
that is, the normal direction to the cone is independent of u}. Since the curves 
u* = const. are the generating straight lines of the cone, n is constant along any of 
those generators; hence the tangent planes to the cone at the points of any generating 
straight line coincide. 

Problem 39.2. The intersection of the paraboloid S and the plane HE: x, = 2 
is a circle of radius p = (xz) = 79. This is not a normal section of S; the angle » 
between EF and the normal to S can be obtained from the relation 

tan (}77—y) = tana = 2rp. 
tan a _ 2ro 
V(l+tan’x)  /(1+475)" 





Hence cosy = sina = 
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According to Meusnier’s theorem we thus obtain 


se, as Ar? 
R= hy = W+ 4). 
The centre of curvature of the normal section under consideration lies on the axis 


of revolution. 





Problem 39.3. The generating straight lines are asymptotic curves of the cylinder 
S, cf. Theorem 39.3. We will prove that those curves are the only asymptotic curves 
of S. We represent S in the form x(u!, wu?) = (rcosw!, rsin uv}, u?). Then 


Xi, = (—7rcosu}, —rsinw}, 0), X,, = O, X2. = 0. 
Therefore 6,, = 5.. = 0, and (39.4) thus takes the form 6,,(du1)? = 0. Since 
72 
by = — NG x0 


we must have du! — 0, that is, zw! = const. Since thisis the only solution of that equa- 
tion the above straight lines are the only asymptotic curves on the cylinder. 


Problem 40.1. We may locally represent any surface of revolution S which is 
not a cylinder (cf. Problem 39.3), in the form x(w?, u?) = [u®cos u!, u* sin ut, h(u?)}, 
cf. Problem 28.1. Since g = (u*)?(1-+-’2) we find from (38.8) 


—wu?* sin ul uzcosui 0 : 
b,, = cos u} sin wu! h’ um 
Ng ee ~  (h+h’?)’ 
—wecosul —wu?sinu! 0 


big = 0, 6,2 = —h’/,/(1+h”), where primes denote derivatives with respect to u?. 
That is, the asymptotic curves are solutions of the differential equation 

uh’ (dw)? + h*(du?)? = 0. 
We have b = wh’h’/(1+h”). If h’ = 0 then db = 0, that is, points of S at which the 
tangent plane is orthogonal to the axis of revolution are parabolic points. Points at 
which h’h’ is positive are elliptic, and points at which h’h” is negative are hyperbolic. 
If h” = 0 then h = cu?+d; in this case we obtain a cone of revolution. 

Problem 41.1. In the particular case of a cylinder of revolution the theorem holds 
as can easily be seen. Any other surface of revolution can be (locally) represented in 
the form x(u!,u?) = (u?cosw!, u? sin wu}, h(w?)). Then the meridians and parallels 
are coordinate curves, cf. Problem 28.1. We have g,,. = 0 and, since 

|x, X_ Xy.| = 0, 
also b,, = 0. From this and (41.6) Theorem 41.5 follows. 


Problem 41.2. Using (25.2) we have g = r*cos?u*. Any normal section has the 
curvature |«x,| = l/r. Hence K = 1/r? and therefore 6 = Kg = r*cos* u*, cf. (41.9); 
of course this result can also be obtained from (38.4) by direct calculation. 

Problem 44.1. The surface x, = x4 or x(u!, u?) = (w}, ?, (u?)*) is of the desired 
type. Since b,, = 6). = 0 and by, = 12(u?)?/Vg all points of the x, -axis are flat points. 

Problem 45.1. If 6,3 = 0 then 6,8 = b,,,g”8 = 0 and, because of (45.1), also 
n, = 0 (a = 1,2); the normal vector to the surface is constant which means that 
the surface is a plane. 

Problem 46.1. (1) In the case of a cylinder of revolution we have R,.,, = 6 = 0; 
hence all R*,,, and 2,,,, vanish. Any other surface of revolution can be (locally) 
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represented in the form x(u!,u?) = (u*cosw}, u?sin u}, h(u*)). Since g,, = (u?*)?, 
Jie = 9, Jog = 14h, g = (u*)*2(1 +h"), Ring = b = wh’h"/(1+h’?) (ef. Problem 
40.1) we obtain from (46.11’) 


h uth’ h” 
R'o12 = — R42) = u*(1+h’)’ — R12 = Rs) ma (1--h’2)2? 


all other components of the mixed curvature tensor vanish (primes indicate deriva- 
tives with respect to u*). (2) Using the representation 
X(u}, u?) = (u*cosu}, wu? sin uw}, h(w")), 
cf. the answer to Problem 28.2, we have 
In = (u?)?+h’2, J13 = 0, Jee = l, gj= (u?)?+f/2, 


uth” h’ hit 
bi, — ~ Ag’ bye = Ng’ bee = 0, Ry212 =b= rigs 
and therefore 
1 1 h”? 2 h’2 
Ryjg = — Roy = ~~ [(u?)?h’2)?? —R1,=R 12 = ~ (2) hk? 


all other components vanish. (Primes denote derivatives with respect to u}.) (3) Using 
the notations F, = oF /ox, and F,, = 6*F /dxz, dx, we obtain 


91 = 14+ F}, Ji. = FF, Ja = 14+-F3, g = 14+ F?+ Fi, b.2 = Fig 


Fy, Fy. — Fi 
R — § — 2 12 
1212 1472472 
F, F,(F, F,2— Fiz) 
hence Pits = — P14) = “(Fi FR » etc. 
(4) We have 


Jur = (*o+7cosu?)’, g.=0, go =—77, g = r(r4-+-reos u?)?, 


Ryne = 6 = 7(79+7 cos u?) cos u?, 
cf. Section 43. Consequently 


7 cos u? r $ 
Ry. — — Ry, — T>+7cosu2” — R115 = R194 = Tertrovsutjeos?, 
all other components vanish. 
Problem 46.2. We have 
K=g°(|x, X, Xy] |X, x, Xoo|— |X, Xa X27). 
If we carry out the multiplication and use (27.1) we find 
911 912 X1° Xoo 911 912 X1° X10 
(ly K=g? 921 92a X2°X22/—| a1 J22 Xo * Xpo |}. 
M°X, Xy° Xy,° . . 
Wisaaes 1° %y, Hy ° Mg Ky * K qq X2°MX. Mie* KX, Ko Xe 
Q 





Cur = Xiq° Xp— X,° X gq 
cf. (45.10) and (45.6), and thus in particular 


1 09... 
(3) 3 Our Xo ° X,- 





From (2) it follows that 


Ra iee = X °X +X e 
oulouz2 “112 “aT All Noe + Xi2* Xo Ky * Kj oo. 
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From (3) we obtain 


1 ag 1 a 
9 ut)? aT Xyo9° Xy + Xyg° Xj0, 2 ay = Xi13° Xo+ Xji2° Xj3- 


Hence, by subtraction 


. . 1 Pon eg 1 ag 
(4) X11 ° Xe2— Xia’ Xia = — 5 (Gut) SiS uti" 


Since the upper left-hand subdeterminants of second order of the two determinants 
in (1) are equal, we obtain (46.17) by means of (2)-(4). 


Problem 47.1. Let z,, x,, 7, be Cartesian coordinates in space. Then u}, «3, 
defined by 2; = u'cosu*, x, = u'sinw*, are polar coordinates in the plane z, = 0. 
We have 


Iux=—1, g2= 9 Ms = ('), T= Th, =ut, Ty = —w, 
Tye? = Ta? = l/l, Ty? = —ul; 
all other Christoffel symbols vanish. 
Problem 47.2. We have 
Ju = (4u*)*, M2=9, goo = 1th", Ty, = —ut, Ty, =, =u 
Thee = WR", Ty? = —vA/(l+h”), Tyg) = 1} = fut, W,? = Wh" /(1 +h); 
all other Christoffel symbols vanish. 
Problem 47.3. We use the notations F, = aF /dus, F 7p = 0? F /dusduF and write 
the given representation in the form x(u!, u*) = (x1, uz, F(u},u*)). Then 
x, = (1,0,F)), %,=(0,1,K), x. = (0,0, Fig), 
9n = 14+ Fi, I: = FF, Joe = 14+ F3. 


er oF 


Theref Ivey = = 
erefore By = Xap X% = Fgh, = In, dt, On,’ 


ef. (45.6). From this, (32.6), and (45.8) we obtain 
Tye = 9 Toa tol ps = GlU+FDR, ap! — FF, Fg F2) 
1 1 @F oF 
Fg LS a a a 
g g OX, OXp Ox, 
2.1 @F oaF 


and similarly Tg" = F bn On, oe 
a 2 


Problem 50.1. We choose Cartesian coordinates in the plane. Then all Christoffel 


symbols vanish and (50.2) reduces to d?u?/(du!)? = 0. Integrating twice we have 
u? = au!-+c; this is a representation of a straight line. 


Problem 50.2. Let x(t) = (rcos#, rsin¢, ct) be any circular helix on a cylinder 
of revolution x(u?,u?) = (rcosu', rsin u}, u2), The vector x” = (—rcost, —rsint, 0) 
lies in the osculating plane, cf. (11.2). The unit normal vector n = (cos u}, sin u!, 0) 
to the cylinder (cf. (34.1)) lies also in the corresponding osculating plane of the 
helix; hence helices are geodesics of the cylinder, cf. Theorem 50.1. 
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Problem 51.1. Cylinders of revolution have been considered just before. Any 
other surface of revolution can be locally represented in the form 


x(ul, u?) = (uv? cosul, u?sin ul, h(u?)). 
We thus obtain g,, = (u?)?, 9:2 = 0,922 = 1+h’ where a prime denotes the derivative 
with respect to u?. Furthermore, I\,! = I,,? = 1/u?; all other Christoffel symbols 
with the superscript 1 vanish. The first of the two equations (51.5) thus takes the 


form r : 
. 2 Lu. yn 2 
tah = wt =0 or a =— =. 
Integrating once we have logz! = —2logu?+c*, or 
c 
(u?)?’ 


where c* and ¢ are constants. From this we obtain 


a“ = 


(duty? = Silturyedudye + (14 02) duty) 


c® 


= J 7 (aytoam Taine) 


Setting c = 0 we have u! = 0, that is, the meridian u! = 0 is a geodesic. Hence all 
meridians are geodesics. 


Problem 53.1. Since the geodesics of a sphere are its great circles, the coordinates 
uw, u? occurring in (25.2) are geodesic coordinates. If we write 


X(ut*, u2*) = (rcosu!* cos u?*, rcos u}* sin u2*, r sin u)*) 
we have ds? = r°{(du!*)? + cos? u1*(du?*)?), 
Setting wu! = rul*, u? = u?* the first fundamental form is of the type (52.1). The 
curves u? = const. form a geodesic field, except at the poles. In the representation 

1 1 1 
x(u!,u?) = (; cos u? sin—, 7 sin u? sin—, reos—) 

ui, u* are geodesic polar coordinates with centre at the ‘North pole’ P of the sphere, 
and wu! is the are length of the geodesics u? = const., measured from P. 


Problem 54.1. Let the circular ring be bounded by the circles C, and C, whose 
respective radii are 7, and r,. We cut the ring along a segment with end points on 
those circles.. Since the ring is plane, K = 0. Hence 


f ds +- J ds-++-27 = 27. 
1 Cs 


For plane curves |«x,| = « and therefore in our case 


2a rie 
r T. 
Cy 2 a=0 a=0 


this is in agreement with the preceding relation. 
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Problem 55.1. A sphere S of radius r has the area A = 47r? and the constant 
Gaussian curvature K = 1/r?. Therefore 


[[xea=3 [faa =4 = an. 
T rT 
Ss 


S 
In the case of the torus we have from (43.1) 


dA = ?r(7,+rcosu*) duldu? and K = 


cf. Section 43, and therefore 


| f KdA = f | ae dutdu? = 0. 
S 00 


cos u? 
r(ro+7rcosu?)’ 


Problem 57.1. We consider a surface of revolution 


R: x(ul,u?) = (ulcoswu?, wu! sin uv’, h(w!)). 
Then 


(1) ds* = (1-+h’?)(du1)?+ (u?)*(du?)?. 
Let S be the helicoid to be mapped onto R. We introduce on S the orthogonal co- 
ordinates wu1*, u?*, defined in the answer to Problem 35.1. Then 


1*\2(1/2 
ds*2 = 1+ meen |(utey + n'ler4y +c2](du2*)2, 
We set 
1\2 1%)279’2 
(2) ut ult, (8) (uly? = alwteyetor} (4) +N TE) = 14 SE 


If the right helicoid, that is, the function G, is given we obtain from (3) expressions 
for u1* and du!/du1*; inserting these expressions into (4) and integrating we find the 
function h, that is, the meridian of the surface of revolution R which can be mapped 
isometrically onto S. If F is given the corresponding isometric right helicoid can be 
determined in a similar manner. The isometric mapping is given by (2) and (3). 
Since in the above expressions the constant 7 as well as the constant of integration 
may be arbitrarily chosen, for any given right helicoid there exist infinitely many 
isometric surfaces of revolution and vice versa. It follows from (2) and (3) that the 
images of the parallels ut = const. of the surface of revolution are the helices 
ui* = const. An example of this mapping will be considered in Problem 81.1. 


Problem 58.1. Using (58.1) we have x, = y+tZ, x; = Z and, since a is the arc 
length of the curve y(s) and Z is a unit vector, 





9 = X,°X, = 14+ 2t¥-24+-22Z°z, Jig = %,° X= Y‘Z, 
Joo = XX, = 1, g = 1+ 2ty-z+02-Z—(y-z)?*. 
Hence, from (34.1), fie et + iy xz4tex2). 
vg vg 
Since X,, = 0 also b.. = Xz,°n = 0, cf. (38.8). Since x,;= Z we obtain 
xa-°_ _[lyz2lp 
9g g 


K vanishes if and only if (58.2) is satisfied. 


Problem 61.1. For any surface of revolution the Gaussian curvature is the same 
at all points of any parallel. Since the Gaussian curvature of the given surface of 
revolution S is assumed to be not constant the images of the parallels of the surface 
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of revolution S* to be obtained must be the parallels of S, cf. Theorem 57.2. Since an 
isometric mapping is conformal, cf. Theorem 61.2, the meridians of S and S* must 
also correspond to each other. Let the z,-axis be the axis of revolution of S and let 
x(u?) = ((p(u?), 0, g(u!)) be a representation of the meridian M of S which lies in the 
2, X5-plane; let w! be the arc length of M. Then S can be represented in the form 
x(ut, u*) = (p(u*) cos u?, p(w?) sin u?, g(w)). 
S* may be represented in the form 
x*(ul*, u2*) = (p*(ui*) cos u2*, p*(u'*) sin u**, q*(u'*)) 
where w!* is the arc length of the meridians of S*. Then we have 
ds? = (du1)?+ p%(du?)? and ds*? = (du!*)2+ *2(du2*)?, 
respectively. The meridians on both surfaces correspond to each other, and so do 
the parallels. Consequently u!* depends on «! only while u?* depends on w? only. 
Comparing the first fundamental forms and using Theorem 57.1 we have 
(dut*)? = (dud), 
that is, w!* = +u1+d; we may set d = 0 and take the positive sign, i.e. w!* = w!; 
furthermore p*?(du?*)? = p?(du?)? or 
Ppl) du?* 
p*(ut) du ° 
The left-hand side of this relation depends on u} only while the right-hand side 
depends on wu? only; we may thus set p* = cp, du®* = +(1/c) du?, where c (> 0) is 
a constant. If we choose the. positive sign and set the constant of integration equal 
to zero we have from this u?* = u?/c. (The negative sign would correspond to a 


reflection, and the constant of integration corresponds to a rotation about the axis.) 
Since u!* is the arc length of the meridians we have p*’?+-q*2 = 1 and therefore 


(1) q* = { J(1—e2p’?) dul. 
S* thus has the representation 


u? . u 
x*(ul, uw?) = (cp cos 3 cp sin ra, [vo-ep dut) é 


If we set c = 1 this representation is identical with that of S. A continuous variation 
of the value of c corresponds to a continuous deformation, that is, a bending. Hence 
for a given surface of revolution there exists a one-parameter family of isometric 
surfaces of revolution. 


Problem 62.1. The coordinates are orthogonal. Wehaveg,,; = 92. = V9 = A+B 
and from (47.8) 
2g} .? = 2vgT},) = — 2voI.! = A’, — 2voT;,,? — 2VgI}o1 oa 2VgI2” > B’ 
where a prime denotes the derivative with respect to that variable on which the corre- 
sponding function depends. From (49.7) we thus find 
3[(ee?)? + (04?)?)(.A ue? — BL) + (A+ BY wai? ti?) = 0. 

This is equivalent to 

a [A(u?)?— ABE) 26 _ 

dal” (@)>+ (a)? 
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If we integrate we obtain 


A (u?)?— Biu)2 _ iy _ (wy 
yeaa “°F ame Bte 


where c is a constant of integration. Integrating once more we have 
du} | du? ‘ 
es sao” — CC”. 
V(A—c) 4(B+c) 
Problem 63.1. If we choose the representation 


X(u', u*) = (cos? cos u?, cos u! sin wv’, sin wt) 
we have 


ds* = (du!) +-cos? ul(du?)? = (dul+icosu! du?)(du! —i cos y! du?), 
and the differential equations of the isotropic curves are 
dui+icosuldu? = 0 and du!—icosu! du? = 0, 
The function sec wv! is an integrating factor. We thus obtain 
di} = secu) dui+i du?, di? = secu! dui —i du?, 
and by ssa 
= log tan(4e + dor) 4+ tu?, a? = log tan(}u! + dor) —iu?, 


The curves «} = const and wu? = const are the isotropic curves on the unit sphere. 
We may represent these curves in the form 


pas = et tan(}ul+ dr) = (cos u? +7 sin u*)tan( 41+ 47) = const. 


Then af(el*u2*) = tan(4$u1!+4 }77), — ea = tanw?, 
or : ulty2*_ ] 2./(u)*u2*) 
sinul = Teg? = °° = ae 
ui%y2% + 7) ul*y2*..) 
einai =: a wit — 2% sees l UlF 1 442% 
— 9 a (te ¥u2*)?” ~~ 9 a (u2*u2*)° 


From this we obtain F 
ur* 4 42% (Ult—y2e = 41%,,2%_) 
sa oa ai ia [ae ete? alee 
This is a representation of the unit sphere; the coordinate curves u!* = const and 
u** = const are the isotropic curves on this sphere. The ratio 
Ox, O02 Ox. : 
Sats? Dube Fze = L—(ut)?) : [1 + (at*)2] : Qu 
is independent of w?*; the ratio 
02, OX, O@ . 
Fake * Balt? Gyre = (uty): [—a(1 + (uty) : 2a 
is independent of u!*; consequently the isotropic curves of the unit sphere are 
(imaginary) straight lines. 


Problem 67.1. Since éxf/eu! = 0 we have 


D= a a = 2° sin( ta — }0?)cos(dar— fu?) = 7? sin($r—u*) = r¥ cos ut. 


The mapping is equiareal. The North pole u? = 41, cf. (66.1), (67.1) is mapped onto 
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the point x = 0,2% = rv. The South pole corresponds to a segment of the straight 
line z# = —~7(V2—1)r; this segment has the length 4rv(277). The meridians are 
mapped onto segments of straight lines as can easily be seen. The image of the sphere 
is an isosceles triangle whose base and apex correspond to the South pole and North 


pole, respectively. The parallels are mapped onto segments which are parallel to 
the base. 


Problem 68.1. In the case of Cartesian coordinates we have 
ds? = dut-+-do}+dz3. 


Using (68.6) we thus obtain 
3 
ox, 

2) t 1 2 v5 3 

(2) ds? = > (Ft du + Sh du +e i dus): 
i=1 

or 
(3) ds? = g,gdusdu® where gg = X,°Xg; 


here we have to sum with respect to a and B (independently) from 1 to 2. If the 
coordinates are orthogonal, Jap = 9,0 B (x, B = 1, 2, 3), cf. (68.7) and therefore 
ds* = gy,(dw")* + 9o5(du?)?+ gy4(du*)?. 
Problem 68.2. We have 


sinw?cosu* wulcosu*cosu’ —x!sin u2sin uw? 
D=|sinw’sinw® w'cosu?sineu® ut sin u* cos us | = (!)? sin u?, 
cos u2 — wu! gin u2 0 


If u1 = 0 or u* = 0 then D = 0, that is, D vanishes at every point of the z,-axis. 
(68.7) is satisfied, as can easily be verified. Consequently the coordinate surfaces 
form a triply orthogonal system, except along the 2,-axis. 


Problem 81.1. If u! = acosh (2,/a) is a representation of the meridian of the 
catenoid this surface may be represented in the form 


x(u},u?) = (ul cos u?, usin u*, acosh—! (u/a)). 


Then 
ds? = (u)* 1)2 1)2(da¢2)2 
(a) = (aya! (dust)? + (w})?(du?)?. 
We may use the answer to Problem 57.1; from equation (3), cf. Problem 57.1, we obtain 
du we 


due = 1G: 
Comparing (1) and (x) we have 


, ( _ 


Hence if we replace wu! according to (3), the eee side of (4) takes the form 
7*(ut*)? 
(4) can be solved for G’; we set 7 = 1 and a?—c? = k?; then 


a= fd eh) a 


= blogl/{(u*)* +e} + /{(ui*)2— 249] —etan 1% [( re, 


(u41*)2— 
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where we have set the constant of integration equal to zero; (this constant corresponds 
to a displacement of the right helicoid parallel to the z-axis). We thus obtain the 
following representation of the right helicoids which are isometric with the given 
catenoid (cf. Problems 28.5 and 35.1): 


(B) x(u*, u?*) = (ut* cos u2*, u1* gin ure cur + G(a'1*)), 


where G is defined by the preceding formula. The pitch 27rc can be arbitrarily chosen. 
If we choose c = 0 we obtain the given catenoid. If c increases, the pitch increases. 
If c = a, that is, k = 0, we obtain the right helicoid 

x(ut*, 22*) = (u!* cos u?", u1* sin u*, cu?*), 


This proves that a catenoid, which has been cut along a meridian, can be bent onto 
a pitch of the right helicoid. 


Problem 81.2. The smallest circle C is given by u! = a (cf. the notations in the 
answer to the preceding problem). If we insert this into equation (3) of the answer 
to Problem 57.1 and if we set 7 = 1 we obtain (u!*)? = a@*—c?.. Equation (8), cf. Prob- 
lem 88.1, thus takes the form 


(1) x(u?*) = (,/(a?—c?) cos u?*, ./(a?—c?) sin u2*, cu®*+k,); 

we may set k, = 0. The image of C is a pitch of a circular helix on a cylinder of 
revolution of radius r = ,/(a?—c?); the length 27a of the image is independent of c. 
The bending illustrated in Fig. 86 corresponds to an increase of c from 0 to a; in the 


course of this bending the radius 7 of the above cylinder decreases and ultimately 
tends to zero, that is, the image of C ultimately is a segment of a straight line. 


Problem 82.1. We have 


— a [0-ag dt = | — a(Lt*)]. 
If we insert ¢ = t,+7t, we obtain 


a/1+2 
~3(-+*) — ~sarm TH U+A+ Dit AN, — it) 


hence = a(1 (275) and similarly z, = —4( (133). 
Therefore 
(1) aa Ponee2 
Ls t, 
Finally 
er ef eer ere ee 
r= m [ia = R{rlog¢] = (log |e] +7 tan )| = —tan "Es 
or, using (1), tan(—z,) = —tanz, = 4— —™, 
ty Xa 


Problem 83.1. We represent the minimal surface S in the form 
w (eet, 2?) = y(u!)+2(u?). 


Then, according to (83.5), the adjoint minimal surface S* can be represented in the 
form x*(u1, 9) = iy(u1)—2z(u?). Since b,, = x,,°n = 0, in consequence of (39.4) 
the asymptotic curves of S are determined by the equation 


(1) by,(du*)*+ b,,(du*)? = 0. 


324 ANSWERS TO PROBLEMS 


Since g%, = g% = 0, cf. (83.3) the lines of curvature of S* are determined by 


(2) gt[b%,(du*)?— bf, (du')?] = 0, 
cf. (41.2”). Now 


. a : . dz : 
bf = xin = iat = by b% = xX, = —*Gay 2 = — Doo. 


By comparing (1) and (2) we thus obtain the statement. 


Problem 85.1. Let S: x(u!,u?) be the surface under consideration; we assume 
that, for instance, x, = 1/R, = const (+ 0) and that the coordinates w!, wu? were 
chosen so that the coordinate curves are lines of curvature on S. The centre of curva- 
ture corresponding to x, has the position vector y = x+ R,n. Because of (45.1’) we 
obtain from this 


y= ee = X,+#,n, = 0, 
the position of that centre of curvature depends on uz? only, that is, is the same for 
all points of any (fixed) curve u? = const. Consequently the totality of all those 
centres of curvature form a curve C: y(u*). We have 
(X—y)*y, = —R,n°(x,+ RF, Dy); 

this expression vanishes since the vectors X, and n, are orthogonal to n. This means 
that the vector x—y is orthogonal to the vector y,; the vector y, is tangent to the curve 
C and is constant if uw? = const. Hence the curves u? = const are plane; the plane 
of such a curve passes through the corresponding centre of curvature; since 

|[x—y| = |R,| = const, 
any of those curves is a circle with the same radius whose plane is the normal plane 
to the curve C at the corresponding point. We thus obtain a canal surface. 


Problem 87.1. Since the unit binormal vector b to the curve y(s) is orthogonal 
to the osculating plane, the family of those planes can be represented in the form 


(1) G(x, 8) = [x—y(s)}- b(s) = 0; 


8 denotes the arc length of y(s). In consequence of (85.5) the characteristics of the 

family can be represented by (1) and dG/és = —t-b+(x—y)*b = Oor, since r ~ 0, 

It follows from (1) and (2) that the vector x—y is orthogonal to b as well as to the 

unit principal normal vector p, that is, x—y lies in the tangent to y(s), and 

(3) x(8,t) = y(s)+2t(s) 

is a representation of the envelope of the osculating planes. The formulae (3) and 

(58.1’) are identical; the tangent surface of a curve is the envelope of the family of the 

osculating planes. If we differentiate (2) with respect to ¢ we find 
—t-p+(x—y)-p = 0. 

From this, (1), « > 0, and (15.1) we have (x—y)-t = 0. Hence, because of (3), XK = y, 

that is, the curve y(s) is the edge of regression of the envelope of the osculating planes. 


Problem 87.2. The family of the rectifying planes of a curve y(s) can be repre- 
sented in the form 


(1) G(x, es) = [x—y(s)]- p(s) = 0, 
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cf. (13.2); s denotes the arc length of y(a). Consequently the vector x—y is of the form 
(2) x—y = at+ fb. 

According to (85.5) the characteristics of the family (1) can be represented by (1) and 
0G/os = —t*p+(x-—y)°p = 0 or, because of (15.1), 

(3) (x—y)*(—x«t+7rb) = 0. 

By inserting (2) into (3) we find —ax-+ fr = Oora = er, B = cx, where cis aconstant. 
Consequently x—y = c(7t+-«b) = cd where d is the vector of Darboux, cf. (16.5). 
We thus obtain x(s,t) = y(s)+¢d(s); this completes the proof of Theorem 87.3. 


Problem 87.3. At any point of the curve y(s) under consideration the osculating 
plane is orthogonal to the rectifying plane; the normal vector to the rectifying 
developable surface F& lies in the corresponding osculating plane of y(s). In con- 
sequence of Theorem 50.1 y(s) thus is a geodesic on R. Since the geodesic curvature 
of a curve is invariant under an isometric mapping (cf. Theorem 57.2), y(s) is mapped 
onto a geodesic in the image plane, that is, onto a straight line. 


Problem 88.1. The centre surface of a surface x corresponding to the principal 
curvature 1/R, can be represented in the form y = x+ Rn, cf. (88.8). We choose 
coordinates z!, u? on x so that the coordinate curves are lines of curvature. Then, in 
consequence of (45.1’), the partial derivatives y, = x,+(@R,/du7) n+R,n, take 
the form 
y= oe, y2= ( Fe) tz 
Hence the coefficients 9%, of the first fundamental form of the centre surface under 
consideration are given by the expressions 

2 z 3 
gn = (5) ’ If, = ae a, In = ( -%) on+ (23) . 
Similar expressions can be obtained for the coefficients of the first fundamental form 
of the centre surface corresponding to 1/R,. 

Problem 88.2. Let S, denote that surface on which C is a line of curvature. The 
normals to S, along C generate a developable surface 7, cf. Theorem 88.1. Let G, 
be the edge of regression of 7',. The surface 7, is the tangent surface of G,. Since 
C is orthogonal to the generators of 7), C is an involute of G,, that is, G, is an evolute 
of C. The corresponding tangents to two involutes of the same curve intersect at a 
constant angle, cf. Theorem 22.1]. If we rotate the generators until they assume the 
normal direction to S, we obtain a ruled surface T,. By assumption the angle of 
rotation is the same for all those generators, hence G, is transformed into another 
evolute of C, say G,, and 7; is the tangent surface of G,, that is, 7, is a developable 
surface. From this and Theorem 88.1 it follows that C is also a line of curvature on 
the other of the two given surfaces. The second statement of Theorem 88.3 can be 
proved in a similar manner: According to Theorem 88.1 the normals to the given 
surfaces at the points of C generate two developable surfaces T, and 7;, that is, 
tangent surfaces of two different evolutes G, and G, of C; the corresponding tangents 
to G, and G,, that is, the corresponding generators of T', and 7;, intersect at a constant 
angle; hence the surfaces possess the same property. Since any curve on a sphere or 
in a plane is a line of curvature, Theorem 88.4 is an immediate consequence 
of Theorem 88.3. 

Problem 88.3. Using Theorem 57.1 we have to prove that the first fundamental 
forms of the centre surfaces S of surfaces of Weingarten W, satisfying the same 
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relation F(R, R.) = 0, can be transformed so that they become identical with the 
first fundamental form of a surface of revolution R represented by 


(1) x(u}, wu?) = (r(w")cos u?, 7r(u4)sin u?, h(w)). 
We assume that S corresponds, for instance, to the principal curvature 1/R, of W. Let 
z, = 7(u?), ry = h(u’) 


be a representation of the meridian M of R in the 2, z,-plane and let w! be the arc 
length of !. Then r’*+-h’? = 1, where the prime denotes the derivative with respect 


to u}, and ds? = (du!)?-+7?(du?)?. We choose coordinates on W so that the coordinate 
curves are lines of curvature. Then 


(2) Ry = 9/611, Rz = Jo2/b22 

of. (41.11), and 

(3) 2611 = b(t 4.222) nn, Obz2 = s(22 ose) 022 
Our —2Ngir Go2/ Ou? out 2\9i1 | Jae! Oud” 


cf. (46.3’), (41.6), and (47.8’). Now, by (2), 
(4) Obae 0 (222) 1 2925 Yar OR, 


ou au\R,/ sR, du! —«R3 du 

By inserting (2) into (3) we have 
Ob22 (> oe. 
(5) oul = TR, eu 
Suppose that R,— R, + 0. Then from (4) and (5) we obtain 
J22 OR, ee Obeg §=9R,— Re ae 


R, ou dw "dul 2R, dud’ 





a — 1 O9en _ R, oR, 
Spans Gut! 9a = d0 Gut — By(R,—R,) Out 
and from this 
é [ ( *)| _ @ | ( 2) _ 1 oR, 
Get 08] ~9ex\!— Fe) | = pa[!o8 eet loa\!— 2) = Boe, ha 
If we insert R, (as a function of R,) into this expression and integrate we obtain 
2 
(6) gua(1 >) = e2fGdR,(R,—RF,), 
R, 


Using the answer to Problem 88.1 we find the first fundamental form of the centre 


surface, 
OR, uldu? + (1) on+ () "(a2 


oR, aR 
salle ie ) (dul) + 2a yz eH ou? 


or = (dR,)?+ 9oa(1 _— z) (du), dk, = on a du 142 du?, 
In consequence of (6) we thus obtain 
(7) ds? — (d R, 2 +e? JaR,(R,—Ry)(gy2)?, 


Since W is a surface of Weingarten, R, is a function of R, only. Hence the coefficient 
of (du?)? in (7) depends only on FR, and is the same for all surfaces of Weingarten 
defined by the same relation F(R,, R,) = 0. Consequently, the centre surfaces under 
consideration are isometric and the corresponding first fundamental form (7) is of 
the type of that of a surface of revolution. This completes the proof. 
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Problem 90.1. The representation 


x(u, ua?) = (reosutsin”, rsinu?sin~, reos~) 
Tr r Tr 
is of the desired type. The ‘North pole’ P corresponds to u! = 0, and the ‘equator’ 
corresponds to u! = }nr. P is the centre of these geodesic polar coordinates; we have 
Iu = 1, iz = 9, Jog = 7? sin?(u*/r), ds? = (du?)? +7? sin?(u1/r) (du?)?; since K = 1/r?, 
this is in agreement with (90.4). 


Problem 96.1. We will prove that if we apply (96.14) to (96.12) we obtain 


(1) 2duldur _ 2 du! *du2* 

— 2h at ~~ Alea 
From (96.14) it follows that 
dane. ew (e= 1,2),  wt—are — _ Dlut—u*) 


(yur)? 
By inserting this we see that (1) holds. 


Gat ineray = 2 =O Py 


Problem 96.2. According to (96.5) u? is a function of the type indicated in the 
enunciation of the problem and satisfies (96.7). In order to prove the converse we 
have to solve (96.7) which is equivalent to 

ur” 


3 — = 0. 


7 


u> 


By integration we find, 3 log u?’—2logu?” = c* or 


u2” 
(uryh ~ * 
We integrate once more, and find — 2(u?’)-+ = cu!+d, or 
oe 
~~ (cul-+d)?* 
We integrate once more, and have 
4 
3 —_—_ .. ———.__ e 
5 c(ew+ay * 7 


this completes the proof. 


Problem 96.3. We consider a surface S of constant Gaussian curvature and 
introduce on S geodesic polar coordinates uw}, w? (cf. Section 53). Then the curves 
u} = const are geodesic circles. Since g,, = 1 these curves have the geodesic curvature 


a 
(Xg)uteconst = 5a (log N9o2)) 


cf. (49.94). In order that the geodesic curvature of any of these curves be a constant, 
that is, be independent of «?, we must have 
o2 

Ow du? 
that is, log Vg.. must be a sum of two functions each of which depends on one of the 
two variables «', u* only. That is, Vg,. must be a product of two such functions. 
Ascan be seen from (90.3)}-(90.5) this holds in the case of surfaces of constant Gaussian 
curvature (g,, even depends on wz! only). 


(log “9o2) = 0, 
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(Sections 3-5) Vectors in Euclidean space R, 


Notation: a = (a,, 42,43), etc.; a, @,, a, are the components of the 








vector a with respect to Cartesian coordinates in R,. 10 
Sum of two vectors a and b: vector with components 

(5.2) c; = a,+6,. 11 
Scalar product of two vectors a and b: 

3 
(5.3) a°b = > a,b; = a,b, +4,b,+44 bs. 12 
i=1 
Length of a vector a: 

(5.4) la] = v(a-a). 12 
Unit vector: vector of length 1. 9 
Angle « between two vectors a and b: 

a:b 
(5.6) cosa = ——_—_—______, 13 
\(a-a),/(b- b) 
Orthogonality of two vectors a and b: a-b= 0. 13 
Vector product of two vectors a and b: 
e, a 4, 

(5.7) v=axb=|e, a 0b 13 

€@, a, bz 

where e, is a unit vector in the (positive) direction of the zth co- 

ordinate axis of the Cartesian coordinate system in space. 

(5.8) [v| = |a| |b] sing 

where a is the angle between the vectors a and b. 13 
Linear dependence of two vectors a and b: 

axb = 0. 15 
Mixed product (determinant) of three vectors a, b, c: 
a, b 

(5.13) la bc| =as(bxc)=]|a, b, cy}. 14 
a, bs 





Linear dependence of three vectors a, b, c: 
la b c| = 0. 16 
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(Sections 6-23) Curves 
Parametric representation: 
(6.1) x = x(t), x’ = x + 0. 17 
Arc length: 
(9.1) s= | (x! +x’) de; 26 
linear element: 
(9.7) ds = ,|(dx+dx). 28 
Moving trihedron: 
Unit tangent vector 
. ax x’ 
(10.2) e— dg ig 30 
Umit principal normal ete 
x 
2.2 See ES 
Unit binormal vector 
(13.1) b=txp. 36 
Osculating plane: spanned by t and p, 
(11.2) \(z—x) x’ x’|=0 (x’ xx” + 0). 33 
(13.2) (z—x)*b=0 37 
Normal plane: spanned by p and b, 
(13.2a) (z—x)t = 0. 37 
Rectifying plane: spanned by b and t, 
(13.2 b) (Zz—x)-:p = 0, (Xx = 0). 37 
Curvature and torsion: 
Curvature: 
(12.3), (12.7) 
ogy eee aey . VECKS &’)(X" * x”) — (x? X”)?} 
kK = [t| = A(X X) = (x’>x’)! . 35 
Radius of curvature 
(12.4) p= = (« > 0). 34 
Centre of curvature M 
(12.6) Z = X-+pp, (x > 0). 35 


Osculating circle: circle of radius p in the osculating plane, with 
centre at V/. 35 
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Torsion: 
(14.2)-(14.4) 
: x x X x x” x” 
Spe aa 7 etd a a 7\2° 
X°*X (x’ + x’)(x" + x"’)—(x’> x’)? 





38 


Polar axis: straight line through / and orthogonal to the osculating 
plane. The polar axis is the locus of the centres of the spheres 
which have a contact of (at least) second order with the curve 
at the corresponding point. Representation: 


(19.10) a(B) = x+pp+fb, (x > 0). 54 
Osculating sphere S: centre 
(19.12) a= x+pp+b, (x >0, 70), 54 
radius 


s\ 2 

(19.13) Rs = e+} | 55 
T 

S has a contact of (at least) third order with the curve at the 


corresponding point. 
Formulae of Frenet: 


(15.1) i= Kp, p= —xt-+7b, b = —7p, (x > 0), 41 
Vector of Darbouz: 
(16.5) d = rt+xb. 45 


Spherical images: Linear elements 
tangent indicatrix 


(17.1 a) ds%, = x? ds?, 46 
principal normal indicatrix 

(17.1 b) ds}, = (x?-+77) ds?, 46 
binormal indicatrix 

(17.1¢) ds}, = 7? ds?, 46 
hence 

(17.2) K= a, |r| = “a: 46 


Equation of Lancret 
(17.3) 2 — dst,t-ds%,. 47 
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Canonical representation: 


(18.4) = o— et... r= eqs? 2?+..., 


t= =o 88+... , 48 


Natural equations: Given two continuous functions x = «(s) (> 0) 
and 7 = 7(s) (0 <s < a) of areal variable s, there exists an arc 
C: x(s) (0 <8 < a) whose arc length is s and whose curvature 
and torsion are given by the above functions; C is uniquely 
determined except for its position in space. « = x(s) and 
7 = 7(s) are called the natural equations of C. 56 


Involutes and evolutes: 


Involutes of a curve x(s): curves which intersect the tangents of 
x(s) at right angles. Representation: 


(22.2) zZ(s) = x(s)+(c—s)t(s), 65 
where c is an arbitrary constant. 


Evolutes of a curve x(s): curves for which x(s) is an involute. 


Representation: 
(22.3) y(s) = x(s)+:(s)[p(s)+ b(s) cot a(s)], a(s) = f t(c) do+k*. 
The evolutes lie on the polar surface of x(s). ° 67 


Bertrand curves: curves with common principal normals. Given a 
plane curve C there exist curves C* such that C and C* are 
Bertrand curves; given a twisted curve C there exists a curve 
C* such that C and C* are Bertrand curves if and only if the 
curvature and torsion of C satisfy a relation of the form 


(23.2) c, x(t)+c¢,7(¢) = 1, 68 
where c, and c, are constants. 
(Sections 27, 29-33) Tensors 


Summation convention : If in a product an index occurs twice, once 
as superscript and once as subscript, summation has to be carried 
out with respect to that index from 1 to 2; the summation sign 
will be omitted. 84 
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Transformation law of a tensor of order r-+-s, covariant of order 7, 


contravariant of order s: 


(30.5) a, 





Gu = u% Gat Ot 
KiakKs = Bye of ~B, @—— 000 ———" vee e 
ouy: "Bui GuPi ~~ Guba 
Superscript: contravariant index; subscript: covariant index. 98 
Important particular cases of (30.5): 
contravariant tensor of first order (contravariant vector) 


97 


(29.4) aP — a, 90 
covariant tensor of first order (covariant vector) 

(29.5) dg = Oa s3s 92 
contravariant tensor of second order 

(30.2) aye = oe a ail a 94 
covariant tensor of second ote 

(30.3) Ge Op om mw 96 
mixed tensor of second order 

(30.4) pepe 96 


y * aay auP 
Sum of tensors: The tensors to be added must be of the same type; 
add the components whose indices have the same values; the 
result is a tensor of the same type as that of the given tensors. 99 
Product of two arbitrary tensors @,,_.°:~Pe and b,,_,-~™: 
tensor with components 


| arene B1.-Bym-, — On, a f-Pe by yt, 99 


The contravariant and covariant ie of the product tensor 

equal the sum of the respective orders of the given tensors. 
Contraction of a mixed tensor: Equate a subscript and a superscript 

and sum with respect to that pair of indices; the result is a tensor 

of order 2 less, the contravariant and covariant orders being each 

one less than for the original tensor. 100 
Inner product of two tensors: Multiplication followed by contraction 

with respect to two indices each of which belongs to one of the 

two tensors. 100 
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(Sections 24-28, 32, 34-37) Concept of a surface. First funda- 
mental form 
Parametric representation of a surface: 


(24.1), (24.2) x= x(ul,u?), aX og = X% F 0}. 


The real variables w!, u? are called coordinates on the surface. 
First fundamental form: 

(27.1), (27.2) ds? = Jap durduf, Jug = Xx°Xg, Jap = Isa 

Discriminant: g = det(9.g) = 911 922—(9re)”._ At regular points, 
91, > 9, g > 0, and the first fundamental form is positive 
definite. 

Behaviour with respect to coordinate transformations: The 
quantities 9,3 are the components of a covariant tensor of second 
order (metric tensor, fundamental tensor), 


& ox 


(28.3) i.g = Par sam aa ef. (30.3), 
1 4,2\12 
(28.4) 72 Eases g. 


Contravariant metric tensor g?: 


(32.6) git — 922, git — gu — 912, gar __ 911, 


g 9 g 
(32.7) Foxy 97? = 5,P. 
(32.8) g* = det(g#) = 7 
Further special tensors: P 
, 0 (« #8) 
Mixed 3-tensor: 8,° = | 
ia nsor: 5. 1 (=) 
Covariant e-tensor of second order: 
(33.1) €11 = €oo = 0, €30 = —€q) = vg. 
Contravariant e-tensor of second order: 
1 
(33.3) ell — _22 — 0, 612 = —¢2l — xg’ 
(33.4) EYER, = 55%. 
Tangent plane: Representation: 
(26.3) y(q@,q?) = x+9'X,+¢?x, 
or 


(26.4) (y—x) x, x,|=9 (%,xx, #0) 
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72 


82 


86 


86 


104 


104 


106 


106 


106 
107 


80 


8] 
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or, if the surface is represented in the form G(z,,22,2,) = 0, 


(0G/éx, ~ 0 for at least one value of + = 1, 2, 3), 
3 
aG 
(26.6) Z (Ym) 2° = 0. 82 


Vector in a surface S: vector v bound at a point P of S and in the 
tangent plane E(P) to S at P. Representation (32.1) v = a*x,. 
The quantities a“ are called the contravariant components of v; the 
quantities a, = x,°v are called the covariant components of v. 101 
(32.4) a, =g,ga®, (32.5) aP = g*Pa,. 104 
Umit normal vector n to a surface S: x(u, u?): 
X:XX_ XX Xp 








34.1 n= = : x, XxX 0). 107 
pee IX,XX_| hg i a ae 
Curves on a surface S: x(u}, u?): 
Parametric representation: u* = u%(t). 79 
Arc length: (35.1) s = | V Gap ux’ub’) dt. 109 


Angle y between two intersecting curves u* = h(t), ux = h*(t), 
(x = 1, 2) on a surface: 
he’ pf’ 
(35.5) cosy = Top oe 110 
A (Guy eR” al (Gor h7*'h7*’) 
These curves intersect orthogonally if and only if gg h*’h8*’ = 0. 
Angle w between the coordinate curves: 


_ ‘912 
(35.6) cosw = Gaga) 110 
Orthogonal coordinate system: (35.7) gy. = 9. 110 
Area of a portion of a surface: 
(36.7) A= i) i) vg duldu’. 114 
Element of area: . 
(36.8) dA = vg du'du?. 114 


(Sections 38-44, 48) Second fundamental form. Gaussian and 
mean curvature of a surface 
Second fundamental form: (38.2)-(38.4), (38.8) b,g dusduF, 119 


[x Xap = 
bap — X,g° — —X,° Ng = ee, bag = bea: 120 
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Normal, principal, Gaussian, and mean curvature: 
Normal curvature 


(39.2) i bap duxduP . 


Jag duxdub’ 
|«,,{ is the curvature of a normal section of the surface in the 
corresponding direction du*:du!. 

Meusnier’s formula: 
(39.3) p= Reosy (R= 1)k,); 
y is the angle between the unit principal normal vector of the 
curve (with the radius of curvature p) and the unit normal vector 
to the surface under consideration. 

Navel point (umbilic): the normal curvature «, is independent of 
the direction. 

Principal curvatures «x, and «x,: extreme values of the normal 
curvature. «, and «x, are the roots of the equation 
(41.8) x2—2H«,+K = 0. 

Principal directions: directions corresponding to x, and x,. At any 
point which is not a navel point the principal directions are 
orthogonal; these directions are determined by the roots of 


(du?) —duldu® (du)? 


(41.2”) 911 Jie Joo | = 9. 
by, bye bee 
Euler’s formula: 
(42.1) K,, == K,CO8*a-+- x, 91n7a; 


a is the angle between the normal section and the principal 
direction corresponding to «x. 

Gaussian curvature: 
(41.9), (46.12) K=k,k,= : = oe 

Theorema egregium (Gauss): K depends on the first fundamental 
form only (Theorem 46.1). 

Types of points of a surface: elliptic point: b > 0 (hence K > 0), 
parabolic point: 6 = 0 (hence K = 0), hyperbolic point: b < 0 
(hence K < 0). 

Mean curvature: 

(41.10) H = Hy+e2) = Bag? 
Indicatrix of Dupin: elliptic point: ellipse; parabolic point: two 


122 


128 


130 


129 


131 
145 


145 


131 
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parallel straight lines; hyperbolic point: two hyperbolas. The 
principal axes of the indicatrix correspond to the principal 
directions on the surface. Conjugate directions on a surface: The 
corresponding diameters of the indicatrix of Dupin are conjugate. 

Asymptotic direction; direction for which x, = 0. At hyperbolic 
(parabolic, elliptic) points there are 2 (1, no) real asymptotic 
directions. 

Asymptotic curve: curve whose direction is asymptotic at any of its 
points. Differential equation (39.4) b,gdu%du® = 0. Any 
straight line on a surface is an asymptotic curve. At the points 
of an asymptotic curve at which « > 0 the osculating plane of 
the curve and the tangent plane to the surface coincide. 


Lane of curvature: curve whose direction is a principal direction at 
any of its points. A curve C is a line of curvature if and only if 
the normals to the surface along C generate a developable 
surface (Theorem 88.1). If the curve of intersection of two sur- 
faces is a line of curvature on both surfaces the angle of inter- 
section is constant (Theorem 88.3). The intersection of any two 
surfaces of a triply orthogonal system is a line of curvature on 
both surfaces (Theorem 68.1, Dupin). The lines of curvature 
form an orthogonal net (except at navel points) (Theorem 41.2). 


The coordinate curves on a surface are lines of curvature if and 
only if 


(41.6) Jiz = 9, by, = 0; 

in this case 

(41.11) = 28, n=O, Ka one 3(ot “2) 
911 J22 911 Jee 2\911 Ye 


Special coordinates on a surface: The following coefficients of the 
first and second fundamental form are zero: 










Coordinate curves 


orthogonal (35.7) 
conjugate (60.4) 
lines of curvature (41.6) 


asymptotic curves 
isotropic . 


(Isotropic curves: ds? = 0, x’ ~ 0.) 
Isothermic coordinates: if ds? = (uw, u?)[(du*)*-+-(du?)?}. 
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130 
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(Sections 45-47) Christoffel symbols, curvature tensors, 
formulae of Weingarten and Gauss 
Christoffel symbols 
of the first kind: 
O9py , Gye Gag 
(47.1) Tipy = Xap* X = 5( 22 + ee al 148 
OG 
(47.4) aoe = Typ t Tipe 148 
of the second kind: 
(47.2) Tyg”? = 9’Tygy;  (47.2") Tagy = Gyo Tap”: 148 
Symmetry relations: 
Transformation behaviour: 
: Om oae = a1": "\ Guy 
ure) Top” = ses aus bub t smaeal bat a 
— Our aue _ au7 \duT 
(47.18) Tap = (esa bud t Prasad) 
Formulae of Weingarten: 
(45.1) n, = ke = —by 9? Xz (x = 1,2). 189 
Formulae of Gauss: 
2 
(45.14) x9 = a =Tgx,tb,gn («B= 1,2). 142 
Formulae of Mainardi—Codazzv: 
(46.3) Tyg" wra—Laa?b of bgp + 9h od = 0. 143 
Mixed Riemann curvature tensor: 
Ol.g" ay” ‘e 
(46.5) Begg = S88 — Fh 4 Tag Ty? Tay hag” 144 
Covariant Riemann curvature tensor: 
(46.6) Rrarg = Jor Rang 144 
(46.6’) Rng = 9 Brarp, 144 
(46.8)—(46.10) Pewrp = Rygra Rewg = — 4tbraBr? 
Brag = —Rarrp- oe 
(46.11) Rye = Rory = — Rone = — Pie = 55 1 


all other components are zero. 
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(Sections 49-55) Geodesics 

Geodesic curvature of a curve C: x(s) on a surface S: x(u}, u?): 
(49.5) ky = |x X ol. 
|x,| is the curvature of the curve C’ which is obtained by ortho- 
gonal projection of C onto the tangent plane to S at the point P 
under consideration. Geodesic curvature of the coordinate 
curves of an orthogonal coordinate system: 


l a 
(*g)ut=const =t “bn “i (log N02); 


(49.9) (912 = 9). 
(Xg)u2=const = — Buz = (lo £911); 
Geodesic: curve C on a surface for which «, = 0. Differential 
equations 
(51.5) w+y), "wu = 0 (+ = 1,2). 


(Dots denote derivatives with respect to the arc length s of C.) 
An arc of shortest length joining two (fixed) points on a surface 
must necessarily be an arc of a geodesic (Theorem 51.1). 


Geodesic parallel coordinates: The coordinate curves are the geodesics 
of a geodesic field and their orthogonal trajectories. First funda- 
mental form 





(52.1) ds* = (du*)?+-goo(u*, u*)(du*)?; 
then 
1 avg 
52.2 K = 22 
: Noe (Gut)? 


Geodesic polar coordinates with centre P: The coordinate curves are the 
geodesics through P and their orthogonal trajectories. 


Gauss—Bonnet theorem: 
(54.1) | xpdst+ ¥ o,+ {Kaa = Qn; 
Cc : Ss 


a, is the angle of rotation of the tangent at the th vertex of the 
boundary C of the simply connected portion S of a surface. 
J f K dA is called the integral curvature of S. If G is a closed 
srentable surface of class r > 3 and of genus p then 


(55.1) J J K dA = 4n(1—p). 
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(Sections 56-68, 94-96) Mappings 
Let 7 be a one-to-one mapping of a portion S of a surface onto a 
portion S* of a surface. 7' is said to be 


(a) isometric, if corresponding arcs on S and S* have the same 
length, 
(6) conformal, if corresponding pairs of intersecting curves on S 
and S* make the same angle, 
(c) equiareal, if the areas of corresponding parts of S and S* are 
equal, 
(d) geodesic, if the geodesics on S and S* correspond to each other. 
Corresponding necessary and sufficient conditions (under the 
assumption that the coordinate systems wu}, u? on S and u!*, u?* 
on S* are the same, that is, the mapping is given by u** = u% 
(a = 1, 2)): 
(2) 928 = Jag (Theorem 57.1) 
(6) gag = 7(u!, u*)g,g (Theorem 61.1) 


(c) g* = g (Theorem 66.1) at 
ah corresponding 
(d) Tag” = Tyg7+8,” a ape points 


h= lose * (Theorem 94,1) 


Intrinsic geometry of a surface: deals with those properties which 
depend on the first fundamental form only but are independent of 
the second one (‘intrinsic’ or ‘absolute’ properties). Examples: 
Gaussian curvature K, geodesic curvature x, of a curve on a 
surface. Isometric surfaces have the same local intrinsic geo- 
metry. In order that two portions of surfaces be isometric it is 
necessary that at corresponding points the Gaussian curvature 
be the same. For surfaces of constant Gaussian curvature this 
condition is also sufficient, cf. Theorem 91.1. 

Further properties: An isometric mapping is conformal (Theorem 
61.2) and equiareal (Theorem 66.2); a mapping which is both 
conformal and equiareal is isometric. Developable surfaces are 
the only surfaces which can be mapped isometrically into a 
plane (Theorem 59.3). Hence a sphere cannot be mapped iso- 
metrically into a plane; for instance, the stereographic and the 
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PAGE 
Mercator projection are conformal mappings and the mappings 205 


of Lambert, Sanson, Bonne, and Collignon are equiareal map- 
pings of spheres into planes. 210 


Spherical wmage of a surface: generated by the unit normal vector n 
when bound at a fixed point in space. The first fundamental form 


(59.1) ds** = n,- ng durdu? = c,, du%duh 186 


of the spherical image of a surface S is called the third funda- 
mental form of S. Let dA and dA* be the elements of area of a 
* 
surface S and its spherical image, respectively. Then |K| = ae 187 
Conformal mapping of space R, into itself: The images of spheres are 
spheres (Theorem 68.2, Liouville). Any conformal mapping of 217 

R, onto itself is a composition of inversions (Theorem 68.3). 218 


(Sections 69-78) Absolute differentiation and parallel dis- 
placement of Levi-Civita 
The first partial derivatives of a tensor of first or higher order do 
not form a tensor. 219 
The covariant derivative of a tensor a,,_.,°-Ps, defined by 


Ca B1...Be 


X1...O&r 
Cu?’ 
a 8 
TP Merny aey ager To +  Feansey POE Bere Pe hohe 
is a tensor of order r-+s+1, covariant of order r-+1, contra- 
variant of order s. 
Important particular cases: Covariant derivative of a 


, ; aaB 
contravariant vector a?: (70.3’) a? , = aot avT,.°, 221 


(71.3) Da, at Pg aan 225 


covariant vector ag: (70.7') ag, = a — a, [p,”. 223 


Covariant differentiation of sums and products of tensors is 
governed by the rules of the usual differential calculus. The 225 
result of repeated covariant differentiation in general depends 
on the order of differentiation. The covariant derivatives of the 226 
tensors g,g, g*?, and 5,° are zero tensors. (Theorem 72.1, Ricci.) 226 
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Beltrami’s differential parameters: 
g 9 
(75.1) Vig. 9) = pe Se OF 
(75.5) Ad = div nage age ee, $5) = gd wp. 


Parallel displacement of Levi-Civita: 

Differential equations of the displacement of a vector a® in a surface 
along a curve C: uX = = u%(t) (a = 1, 2): 
(76.5’) 5 PT pet “= = 0 (« = l,2). 
Vectors a%(t) which satisfy (76.5’) are called parallel in the sense 
of the displacement of Levi-Civita and with respect to C. For any 
surface, not a developable one, the displacement depends on C. 
The scalar product of two vectors which undergo a displacement 
along the same curve is constant and so are the angle between 
these vectors and also their lengths. The tangent vectors to a 
geodesic G are parallel with respect to G. 


(Sections 79-96) Special surfaces 
Ruled surface: generated by a one-parameter family of straightlines. 
Representation: 


(58.1) x(s8,t) = y(s)+7#2(s). 

Developable surface: special ruled surface; the tangent plane at all 
points of any of its generators is the same. Types: planes, 
cylinders, cones, tangent surfaces. (58.1) is a developable surface 
if and only if 
(58.2) ly z z| = 0. 

A surface is developable if and only if K = 0. 


Minimal surface: surface whose mean curvature H vanishes identi- 
cally. If a portion of a surface has the smallest area among all 
portions which are bounded by the same closed curve it is a 
portion of a minimal surface. Catenoids are the only minimal 
surfaces of revolution. Right helicoids are the only right 
conoids which are minimal surfaces. Formulae of Weierstrass: 
Let F(t), ¢ = t!+72? be any regular function. Then x(é?, ¢*) 
where 
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(82.8) = Rf (l-e)F()dt, z= ) i(1 +t?) F(t) dt, 


t= | 2tF (t) dt, 
represents a minimal surface. 
One-parameter family F of surfaces: Representation 
(85.1) G(z;; t) = 0. 

Characteristic of a surface S of F: 

(85.5) G(x,,t) = 0, ee =O), 

Envelope: surface generated by the characteristics. At any point 
of a characteristic of a surface S of the family F the envelope # 
and the surface S have the same tangent plane. If the envelope 
of a family of planes exists it is a developable surface. The 
tangent surface of a curve C is the envelope of the osculating 
planes of C. The polar surface of C’, generated by the polar axes, is 
the envelope of the normal planes of C; the envelope of the 
rectifying planes is called the rectifying developable surface. 


Surfaces of constant Gaussian curvature: K > 0 ‘spherical surfaces’ 
(example: spheres), K < 0 ‘pseudospherical surfaces’ (example: 
pseudospheres). Their intrinsic geometry is (at least locally) 
non-Euclidean. Surfaces of constant Gaussian curvature are 
the only surfaces which can be mapped geodesically into a plane. 
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Cauchy-Riemann equations, 252. 
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Centre surface, 273 
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Christoffel formulae, 151. 
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geodesic, 167, 300. 

Circular cone, 78. 

Circular helix, 24, 29, 31, 33, 36, 40, 47, 68, 
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Cissoid of Diocles, 25, 305, 

Class of a function, 20. 

Closed curve, 20. 
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Components, of a tensor, 97. 
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Conformal mapping, 193, 213. 
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Congruent transformation, 5. 
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Conjugate tensors, 104. 
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Contravariant e-tensor, 106. 

Contravariant metric tensor, 104. 

Contravariant tensor, 95, 98. 

Contravariant vector, 90. 

Coordinate curves, 75. 

Coordinate surfaces, 215. 
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Coordinate transformation, allowable, 74. 
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Courant, R., 201, 344. 

Covariant, 93, 98. 

Covariant components of a vector in a 
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Covariant derivative, 221, 223, 225, 240. 

Covariant e-tensor, 106. 
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Cylinder, 78, 79, 85, 115, 124, 125, 159, 171, 
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D’ AGUILLON, 205, 343. 

Darboux, G.: 43, 169, 272, 344; vector of, 
45, 272. 

Definite quadratic form, 85. 

8-tensor, 106. 

Dependence, linear, 15. 

Derivative, covariant, 221, 223, 225, 240. 

Descartes, R.: 22, 24, 31, 344; folium of, 24. 

Determinant of three vectors, 14. 

Developable surface, 181-90, 268-72. 

Differential geometry, in the large (global), 
in the amall (local), 3. 

Differential parameters, 230, 231. 

Differentiation, absolute, 219. 

Diocles, Cissoid of, 25, 305. 

Directed segment, 9. 

Direction cosine, 23. 

Directions, conjugate, 190. 

Direct orthogonal transformation, 6. 

Directrix of a ruled surface, 180. 

Discriminant: of the first fundamental form, 
85, 149; of the second fundamental 
form, 125. 

Displacement, 5, 232, 240. 

Divergence, 231. 

Douglas, J., 246, 344. 
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Dupin, C., 134, 191, 216, 344; indicatrix of, 
134. 

Diirer, A., 64, 344. 


Eppincrton, 239. 
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Einstein, A., 219, 239. 
Eisenhart, L. P., 239, 344. 
Element of arc, 28. 

Element of area, 114. 
Ellipse, 23, 29, 190. 
Eilipsoid, 79, 125. 
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Elliptic non-Euclidean geometry, 294. 

Elliptic paraboloid, 79. 

Elliptic point of a surface, 125. 

Elliptic pseudospherical surface, 289. 

Elliptic spherical surface, 285. 

Elliptic umbilic, 128. 

Emde, F., 62. 

Enneper, A., 246, 344. 

Envelope, 264. 

Epicycioid, 62. 

e-tensor, 106. 

Equation, natural, 56. 

Equiareal mapping: 208 ; of spheres, 210-12. 

Erlangen program, 8. 

Euclid, 293. 

Euler, L.: 9, 22, 55, 76, 132, 161, 175, 190, 
193, 204, 344; theorem of, 132; 
differential equations of Euler and 
Lagrange, 161. 

Evolute, 65. 

Excess, 171. 


FAMILY OF CURVES, 80. 

Family of surfaces, 216, 263. 

Fermat, 31. 

Field of geodesics, 162. 

First fundamental form, 82-87. 

Flat point, 128, 136. 

Folium of Descartes, 24. 

Formulae: of Frenet, 41, 43; of Gauss, 142; 
of Mainardi-Codazzi, 143, 226; of Wein- 
garten, 139. 

Free index, 85. 

Free vector, 11. 

Frenet, F., formulae of, 41, 43. 

Fresnel integrals, 61. 

Fundamental form: first, 82-87; second, 
119; third, 186. 

Fundamental tensor, 83. 

Fuss, N., 55, 344. 


Gauss, C. F., 76, 82, 131, 142, 145, 164, 169, 
175, 179, 186, 188, 193, 204, 226, 230, 
294, 344; equation of, 147; formulae 
of, 142, 226; theorema egregium, 145. 

Gauss-Bonnet theorem, 169. 

Gaussian curvature, 131, 145, 147, 163, 177, 
187, 204, 279. 

General helicoid, 88. 

Genus of a closed surface, 172. 

Geodesic: 157; circle, 167, 300; coordinates, 
162-8, 231; curvature, 154; mapping, 
290, 291; parallel coordinates, 163; 
parallels, 164; polar coordinates, 167; 
polygon, 171; torsion, 159; triangle, 
171. 

Geodesics, field of, 162. 
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Geometric object, 91. 

Geometry: elliptic non-Euclidean, 294; 
hyperbolic non-Euclidean, 294; in the 
large, in the small, 3; intrinsic, of a 
surface, 178; Riemannian, 83. 

Global, 3. 

Gradient, 93, 225, 227, 231. 

Grassmann, H., 12. 

Green’s theorem, 169. 

Group of mappings, 7. 


HALLEY, 207. 

Helicoid, 88, 111, 246. 

Helix, 24, 29, 31, 33, 36, 40, 41, 47, 68, 70. 
Hilbert, D., 201, 344. 

Hipperch, 205. 

Homeomorphic, 4. 

Huyghens, Chr., 31, 65, 345. 

Hyperbolic non-Euclidean geometry, 294. 
Hyperbolic paraboloid, 79, 180. 
Hyperbolic point, 125. 

Hyperboloid, 79, 181. 

Hypocycloid, 63. 


IDENTICAL TRANSFORMATION, 6. 
Identity: of Lagrange, 14; of Ricci, 228. 
Image, 3. 

spherical: of a curve, 46; of a surface, 

186. 

Imaginary curve, 199. 
Indicatrix: of Dupin, 134; spherical, 180. 
Integral formula of Gauss—Bonnet, 169. 
Intrinsic equation, 56. 
Intrinsic geometry, 178. 
Intrinsic property of a surface, 178. 
Invariant, 8. 
Inverse image, 3. 
Inversion, 213. 
Involute, 64. 
Involution, 213. 
Isometric: 176, mapping, 176, 195. 
Isothermic coordinates, 195. 
Isotropic curve, 199. 


JACOBIAN MATRIX, 72. 

Jacobians, multiplication theorem for, 312. 
Jahnke, E., 62. 

Joachimsthal, F., theorem of, 276. 

Jordan, 20, 23. 


KERNEL FUNCTION, Bergman, 202. 

Kinematical interpretation of the Frenet 
formulae, 43. 

Klein, F., 8, 345. 

Korn, A., 197, 345. 

Kremer, 207. 

Kreyszig, E., 205, 345. 


INDEX 


Kronecker symbol, 5, 89, 106. 


LAGRANGE, J.-L.: 14, 161, 175, 193, 204, 
246, 345; differential equations of 
Euler and Lagrange, 161; identity of, 
14. 

Lambert, J. H., 204, 210, 345. 

Lamé, 230. 

Lancret, M. A., 41, 47, 345. 

Landau, 32. 

Left-handed coordinate system, 4. 

Leibniz, G. W., 31, 67, 287, 345. 

Length of a vector, 9. 

Length of an arc, 25. 

Levi-Civita, T., displacement of, 231-9. 

Lie, S., 199, 246, 254, 345. 

Linear element, 28, 82. 

Linearly dependent, 15. 

Linear transformation, 298. 

Lines: asymptotic, 122, 157; conjugate, 
190; of curvature, 129, 159, 216, 273. 

Liouville, 155, 198, 217. 

Liouville surfaces, 198. 

Lobatsewskij, 294. 

Local, 2. 

Logarithmic spiral, 64. 

Loxodrome, 208. 

Lowering @ superscript, 105. 


MACLAURIN, trisectrix of, 25, 305. 

Magnitude of a vector, 9. 

Mainardi—Codazzi formulae, 143, 226. 

Mapping: allowable, 175; conformal, 193, 
213; continuous, 4; equiareal, 208; 
geodesic, 290, 291; isometric, 176, 195; 
length-preserving, 176; spherical, 46, 
186; topological, 4. 

Matrix, 5. 

Mean curvature, 131. 

Mercator, G., 175, 207. 

Mercator projection, 207. 

Metric, 83. 

Metric tensor: 
variant, 83. 

Meusnier, J. B. M. Ch., 122, 246, 346. 

Meuanier’s theorem, 122. 

Minding, F., 179, 282, 346. 

Minimal curve, 199. 

Minimal surface, 243. 

Mixed product, 14. 

Mixed Riemann curvature tensor, 144. 

Mixed tensor, 97. 

Modular surface, 256. 

Mobius strip, 108. 

Monge, G., 31, 175, 190, 346. 

Monkey saddle, 137. 

Motion: non-Euclidean, 298 ; rigid, 4. 


contravariant, 104; co. 


INDEX 


Moving trihedron, 36. 
Mozzi, G., theorem of, 43. 
Multiple point, 19. 


NATURAL EQUATIONS, 56. 

Navel point, 128, 136, 152. 
Neighbourhood, 3. 

Neil, parabola of, 48, 184. 

Net of curves, 80. 

Nicomedes, conchoid of, 25, 305. 
Non-Euclidean geometry, 294. 
Non-Euclidean motion, 298. 
Normal, to a surface, 107. 
Normal coordinates, Riemann, 167. 
Normal curvature, 122, 156. 
Normal plane to a curve, 30, 37. 
Normal section, 122. 

Null tensor, 107. 

Null vector, 10. 


OPPOSITE ORTHOGONAL TRANSFORMATION, 6, 


Orientable surface, 108. 
Orthogonal coordinates, 110. 
Orthogonal matrix, 6. 
Orthogonal transformation, 6. 
Orthogonal vectors, 13, 110. 
Orthonormal system, 201. 
Osculating circle, 35, 55. 
Osculating plane, 33, 37, 51, 55. 
Osculating sphere, 54, 271. 
Osculation, 51. 


Parruvus, theorem of, 136. 

Parabola, semicubical, 48, 184. 

Parabolic point, 125. 

Parabolic umbilic, 136. 

Paraboloid, 79, 180. 

Parallel coordinates, geodesic, 163. 

Parallel curves, 67. 

Parallel displacement, 231, 240. 

Parallel surfaces, 277. 

Parallelism, 231, 240. 

Parallels, geodesic, 164. 

Parameter, transformation of, 18, 74. 

Parametric representation: of a curve, 17; 
of a surface, 72. 

Peano curve, 303. 

Planar point, 128, 136, 152. 

Plane, 76, 134, 159, 270. 

Plane curve, 20, 39, 68. 

Plateau, problem of, 245. 

Poincaré, H., 298, 346. 

Polar axis, 54. 

Polar coordinates, geodesic, 167. 

Polar surface, 271. 

Poncelet, V., 199. 

Portion of a surface, 75. 
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Position vector, 11. 

Principal curvature, 129, 132. 

Principal direction, 129, 134. 

Principal normal, 33, 34. 

Principal normal indicatrix, 46. 

Principal normal surface, 180. 

Product: mixed, 14; scalar, 12; tensor, 99; 
vector, 13, 95. 

Projection: of Bonne, 211; of Collignon, 
212; of Lambert, 210; of Mercator, 
207 ; of Sanson, 211; stereographic, 205. 

Pseudosphere, 286. 

Pseudospherical surface, 282, 285. 

Puiseux-Bertrand formula, 168. 


Raprvs: of curvature, 34; of torsion, 39. 

Rado, T., 245, 246, 346. 

Raising a subscript, 105. 

Rank of a matrix, 73. 

Rectifiable, 25. 

Rectifying developable surface, 272. 

Rectifying plane, 37. 

Reflection in a sphere, 214. 

Revolution, surface of, 87, 128, 132, 148, 
162, 209, 282. 

Ribaucour, 246. 

Ricci, G., identity of, 228; theorem of, 226; 


tensor, 292. 

Riemann, B., 83, 144, 167, 246, 252, 294, 
346. 

Riemann: curvature tensors, 144, 228; 


normal coordinates, 167; space, 83; 
symbols, 144. 

Riemannian geometry, 83. 

Riemannian metric, 83. 

Right conoid, 87. 

Right-handed coordinate system, 4. 

Right helicoid, 246. 

Rigid, 178. 

Rigid motion, 4. 

Rodrigues, O., 140, 187, 346. 

Rotation surface; see Surface of revolution. 

Rotation vector, 43. 

Ruled surface, 179. 


SADDLE-POINT, 125, 137. 
Sanson, mapping of, 211. 
Saint Venant, B. de, 55, 346. 
Scalar, 91, 93, 98. 

Scalar product, 12. 

Scherk’s minimal surfaces, 250, 346. 
Schouten, 239. 

Schubert, 193, 347. 

Schwarz, H. A., 115, 246, 347. 
Second fundamental form, 119. 
Semicubical parabola, 48, 184. 
Simple curve, 19. 
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Simple surface, 76. 

Singular point of a surface, 73. 

Skew-syrometric tensor, 98. 

Snellius, W., 9. 

Sphere, 76, 77, 83, 85, 124, 132, 152, 155, 
158, 165, 172, 200, 204, 210. 

Spherical coordinates, 85. 

Spherical curves, 55, 62. 

Spherical image: of a curve, 46; of a surface, 
186, 243. 

Spherical indicatrix of a ruled surface, 180. 

Spherical surface, 282. 

Spiral: of Archimedes, 25, 31, 305; of 
Cornu, 61; logarithmic, 64. 

Staeckel, P., 280, 347. 

Stationary: contact, 51; osculation, 51. 

Stereographic projection, 205. 

Straight line, 23, 31, 33, 123, 157. 

Sum of tensors, 99. 

Sum of vectors, 11. 

Summation convention, 84. 

Summation index, 85. 

Superosculation, 51. 

Surface: 76; of absolute value of analytic 
functions, 256; of constant Gaussian 
curvature, 279-300; developable, 181; 
of Liouville, 198; pseudospherical, 282, 
285; of revolution 87, 128, 132, 148, 
162, 209; ruled, 179; simple, 76; 
spherical, 282; of Weingarten, 277. 

Symmetric tensor, 98. 

System of surfaces, triply orthogonal, 215. 

Szego, G., 201, 347. 


TaNnGENT: 30; indicatrix, 46; plane, 80; 
surface, 64, 180, 182, 184. 

Tensor: 88-107; components of, 97. 

Tensor field, 98. 

Theorema egregium of Gauss, 145. 


INDEX 


Third fundamental form, 186. 

Tinseau, 33. 

Topological mapping, 4. 

Torsion: 38; geodesic, 159; radius of, 39. 
Torus, 135, 148, 172. 

Total curvature, 131. 

Tractrix, 287. 

Transformation group, 7. 
Transformation orthogonal, 6. 
Translation surface, 253. 

Triangle, geodesic, 171. 

Trihedron, moving, 36. 

Triply orthogonal system of surfaces, 215. 
Trisectrix of Maclaurin, 25, 305. 


ULteicH, E., 256, 347. 

Umbilic, 128, 136, 152. 

Unit binormal vector, 36. 

Unit normal vector to a surface, 107. 
Unit principal normal vector, 34. 
Unit tangent vector, 29. 

Unit vector, 9. 


Vatuke, L. I. de la, 38, 347. 

Variation of the arc length, 160. 

Variation of the area, 244. 

Veblen, 239. 

Vector: 9, 88; components of 10, 90, 93; 
contravariant, covariant 88-93, 101-5; 
in 8 surface, 101-5; product, 13. 


WaANGERIN, A., 280, 347. 

Weierstrass, K.: 246, 253, 347; formulae of, 
253. 

Weingarten, J.: 
139. 

Wey], H., 239, 347. 


surfaces, 277; formulae, 


ZaaT, J., 256, 347. 
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the work of Poincaré, R. Thom, other mathematicians. Also important applications 
to problems in mathematics, physics, chemistry and engineering. 1981 edition. 
References. 28 tables. 397 black-and-white illustrations. xvii + 666pp. 6% x 944. 
67539-4 Pa. $16.95 


AN INTRODUCTION TO STATISTICAL THERMODYNAMICS, Terrell L. 
Hill. Excellent basic text offers wide-ranging coverage of quantum statistical 
mechanics, systems of interacting molecules, quantum statistics, more. 523pp. 
5% < BY. 65242-4 Pa. $12.95 


ELEMENTARY DIFFERENTIAL EQUATIONS, William Ted Martin and Eric 
Reissner. Exceptionally clear, comprehensive introduction at undergraduate level. 
Nature and origin of differential equations, differential equations of first, second 
and higher orders. Picard’s Theorem, much more. Problems with solutions. 331 pp. 
5% X 8M. 65024-3 Pa. $8.95 


STATISTICAL PHYSICS, Gregory H. Wannier. Classic text combines thermo- 
dynamics, statistical mechanics and kinetic theory in one unified presentation of 
thermal physics. Problems with solutions. Bibliography. 532pp. 5% x 8. 

65401-X Pa. $12.95 
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ORDINARY DIFFERENTIAL EQUATIONS, Morris Tenenbaum and Harry 
Pollard. Exhaustive survey of ordinary differential equations for undergraduates in 
mathematics, engineering, science. Thorough analysis of theorems. Diagrams. 
Bibliography. Index. 818pp. 5% x 84. 64940-7 Pa. $16.95 


STATISTICAL MECHANICS: Principles and Applications, Terrell L. Hull. 
Standard text covers fundamentals of statistical mechanics, applications to 
fluctuation theory, imperfect gases, distribution functions, more. 448pp. 5% x 8%. 

65390-0 Pa. $11.95 


ORDINARY DIFFERENTIAL EQUATIONS AND STABILITY THEORY: An 
Introduction, David A. Sanchez. Brief, modern treatment. Linear equation, 
stability theory for autonomous and nonautonomous systems, etc. 164pp. 5% x 84. 

63828-6 Pa. $5.95 


THIRTY YEARS THAT SHOOK PHYSICS: The Story of Quantum Theory, 
George Gamow. Lucid, accessible introduction to influential theory of energy and 
matter. Careful explanations of Dirac’s anti-particles, Bohr’s model of the atom, 
much more. 12 plates. Numerous drawings. 240pp. 5% x 8. 24895-X Pa. $6.95 


THEORY OF MATRICES, Sam Perlis. Outstanding text covering rank, non- 
singularity and inverses in connection with the development of canonical matrices 
under the relation of equivalence, and without the intervention of determinants. 
Includes exercises. 237pp. 5% x 87. 66810-X Pa. $7.95 


GREAT EXPERIMENTS IN PHYSICS: Firsthand Accounts from Galileo to 
Einstein, edited by Morris H. Shamos. 25 crucial discoveries: Newton's laws of 
motion, Chadwick’s study of the neutron, Hertz on electromagnetic waves, more. 
Original accounts clearly annotated. 370pp. 5% x 8%. 25346-5 Pa. $10.95 


INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS WITH AP- 
PLICATIONS, E.C. Zachmanoglou and Dale W. Thoe. Essentials of partial 
differential equations applied to common problems in engineering and the 
physical sciences. Problems and answers. 416pp. 5% x 8. 65251-3 Pa. $10.95 


BURNHAM’S CELESTIAL HANDBOOK, Robert Burnham, Jr. Thorough guide 
to the stars beyond our solar system. Exhaustive treatment. Alphabetical by 
constellation: Andromeda to Cetus in Vol. 1; Chamaeleon to Orion in Vol. 2; and 
Pavo to Vulpecula in Vol. 3. Hundreds of illustrations. Index in Vol. 3. 2,000pp. 
6% x 9%. 23567-X, 23568-8, 23673-0 Pa., Three-vol. set $41.85 


CHEMICAL MAGIC, Leonard A. Ford. Second Edition, Revised by E. Winston 
Grundmeier. Over 100 unusual stunts demonstrating cold fire, dust explosions, 
much more. Text explains scientific principles and stresses safety precautions. 
128pp. 5% x 8%. 67628-5 Pa. $5.95 


AMATEUR ASTRONOMER'S HANDBOOK, J.B. Sidgwick. Timeless, compre- 
hensive coverage of telescopes, mirrors, lenses, mountings, telescope drives, 
micrometers, spectroscopes, more. 189 illustrations. 576pp. 5% x 8%. (Available in 
U.S. only) 24034-7 Pa. $9.95 
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SPECIAL FUNCTIONS, N.N. Lebedev. Translated by Richard Silverman. Fa- 

mous Russian work treating more important special functions, with applications 

to specific problems of physics and engineering. 38 figures. 308pp. 5% x 8%. 
60624-4 Pa. $8.95 


OBSERVATIONAL ASTRONOMY FOR AMATEURS, J.B. Sidgwick. Mine of 
useful data for observation of sun, moon, planets, asteroids, aurorae, meteors, 
comets, variables, binaries, etc. 39 illustrations. 384pp. 5% x 84. (Available in U.S. 
only) 24033-9 Pa. $8.95 


INTEGRAL EQUATIONS, F.G. Tricom1. Authoritative, well-written treatment 
of extremely useful mathematical tool with wide applications. Volterra Equations, 
Fredholm Equations, much more. Advanced undergraduate to graduate level. 
Exercises. Bibliography. 238pp. 5% x 8%. 64828-1 Pa. $7.95 


POPULAR LECTURES ON MATHEMATICAL LOGIC, Hao Wang. Noted 
logician’s lucid treatment of historical developments, set theory, model theory, 
recursion theory and constructivism, proof theory, more. 3 appendixes. Bibli- 
ography. 1981 edition. ix + 283pp. 5% x 8%. 67632-3 Pa. $8.95 


MODERN NONLINEAR EQUATIONS, Thomas L. Saaty. Emphasizes practical 
solution of problems; covers seven types of equations. “‘. . . a welcome contribution 
to the existing literature. . . ..'\—Math Reviews. 490pp. 5% x 8%. 64232-1 Pa. $11.95 


FUNDAMENTALS OF ASTRODYNAMICS, Roger Bate et al. Modern approach 
developed by U.S. Air Force Academy. Designed as a first course. Problems, 
exercises. Numerous illustrations. 455pp. 5% x 8%. 60061-0 Pa. $9.95 


INTRODUCTION TO LINEAR ALGEBRA AND DIFFERENTIAL EQUA- 
TIONS, John W. Dettman. Excellent text covers complex numbers, determinants, 
orthonormal bases, Laplace transforms, much more. Exercises with solutions. 
Undergraduate level. 416pp. 5% x 8%. 65191-6 Pa. $10.95 


INCOMPRESSIBLE AERODYNAMICS, edited by Bryan Thwaites. Covers theo- 
retical and experimental treatment of the uniform flow of air and viscous fluids past 
two-dimensional aerofoils and three-dimensional wings; many other topics. 654pp. 
5% x BY. 65465-6 Pa. $16.95 


INTRODUCTION TO DIFFERENCE EQUATIONS, Samuel Goldberg. Excep- 
tionally clear exposition of important discipline with applications to sociology, 
psychology, economics. Many illustrative examples; over 250 problems. 260pp. 
5% x BY. 65084-7 Pa. $7.95 


LAMINAR BOUNDARY LAYERS, edited by L. Rosenhead. Engineering classic 

covers steady boundary layers in two- and three-dimensional flow, unsteady 

boundary layers, stability, observational techniques, much more. 708pp. 5% x 8%. 
65646-2 Pa. $18.95 


LECTURES ON CLASSICAL DIFFERENTIAL GEOMETRY, Second Edition, 
Dirk J. Strunk. Excellent brief introduction covers curves, theory of surfaces, 
fundamental equations, geometry on a surface, conformal mapping, other topics. 
Problems. 240pp. 5% x 8%. 65609-8 Pa. $8.95 
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ROTARY-WING AERODYNAMICS, W.Z. Stepniewski. Clear, concise text covers 

aerodynamic phenomena of the rotor and offers guidelines for helicopter per- 

formance evaluation. Originally prepared for NASA. 537 figures. 640pp. 6% x 94. 
64647-5 Pa. $15.95 


DIFFERENTIAL GEOMETRY, Heinrich W. Guggenheimer. Local differential 

geometry as an application of advanced calculus and linear algebra. Curvature, 

transformation groups, surfaces, more. Exercises. 62 figures. 378pp. 5% x 84. 
63433-7 Pa. $8.95 


INTRODUCTION TO SPACE DYNAMICS, William Tyrrell Thomson. Com- 
prehensive, classic introduction to space-flight engineering for advanced under- 
graduate and graduate students. Includes vector algebra, kinematics, transforma- 
tion of coordinates. Bibliography. Index. 352pp. 5% x 8%. 65113-4 Pa. $8.95 


A SURVEY OF MINIMAL SURFACES, Robert Osserman. Up-to-date, in-depth 
discussion of the field for advanced students. Corrected and enlarged edition covers 
new developments. Includes numerous problems. 192pp. 5% x 8%. 

64998-9 Pa. $8.95 


ANALYTICAL MECHANICS OF GEARS, Earle Buckingham. Indispensable 
reference for modern gear manufacture covers conjugate gear-tooth action, gear- 
tooth profiles of various gears, many other topics. 263 figures. 102 tables. 546pp. 
5% x BY. 65712-4 Pa. $14.95 


SET THEORY AND LOGIC, Robert R. Stoll. Lucid introduction to unified 
theory of mathematical concepts. Set theory and logic seen as tools for conceptual 
understanding of real number system. 496pp. 5% x 84. 63829-4 Pa. $12.95 


A HISTORY OF MECHANICS, René Dugas. Monumental study of mechanical 
principles from antiquity to quantum mechanics. Conubutions of ancient Greeks, 
Galileo, Leonardo, Kepler, Lagrange, many others. 671 pp. 5% x 8. 

65632-2 Pa. $14.95 


FAMOUS PROBLEMS OF GEOMETRY AND HOW TO SOLVE THEM, 
Benjamin Bold. Squaring the circle, trisecting the angle, duplicating the cube: 
learn their history, why they are impossible to solve, then solve them yourself. 
128pp. 5% x 8%. 24297-8 Pa. $4.95 


MECHANICAL VIBRATIONS, J.P. Den Hartog. Classic textbook offers lucid 
explanations and illustrative models, applying theories of vibrations to a variety of 
practical industrial engineering problems. Numerous figures. 233 problems, 
solutions. Appendix. Index. Preface. 436pp. 5% x 8%. 64785-4 Pa. $10.95 


CURVATURE AND HOMOLOGY, Samuel I. Goldberg. Thorough treatment of 
specialized branch of differential geometry. Covers Riemannian manifolds, topol- 
ogy of differentiable manifolds, compact Lie groups, other topics. Exercises. 315pp. 
5% x 84. 64314-X Pa. $9.95 


HISTORY OF STRENGTH OF MATERIALS, Stephen P. Timoshenko. Excel- 
lent historical survey of the strength of materials with many references to the 
theories of elasticity and structure. 245 figures. 452pp. 5% x 8% 61187-6 Pa. $11.95 
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GEOMETRY OF COMPLEX NUMBERS, Hans Schwerdtfeger. Illuminating, 
widely praised book on analytic geometry of circles, the Moebius transformation, 
and two-dimensional non-Euclidean geometries. 200pp. 5% X 8%. 

63830-8 Pa. $8.95 


MECHANICS, J.P. Den Hartog. A classic introductory text or refresher. Hundreds 
of applications and design problems illuminate fundamentals of trusses, loaded 
beams and cables, etc. 334 answered problems. 462pp. 5% x 8%. 60754-2 Pa. $9.95 


TOPOLOGY, John G. Hocking and Gail S. Young. Superb one-year course in 
classical topology. Topological spaces and functions, point-set topology, much 
more. Examples and problems. Biblhography. Index. 384pp. 5% < 84. 

65676-4 Pa. $9.95 


STRENGTH OF MATERIALS, J.P. Den Hartog. Full, clear weatment of basic 
material (tension, torsion, bending, etc.) plus advanced material on engineering 
methods, applications. 350 answered problems. 323pp. 5% x 8%. 60755-0 Pa. $8.95 


ELEMENTARY CONCEPTS OF TOPOLOGY, Paul Alexandroff. Elegant, 

intuitive approach to topology from set-theoretic topology to Betti groups; how 

concepts of topology are useful in math and physics. 25 figures. 57pp. 5% = 8%. 
60747-X Pa. $3.50 


ADVANCED STRENGTH OF MATERIALS, J.P. Den Hartog. Superbly written 
advanced text covers torsion, rotating disks, n.embrane stresses in shells, much 
more. Many problems and answers. 388pp. 5% x 8. 65407-9 Pa. $9.95 


COMPUTABILITY AND UNSOLVABILITY, Martin Davis. Classic graduate- 
level introduction to theory of computability, usually referred to as theory of 
recurrent functions. New preface and appendix. 288pp. 5% x 8%. 61471-9 Pa. $7.95 


GENERAL CHEMISTRY, Linus Pauling. Revised 3rd edition of classic first-year 
text by Nobel laureate. Atomic and molecular structure, quantum mechanics, 
Statistical mechanics, thermodynamics correlated with descriptive chemistry. 
Problems. 992pp. 5% x 8. 65622-5 Pa. $19.95 


AN INTRODUCTION TO MATRICES, SETS AND GROUPS FOR SCIENCE 
STUDENTS, G. Stephenson. Concise, readable text introduces sets, groups, and 
most importantly, matrices to undergraduate students of physics, chemistry, and 
engineering. Problems. 164pp. 5% x 8%. 65077-4 Pa. $6.95 


THE HISTORICAL BACKGROUND OF CHEMISTRY, Henry M. Leicester. 
Evolution of ideas, not individual biography. Concentrates on formulation of a 
coherent set of chemical laws. 260pp. 5% x 84. 61053-5 Pa. $6.95 


THE PHILOSOPHY OF MATHEMATICS: An Introductory Essay, Stephan 
Korner. Surveys the views of Plato, Aristotle, Leibniz & Kant concerning proposi- 
tions and theories of applied and pure mathematics. Introduction. Two appen- 
dices. Index. 198pp. 5% x 8%. 25048-2 Pa. $7.95 


THE DEVELOPMENT OF MODERN CHEMISTRY, Aaron J. Ihde. Authorita- 
tive history of chemistry from ancient Greek theory to 20th-century innovation. 
Covers major chemists and their discoveries. 209 illustrations. 14 tables. Biblhog- 
raphies. Indices. Appendices. 851 pp. 5% x 8%. 64235-6 Pa. $18.95 


CATALOG OF DOVER BOOKS 


DE RE METALLICA, Georgius Agricola. The famous Hoover translation of 
greatest treatise on technological chemistry, engineering, geology, mining of early 
modern times (1556). All 289 original woodcuts. 638pp. 6% x 11. 

60006-8 Pa. $18.95 


SOME THEORY OF SAMPLING, William Edwards Deming. Analysis of the 
problems, theory and design of sampling techniques for social scientists, industrial 
managers and others who find statistics increasingly important in their work. 61 
tables. 90 figures. xvii + 602pp. 5% x 8%. 64684-X Pa. $15.95 


THE VARIOUS AND INGENIOUS MACHINES OF AGOSTINO RAMELLI: A 
Classic Sixteenth-Century Illustrated Treatise on Technology, Agostino Ramelli. 
One of the most widely known and copied works on machinery in the 16th century. 
194 detailed plates of water pumps, grain mills, cranes, more. 608pp. 9 x 12. 


28180-9 Pa. $24.95 


LINEAR PROGRAMMING AND ECONOMIC ANALYSIS, Robert Dorfman, 
Paul A. Samuelson and Robert M. Solow. First comprehensive treatment of linear 
programming in standard economic analysis. Game theory, modern welfare 
economics, Leontief input-output, more. 525pp. 5% x 8%. 65491-5 Pa. $14.95 


ELEMENTARY DECISION THEORY, Herman Chernoff and Lincoln E. Moses. 
Clear introduction to statistics and statistical theory covers data processing, 
probability and random variables, testing hypotheses, much more. Exercises. 
364pp. 5% x 8. 65218-1 Pa. $9.95 


THE COMPLEAT STRATEGYST: Being a Primer on the Theory of Games of 
Strategy, J.D. Williams. Highly entertaining classic describes, with many illus- 
trated examples, how to select best strategies in conflict situations. Prefaces. 
Appendices. 268pp. 5% x 8. 25101-2 Pa. $7.95 


MATHEMATICAL METHODS OF OPERATIONS RESEARCH, Thomas L. 
Saaty. Classic graduate-level text covers historical background, classical methods of 
forming models, optimization, game theory, probability, queueing theory, much 
more. Exercises. Bibliography. 448pp. 5% x 8%. 65703-5 Pa. $12.95 


CONSTRUCTIONS AND COMBINATORIAL PROBLEMS IN DESIGN OF 
EXPERIMENTS, Damaraju Raghavarao. In-depth reference work examines 
orthogonal Latin squares, incomplete block designs, tactical configuration, partial 
geometry, much more. Abundant explanations, examples. 416pp. 5% x 84. 
65685-3 Pa. $10.95 


THE ABSOLUTE DIFFERENTIAL CALCULUS (CALCULUS OF TENSORS), 
Tullio Levi-Civita. Great 20th-century mathematician’s classic work on material 
necessary for mathematical grasp of theory of relativity. 452pp. 5% x 8. 

63401-9 Pa. $9.95 


VECTOR AND TENSOR ANALYSIS WITH APPLICATIONS, A.I. Borisenko 
and I.E. Tarapov. Concise introduction. Worked-out problems, solutions, exer- 
cises. 257pp. 5% x 84. 63833-2 Pa. $7.95 
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THE FOUR-COLOR PROBLEM: Assaults and Conquest, Thomas L. Saaty and 
Paul G. Kainen. Engrossing, comprehensive account of the century-old combina- 
torial topological problem, its history and solution. Bibliographies. Index. 110 
figures. 228pp. 5% = 8%. 65092-8 Pa. $6.95 


CATALYSIS IN CHEMISTRY AND ENZYMOLOGY, William P. Jencks. 
Exceptionally clear coverage of mechanisms for catalysis, forces in aqueous 
solution, carbonyl- and acyl-group reactions, practical kinetics, more. 864pp. 
5% x 84. 65460-5 Pa. $19.95 


PROBABILITY: An Introduction, Samuel Goldberg. Excellent basic text covers set 
theory, probability theory for finite sample spaces, binomial theorem, much more. 
360 problems. Bibliographies. 322pp. 5% x 8. 65252-1 Pa. $8.95 


LIGHTNING, Martin A. Uman. Revised, updated edition of classic work on the 
physics of lightning. Phenomena, terminology, measurement, photography, 
spectroscopy, thunder, more. Reviews recent research. Bibliography. Indices. 
320pp. 5% x 84. 64575-4 Pa. $8.95 


PROBABILITY THEORY: A Concise Course, Y.A. Rozanov. Highly readable, 
self-contained introduction covers combination of events, dependent events, 
Bernoulli trials, etc. Translation by Richard Silverman. 148pp. 5% x 84. 

63544-9 Pa. $5.95 


AN INTRODUCTION TO HAMILTONIAN OPTICS, H. A. Buchdahl. Detailed 
account of the Hamiltonian treatment of aberration theory in geometrical optics. 
Many classes of optical systems defined in terms of the symmeuries they possess. 
Problems with detailed solutions. 1970 edition. xv + 360pp. 5% < 8%. 

67597-1 Pa. $10.95 


STATISTICS MANUAL, Edwin L. Crow, et al. Comprehensive, practical 
collection of classical and modern methods prepared by U.S. Naval Ordnance Test 
Station. Suess on use. Basics of statistics assumed. 288pp. 5% x 8%. 

60599-X Pa. $6.95 


DICTIONARY/OUTLINE OF BASIC STATISTICS, John E. Freund and Frank 
J. Williams. A clear concise dictionary of over 1,000 statistical terms and an outline 
of statistical formulas covering probability, nonparametric tests, much more. 
208pp. 5% x 84. 66796-0 Pa. $6.95 


STATISTICAL METHOD FROM THE VIEWPOINT OF QUALITY CON- 
TROL, Walter A. Shewhart. Important text explains regulation of variables, uses 
of statistical control to achieve quality control in industry, agriculture, other areas. 
192pp. 5% x 8. 65232-7 Pa. $7.95 


THE INTERPRETATION OF GEOLOGICAL PHASE DIAGRAMS, Ernest G. 
Ehlers. Clear, concise text emphasizes diagrams of systems under fluid or 
containing pressure; also coverage of complex binary systems, hydrothermal 
melting, more. 288pp. 6% x 94. 65389-7 Pa. $10.95 


STATISTICAL ADJUSTMENT OF DATA, W. Edwards Deming. Introduction to 
basic concepts of statistics, curve fitting, least squares solution, conditions without 
parameter, conditions containing parameters. 26 exercises worked out. 271 pp. 
5% x BY. 64685-8 Pa. $8.95 
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TENSOR CALCULUS, J.L. Synge and A. Schild. Widely used introductory text 
covers spaces and tensors, basic operations in Riemannian space, non-Riemannian 
spaces, etc. 324pp. 5% x 84. 63612-7 Pa. $8.95 


A CONCISE HISTORY OF MATHEMATICS, Dirk J. Suruik. The best brief 
history of mathematics. Stresses origins and covers every major figure from ancient 
Near East to 19th century. 41 illustrations. 195pp. 5% x 8. 60255-9 Pa. $7.95 


A SHORT ACCOUNT OF THE HISTORY OF MATHEMATICS, W.W. Rouse 
Ball. One of clearest, most authoritative surveys from the Egyptians and Phoeni- 
cians through 19th-century figures such as Grassman, Galois, Riemann. Fourth 
edition. 522pp. 5% x 84. 20630-0 Pa. $10.95 


HISTORY OF MATHEMATICS, David E. Smith. Nontechnical survey from 
ancient Greece and Orient to late 19th century; evolution of arithmetic, geometry, 
trigonometry, calculating devices, algebra, the calculus. 362 illustrations. 1,355pp. 
5% x BY. 20429-4, 20430-8 Pa., Two-vol. set $23.90 


THE GEOMETRY OF RENE DESCARTES, René Descartes. The great work 
founded analytical geometry. Original French text, Descartes’ own diagrams, 
together with definitive Smith-Latham translation. 244pp. 5% x 8%. 

60068-8 Pa. $7.95 


THE ORIGINS OF THE INFINITESIMAL CALCULUS, Margaret E. Baron. 
Only fully detailed and documented account of crucial discipline: origins; 
development by Galileo, Kepler, Cavalieri; contributions of Newton, Leibniz, 
more. 304pp. 5% x 8%. (Available in U.S. and Canada only) 65371-4 Pa. $9.95 


THE HISTORY OF THE CALCULUS AND ITS CONCEPTUAL DEVELOP- 

MENT, Carl B. Boyer. Origins in antiquity, medieval conuibutions, work of 

Newton, Leibniz, rigorous formulation. Treatment is verbal. 346pp. 5% x 84. 
60509-4 Pa. $8.95 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, translated with inuroduc- 
tion and commentary by Sir Thomas L. Heath. Definitive edition. Textual and 
linguistic notes, mathematical analysis. 2,500 years of critical commentary. Not 
abridged. 1,414pp. 5% x 8%. 60088-2, 60089-0, 60090-4 Pa., Three-vol. set $29.85 


GAMES AND DECISIONS: Introduction and Critical Survey, R. Duncan Luce 
and Howard Raiffa. Superb nontechnical introduction to game theory, primarily 
applied to social sciences. Utility theory, zero-sum games, n-person games, 
decision-making, much more. Bibliography. 509pp. 5% x 8%. 65943-7 Pa. $12.95 


THE HISTORICAL ROOTS OF ELEMENTARY MATHEMATICS, Lucas 
N.H. Bunt, Phillip S. Jones, and Jack D. Bedient. Fundamental underpinnings of 
modern arithmetic, algebra, geometry and number systems derived from ancient 
civilizations. 320pp. 5% x 8%. 25563-8 Pa. $8.95 


CALCULUS REFRESHER FOR TECHNICAL PEOPLE, A. Albert Klaf. Covers 
important aspects of integral and differential calculus via 756 questions. 566 
problems, most answered. 431 pp. 5% x 8%. 20370-0 Pa. $8.95 
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CHALLENGING MATHEMATICAL PROBLEMS WITH ELEMENTARY 

SOLUTIONS, A.M. Yaglom and I.M. Yaglom. Over 170 challenging problems on 

probability theory, combinatorial analysis, points and lines, topology, convex 
polygons, many other topics. Solutions. Total of 445pp. 5% x 8%. Two-vol. set. 

Vol. I 65536-9 Pa. $7.95 

Vol. II 65537-7 Pa. $6.95 


FIFTY CHALLENGING PROBLEMS IN PROBABILITY WITH SOLU- 
TIONS, Frederick Mosteller. Remarkable puzzlers, graded in difficulty, illustrate 
elementary and advanced aspects of probability. Detailed solutions. 88pp. 5% x 8%. 

65355-2 Pa. $4.95 


EXPERIMENTS IN TOPOLOGY, Stephen Barr. Classic, lively explanation of 
one of the byways of mathematics. Klein bottles, Moebius strips, projective planes, 
map coloring, problem of the Koenigsberg bridges, much more, described with 
clarity and wit. 43 figures. 210pp. 5% x 84. 25933-1 Pa. $5.95 


RELATIVITY IN ILLUSTRATIONS, Jacob T. Schwartz. Clear nontechnical 
treatment makes relativity more accessible than ever before. Over 60 drawings 
illustrate concepts more clearly than text alone. Only high school geometry needed. 
Bibliography. 128pp. 6% x 9%. 25965-X Pa. $6.95 


AN INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS, Earl 
A. Coddington. A thorough and systematic first course in elementary differential 
equations for undergraduates in mathematics and science, with many exercises and 
problems (with answers). Index. 304pp. 5% x 84. 65942-9 Pa. $8.95 


FOURIER SERIES AND ORTHOGONAL FUNCTIONS, Harry F. Davis. An 
incisive text combining theory and practical example to introduce Fourier series, 
orthogonal functions and applications of the Fourier method to boundary-value 
problems. 570 exercises. Answers and notes. 416pp. 5% = 8%. 65973-9 Pa. $9.95 


THE THEORY OF BRANCHING PROCESSES, Theodore E. Harris. First 
systematic, comprehensive treatment of branching (i.e. multiplicative) processes 
and their applications. Galton-Watson model, Markov branching processes, 
electron-photon cascade, many other topics. Rigorous proofs. Bibliography. 
240pp. 5% x 8h. 65952-6 Pa. $6.95 


AN INTRODUCTION TO ALGEBRAIC STRUCTURES, Joseph Landin. 
Superb self-contained text covers “‘abstract algebra’’: sets and numbers, theory of 
groups, theory of rings, much more. Numerous well-chosen examples, exercises. 
247pp. 5% x 84. 65940-2 Pa. $7.95 
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Statistics MANUAL, Edwin L. Crow, Francis Davis, and Mergaret 
Maxfield. (60599-X) $6.95 

CoMPUTABILITY AND UNSOLVABILITY, Martin Davis. (61471-9) $7.95 

AsyMproric METHOD: IN ANALYSIS, N. G. de Bruijn. (64221-6) $5.S5 

PROBLEMS IN Group THecry, John D. Dixon. (61574-X) $7.95 

THE MATHEMATICS OF GAMES OF STRATEGY, Melvin Dresher. 
(64216-X) $5.95 

Asymproric Expansions, A. Erdélyi. (60318-0) $4.95 

CoMPLEX VARIABLES: HARMONIC AND ANALYTIC FUNCTIONS, Francis J. 
Flanigan. (61388-7) $8.95 

A History oF GREEK MATHEMATICS, Sir Thomas Heath. 
(24073-8, 24074-6) Two-volume set $25.90 

MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A.I. Khinchin. 
(60434-9) $4.95 

INTRODUCTORY REAL ANALYsIS, A.N. Kolmogorov and S.V. Fomin. 
(61226-0) $9.95 

SPECIAL FUNCTIONS AND THEIR APPLICATIONS, N.N. Lebedev. 
(60624-4) $8.95 

FUNDAMENTAL CONCEPTS OF ALGEBRA, Bruce E. Meserve. (61470-0) $8.95 

FUNDAMENTAL CONCEPTS OF GEOMETRY, Bruce E. Meserve. 
(63415-9) $8.95 

TABLES OF INDEFINITE INTEGRALS, G. Petit Bois. (60225-7) $8.95 

MATRICES AND TRANSFORMATIONS, Anthony J. Pettofrezzo. 
(63634-8) $5.95 

PropaBILiTry THEORY: A CONCISE Course, Y.A. Rozanov. (63544-9) $5.95 

ORDINARY DIFFERENTIAL EQUATIONS AND STABILITY THEORY: AN 
INTRODUCTION, David A. Sanchez. (63828-6) $5.95 

Linear ALGEBRA, Georgi E. Shilov. (63518-X) $11.95 

PROBLEMS IN PROBABILITY THEORY, MATHEMATICAL STATISTICS AND THEORY 
oF Ranpom Functions, A.A. Sveshnikov. (63717-4) $11.95 

Tensor CaLcu.us, J.L. Synge and A. Schild. (63612-7) $8.95 

CALCULUS OF VARIATIONS WITH APPLICATIONS TO PHYSICS AND ENGINEERING, 
Robert Weinstock. (63069-2) $8.95 

INTRODUCTION TO VECTOR AND TENSOR ANALYSIS, Robert C. Wrede. 
(61879-X) $9.95 
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